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�UÌS��®SÌSÑ �Ewy| ÌS� � xC|~�Nx?Ó�| zLÑ~ÍC}�| �EÒÃÌS�y{[u\wy| ÌS�?ÌS�>wyxCzÌE�L�U�C�y�y| �C�ùÍEzUwyzL�y{
| ��uf�awN}L�0D©| ��ufÑ Ñ ÓS� � z���}�z�wyxCz�}�z�{
zUwyxCÌEÍC}'wyÌ��yz�ufÑ | éLz�}�×µz��U|~ufÑÑ | �Cz�uf�"�S�yÌS�C×�}*�yzL�S�CÑ~uf�yÑ Ó�uS}��ÚufÑ ÌS|~}*�S�yÌS�C×�}*Ì\®SzL�

Q(t)
�

á�DGFP½ÃM�X[RU½¾F«K�¼r¿[»�Z\T ZSãUFPä�AµZ\B;åµZ\DGF«RU½¾F«RGIÞ
õ�¸J¶)V�õ�ß[à�¶Ä�\�\�U�U�L�U�U�L�U�L�U�U�L�U�U�L�U�U�L�U�U�L�U�U�L�U�L�U�U�L�L�U�U�L�U�U�L�U�U�L�U�U�L�U�L�U�U�L�U�U�L�U�U�L�U�U�L�U�U�1ç
?�z
uSÍCÍE�yz�}y}"wyxCz�{
ÌEÍE�CÑ~uf�y| wrÓ\^a�Cz�}rwy| ÌS��}�ÌfÒnÐ*ufÑ~ufÛC| êaë'uf�v®\uf�y| zUwy| z�}�ÌfÒ*ÍE| �{
zL��}�| ÌS�
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�

»�¼\BEO�½¾FPO�Å�DyZ\½¾F«¼\OdZ\T�ø�¼\FPO�½«Iù¼\O KUB�ãUF«KÈ½ÃM�DyRNR«¿U¼\T ÉIóÁ¶)L�õ�³Jý�P)±ï°©ôÚ¸dõµ´�ö�¶Pö�÷ ��\�U�U�U�U�U�L�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�L�U�U�U�U�U�U�U�U�U�U�U�v�CË
ènxC|~}�|~}�u"}��C�y®SzLÓ�ÌfÒ��yz��UzL�aw��yz�}��CÑ wN}��UÌS���UzL�y�C| �C�n�Nu\wy| ÌS��ufÑ\×µÌS| �awN}JÌfÒ�ÛµÌS�C��ÍEz�ÍxCzL| �Sxaw�ÌS�Äx�Ó�×µzL�N}��C��Ò«uS�Uz�}*ÌfÒ^ÍEzL�S�yzLz ≥ 3

�
ÿ�RUDGFPÀ\RNÉÄR � BEFPÀ\Z\T RUOdKNRGIÁFPO?DyRîødDyRGILRUO�½YZ\½¾F«¼\O?½ÃMCRN¼\D��º¼r¿w��O�FP½YR�ÅfDy¼\B�øµIú ý�¶Ã÷�²�õ2û
õ©üLý�¶~³Sþ�ö�¶Ä��\�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�G�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�G�U�U�U�U�U�U�U�U�U�U�U�U�v���

?�zù}��C�y®SzLÓ��yz��UzL�aw��yz�}��CÑ wN}�uf��Íï�UÌS���rz��Gwy�C�yz�}"| �>{
ÌEÍE�CÑ~uf���yzL×C�yz�}�zL�awNu\wy| ÌS�wyxCzLÌS�yÓ�ÌfÒe���C| wyzÁ�S�yÌS�C×�}L�
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��ý�¶P·a¶)3.3C²|�
¶P·a·a²4�\�\�L�L�U�L�L�U�L�L�U�L�U�L�L�U�L�L�U�L�L�U�L�U�L�L�U�L���U�L�U�L�L�U�L�L�U�L�L�U�L�L�U�L�U�L�L�U�L�L�U�L�L�U�vÕ��

?�z�×C�yz�}�zL�aw�wyxCz�X���}�Ñ | �E�~}/Ì�zL®SÌEÍC}�=�ÓºwyxCzLÌS�yzL{ � | wyxC| �vwyxCzÈÒÃ�Nuf{
z � ÌS�>=ÄÌfÒ�UÌS�awy| ���CÌS��}nÔUwNufÑ zÁ�UÌSxCÌS{
ÌSÑ ÌS�SÓS�
�µB�ø�RUDNIGFPO�ÅfBET Z\DùRUTPT F ød½¾F«K
KUBEDGÀ\RGIùZ\OdÉ[X[Z,+SFPX[Z\T � B�Z\½YRUDGO�F«¼\O�F«K�¼\DyÉSRUDNI
#�àJþ�ö2¯�þ�¸�5dõ©ü�$�²C¸'&©¶)(�õ ��f�U�U�U�L�U�U�U�L�U�U�U�L�U�U�U�L�U�U�U�L�U�U�L�U�U�L�U�U�U�L�U�U�L�U�U�U�L�U�U�U�L�U�U�U�L�?�f�

?�z��S| ®Sz�uf�
zU£E×CÑ |~�U| w'®SzL�N}�| ÌS��ÌfÒdwyxCz���-�zL�C�y| �C�È�UÌS�y�yz�}�×µÌS��ÍEzL���Uz��*ÛµzUw � zLzL�}��C×µzL�N}�| �C�S�CÑ~uf�ÁzLÑ Ñ | ×Ewy|~�º�U�C�y®Sz�}Áuf��Í {[u\£E| {[ufÑ%^a��u\wyzL�y�C| ÌS�C|~�
ÌS�NÍEzL�N}L��Û�Ó?×C�yzU�}�zL�awy| �C�[u
ÍEzUwyzL�y{
| �C|~}rwy|~�Áuf��ÍÄzU£E×CÑ |~�U| w�ufÑ �SÌS�y| wyxC{ØwyÌ[�UÌS{
×C�EwyzÁ| w��
1nOv½ÃMCRÈOd¼\DGX¢ødDGFPOdKUF ødT R*¿U¼\D � B�ZSÉ\DyZ\½¾F«K'¿U¼\DGXùIû[¶P¸J¶P·a·�/©þ�¶Pö�õ�à�·a·a¶Pö�² ��\�U�U�U�L�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�L�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�U�L�U�U�U�U�U�U�vÜCË

?�z?×C�yÌ\®Sz>u ®SzL�N}�| ÌS�)ÌfÒJ!Ú�CzLÛC��}y�NxM� }C��ÌS�y{�ñ��y| ���U| ×CÑ z>ÒÃÌS�C���C| wyzvÔUwNufÑ zzU£�wyzL��}�| ÌS��}�ÌfÒ*}�zL{
| �îÑ ÌE�LufÑe��Ì�zUwyxCzL�y|~uf�?ÍEÌS{[uf| ��} � | wyx?| �����C| wyz
�yz�}�|~ÍE�CzJ��zLÑ~ÍC}ÌfÒ"�Nx�uf�NuS�GwyzL�y|~}rwy|~�ùÍE| <dzL�yzL�awÁÒÃ�yÌS{ Ï �[Ù�}Èuf� uf×C×CÑ |~�Lu\wy| ÌS� � z
×C�yÌ\®SzùwyxCz��LuS}�zÌfÒÁ���yÌfwyxCzL��ÍE| z��W=�� }��UÌS���rz��Gwy�C�yzÄÌS��×C�y| ���U| ×�ufÑnxCÌS{
ÌS�SzL�CzLÌS��}ù}�×�uS�Uz�}ùÒÃÌS�ùwyxCz}�×C| �CÌS�"�S�yÌS�C×ºÌfÒ/ul^a��uSÍE�Nu\wy|~��ÒÃÌS�y{ï�
6^RU½YZr¿NBEOEQ\½¾F«¼\OdRUO�FPO[ÉSRUD_�nDGB�øSø�RUO�½ÃMCRN¼\DGF«Rnä�X�FP½�á�BSÅaRUO�X[RUDyQ�Z\BU¿

p
W�ZSÉ\F~ILKNMCRw9^F«RîÅfDGB�øSø�RUOôÚ²CöM�Nþ4L�¶Pö2û[·�õ43�ü'5µý ��f�U�U�U�L�U�U�L�U�U�L�U�U�L�U�U�L�U�U�L�U�U�U�L�U�L�U�L�U�U�L�U�U�U�L�U�U�L�U�U�L�U�U�L�U�U�L�U�U�L�vÜa�

X�zL|
G
zL| �CzùzL��ÍEÑ |~�NxvzL�yéLzL�C�fwyz
���y�C×C×µzS� De�C�%�rz�ÍEz���u\w>�C�yÑ |~�NxCz��dufxCÑ

n
|~}rwÍE| zÈÙ��Cé�ufxCÑ�ÍEzL�c@��awyzL�y�S�y�C×C×µzL�Ä®SÌS{Ø�Y��ÍEzU£

n
| �
G
zL��ÍEÑ |~�Nx��C�C��ÍÄ{[uf��=\uf�C�ÍE| z>ÒÃÌS�y{[ufÑ z�-�| �y|~�NxCÑ zUwy�yzL| xCz

ζG(s) :=
∑

H6f G |G : H |−s ÛC| Ñ~ÍEzL���v@��awyzL��SzLzL| �S�CzUwyzL� �*z�ÍE| �C�S�C�C�SzL����éS� ���dÒ«ufÑ Ñ~}
G
�C| Ñ ×µÌfwyzL�awÈ|~}rw��©ÍEzK���C| zL��w

ζG(s)
zL| �Czuf��ufÑ Óawy|~}y�NxCz�DC�C�.=awy| ÌS� �C��Í Ûµz�}�| wyéUw?éL��ÍEzL{8zL| �Cz�;��CÑ zL�y×C�yÌEÍE�.=awyéLzL�yÑ zL�S�C�C���

-��C�N�Nx2�*zUwy�NuS�Nxawy�C�C��ÍEzL��Ñ Ì�=\ufÑ zL��D�u�=awyÌS�yzL� � | �NÍ�{[uf�2ÍCuféL���SzUÒt�CxC��w���zL�aw��}�×C�yz��NxCzL��ÍEz\�µzUwNu\ÒÃ�C�.=awy| ÌS�CzL��Òt�C�
p
�YuSÍE|~}y�NxCzHj�| zL�S�y�C×C×µzL��ÛCé � �0j�| zL�S| w�wyzL�
éL��C�awyzL�N}����NxCzL����Y��{
zL| �CzL{�}/ÌS��wy�Nuf�Áx�ufÛµz�|~�Nx[®SzL�N}����Nxaw��SzL| �CzL�C;�| ��ÛCÑ |~�W=�| �ºÍE| zw�r�C�C�Sz��C��Í}y�NxC�CzLÑ Ñ � uS�Nx�}�zL��ÍEzÁènxCzLÌS�y| zÚÍE| z�}�zL���µzUwNu\ÒÃ�C�.=awy| ÌS�CzL�ïéL�Ä®SzL�y{
| w�wyzLÑ ���

6^Z\DGF~IyQ\F*KNMCZ\X[ãNRUDNI�Z\OdÉ
IG½YZSãUT R�ãNZILRÈT ¼�KUFóÁý�õ4L�þ©ü�ô�þJà�²C¸ �\�\�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U�L�U� �f�
�Y���rÌS| �aw � ÌS�>= � | wyx�ÙÈ��! �C�yÌS��ÓauÄuf��Í�èÚ��X�éLzL{ùÛµzL�y� � z�}rwy��ÍEÓ �UzL��wNuf| �uS}�Ó�{
×EwyÌfwy|~��| ��®\uf�y|~uf�awN}'ÌfÒ©Ñ | �Cz�uf�"}�zL�y| z�},F©wyxCzÁ}rwNufÛCÑ zÚÛ�uS}�z�Ñ ÌE�U��}"uf��Í�wyxCzÚ®SÌSÑ ��C{
zS�^�Y��×�uf��wy|~�U�CÑ~uf� � z"uf�yz*| �awyzL�yz�}rwyz�Í�| �ùwyxCzc^a�Cz�}rwy| ÌS�
xCÌ � wyxCz�}�zn| ��®\uf�y|~uf�awN}ÛµzLx�u®Sz��C��ÍEzL�Á}�{[ufÑ Ñ^×µzL��wy�C�yÛ�u\wy| ÌS��}�| �?wyxCzl��ÔL�yÌS�E��X�zL®SzL�y|^}�×�uS�UzS�J?�z[}�xCÌ �
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wyx�u\wºÛµÌfwyx | ��®\uf�y|~uf�awN}[Ñ z�uSÍ�wyÌ�u ×�uf��wy| wy| ÌS� ÌfÒ�wyxCz?ÛC| ���UÌS�Cz>| �awyÌ�}��C| wNufÛCÑ z}��CÛd�UÌS�Cz�}L�Euf��Í[wyx�u\w'ê�}�ÌS{
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k
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1nOv½ÃMCRÈX[¼�É
p
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×CÑ z�}^�Luf�ÈÛµznzU£E×CÑ~uf| �Cz�Í��}�| �C�

MCχ,
zU£C�UzL×Ew^unÒÃz � zU£C�UzL×Ewy| ÌS��ufÑa�LuS}�z�}�| �ÈÑ Ì � ÍE| {
zL��}�| ÌS��}L�e��zL®SzL��wyxCzLÑ z�}y}L�LwyxC|~}{
zUwyxCÌEÍùx�uS}©| wN}^Ñ | {
| wNu\wy| ÌS��},FeDCÌS�^zU£Cuf{
×CÑ zS�f| w^Ò«uf| Ñ~}©wyÌ�×C�yÌEÍE���Uzn�S�yÌS�C×�}�Ñ | =Sz

SLn(Fq)uS}Á�ÚufÑ ÌS|~}��S�yÌS�C×�}�Ì\®SzL�
Q(t).

�Y�?wyxC|~}Ú�CÌfwyzS� � z
ÌS�EwyÑ | �Cz[uº{
ÌS�yz��SzL�CzL�NufÑ/uf×C×C�yÌauS�NxwyÌ
wyxCzÁ{
|~ÍCÍEÑ zÈ�UÌS��®SÌSÑ �Ewy| ÌS����| �ïÌS�NÍEzL�*wyÌ[Ì\®SzL�N�UÌS{
z�}�ÌS{
zÚÌfÒ©wyxCzÁÑ | {
| wNu\wy| ÌS��}"ÌfÒ�wyxCz
!Áu\wyé�ÒÃ�C���GwyÌS���
ènxCz��Lu\wyzL�SÌS�yÓºÌfÒ/Ñ ÌE�LufÑ^}�ÓE}rwyzL{[}�ÌfÒ

R
�î{
ÌEÍE�CÑ z�}ùìÃ|¾� zS� �dÑ ÌE�LufÑ Ñ ÓÄÒÃ�yzLzù}�xCz�u®Sz�}"ÌfÒ

R
�{
ÌEÍE�CÑ z�}"ÌfÒ4���C| wyzÈ�Nuf�.=[ÌS�

X
í'ÌS�ïu�wyÌS×µÌSÑ ÌS�S|~�LufÑJ}�×�uS�Uz

X
|~}"ÍEzL�CÌfwyz�ÍÄÛ�Ó

LSR(X).j�zUw
Rep(R[π1(X, x0)])

ÛµzÚwyxCzù�Lu\wyzL�SÌS�yÓ[ÌfÒe���C| wyzùÍE| {
zL��}�| ÌS��ufÑ
R
�î�yzL×C�yz�}�zL�awNu\wy| ÌS��}ÌfÒ�wyxCz�ÒÃ�C��ÍCuf{
zL�awNufÑJ�S�yÌS�C×

π1(X, x0).
�îw�|~} � zLÑ Ñ�=��CÌ � ����wyx�u\w"| Ò X |~}nu
�UÌS�C�Cz��Gwyz�ÍwyÌS×µÌSÑ ÌS�S|~�LufÑS{[uf�C| ÒÃÌSÑ~ÍJ�\wyxCzL�

LSR(X)
|~}©z'^a�C| ®\ufÑ zL�aw�wyÌ

Rep(R[π1(X, x0)]),
Û�ÓÈ}�zL��Í��| �C�[u�Ñ ÌE�LufÑ�}�ÓE}rwyzL{

V
wyÌ
| wN}"{
ÌS�CÌEÍE�yÌS{ùÓ[�yzL×C�yz�}�zL�awNu\wy| ÌS�

ρV : π1(X, x0)→ GL(Vx0).�îÒ
u, v

uf�yzùÍE| ®�|~}�ÌS�N}"ÌS�>wyxCz��UÌS{
×CÑ zU£>u�u[�CzùÑ | �Cz
A1(C)

�
V1 ∈ LSR(A1(C) \ u)uf��Í

V2 ∈ LSR(A1(C) \v)
uf�yz"w � ÌÈÑ ÌE�LufÑµ}�ÓE}rwyzL{[}/wyxCzL��ÌS�Cz��Luf�
ÒÃÌS�y{ wyxCzL| ��X�F«ÉSÉ�T RKN¼\O�À\¼\T BE½¾F«¼\O�ødDy¼�É\B�KU½

V1 ∗ V2 ∈ LSR(A1(C) \ u ∗ v), � xCzL�yz u ∗ v ⊆ A1(C)
|~}nwyxCzIGBEX É\FPÀ�F~IL¼\DG�d}�zLzJX�z��Gwy| ÌS� Ï �

�îÒ
X
|~}�u�®\uf�y| zUwrÓÄÌ\®SzL��u����C{ùÛµzL�_��zLÑ~Í

k,
Ñ zUw

LSét
R (X)

ÍEzL�CÌfwyzÈwyxCz
�Lu\wyzL�SÌS�yÓºÌfÒÔUwNufÑ zùÑ ÌE�LufÑ^}�ÓE}rwyzL{[}�ÌfÒ
R
�î{
ÌEÍE�CÑ z�}�ÌS�

X.
ènxCz�{
|~ÍCÍEÑ z
�UÌS��®SÌSÑ �Ewy| ÌS�>ÌfÒ�ÔUwNufÑ zùÑ ÌE�LufÑ}�ÓE}rwyzL{[}ºì«}�zLz�X�z��Gwy| ÌS���aíÚ|~}ùÍEzK���Cz�Í | ��uf��uf��ufÑ ÌS�SÌS��} � uÓ�uS}ÁwyxCz�{
|~ÍCÍEÑ zÄ�UÌS��®SÌf�Ñ �Ewy| ÌS��ÌfÒ�Ñ ÌE�LufÑn}�ÓE}rwyzL{[}L����}�| �C�?wyxCzïxC| �SxCzL�[ÍE| �yz��Gw
| {[uf�SzÄuf×C×C�yÌauS�Nx�ÌfÒ�z �����b� ~ �

�*Ó2�UÌS��}rwy�y���Gwy| ÌS����wyxCzv{
|~ÍCÍEÑ zv�UÌS��®SÌSÑ �Ewy| ÌS�
V1 ∗ V2 ∈ LSét

R (A1
k \ u ∗ v)

ÌfÒ�w � ÌÑ ÌE�LufÑ/}�ÓE}rwyzL{[}
V1 ∈ LSét

R (A1
k \ u)

uf��Í
V1 ∈ LSét

R (A1
k \ v)

�S| ®Sz�}��y|~}�zùwyÌ>uï�ÚufÑ ÌS|~}�yzL×C�yz�}�zL�awNu\wy| ÌS�
Gk(t) −−−−→ π1(A1

k \ u ∗ v, x)
ρV1∗V2−−−−→ GL(V1 ∗ V2x) .

?�zùuf�yzÁ| �awyzL�yz�}rwyz�Íï| �ïwyxCzùÍEzUwyzL�y{
| ��u\wy| ÌS�>ÌfÒ^wyxCz�}�z��ÚufÑ ÌS|~}"�yzL×C�yz�}�zL�awNu\wy| ÌS��}ÁìÃ| �ïwyxCz�LuS}�z � xCzL�yz k = Q
íG�



{���x�yZ��w �� q 
��w ��.�:y�� t ����� q w t^t x���	�
�b��
^x�����w)
� �

@�}�| �C� wyxCz>×C�yÌE�Uz�}y}[ÌfÒÁuf��ufÑ Óawy| �µ�Lu\wy| ÌS���'wyxCzv�SzLÌS{
zUwy�y|~�Ä{
ÌS�CÌEÍE�yÌS{ùÓ�ÌfÒ
ρV1∗V2ìÃ|¾� zS� �

ρV1∗V2 |π1((A1
k\u∗v)⊗k̄ )

íÚ�Luf� Ûµz�ÍEzUwyzL�y{
| �Cz�Í���}�| �C�ïwyxCz��UÌS��®SÌSÑ �Ewy| ÌS�?ÌfÒnÑ ÌE�LufÑ
}�ÓE}rwyzL{[}nÌS�ºwyxCzÁ×C�C���Gwy�C�yz�Íï�UÌS{
×CÑ zU£Äu�u[�CzÚÑ | �CzÈuf��ÍºwyxCzÁ�yz�}��CÑ wN}nÌfÒ�z �����b� ~ �
?�zv�UÌS��}�|~ÍEzL��}�z'^a�CzL���Uz�}
ÌfÒÁ�UÌS��®SÌSÑ �Ewy| ÌS��}
uf��Í�wyzL��}�ÌS�[×C�yÌEÍE���GwN}[ÌfÒÚÔUwNufÑ zïÑ ÌE�LufÑ}�ÓE}rwyzL{[} � | wyx����C| wyz
{
ÌS�CÌEÍE�yÌS{ùÓïuf��Í\����Í?u��SzLÌS{
zUwy�y|~�ºìÃ{
Ìfwy| ®�|~��í�| �awyzL�y×C�yzUwNu\wy| ÌS�ÒÃÌS�ÚwyxCz�}�z[}�z'^a�CzL���Uz�}L��}�zLzCX�z��Gwy| ÌS� Õ��[Ù�� | {
×µÌS��wNuf�awÈ�UÌS��}�z'^a�CzL���Uz
ÌfÒ'wyxCz[{
Ìfwy| ®�|~�| �awyzL�y×C�yzUwNu\wy| ÌS��|~}L��wyx�u\w[| Ò

k = Q,
wyxCzL��wyxCz>ÍEzUwyzL�y{
| ��uf�awN}�ÌfÒ�wyxCzv�ÚufÑ ÌS|~}��yzL×C�yzU�}�zL�awNu\wy| ÌS��}��yz�}rwy�y|~�Gwyz�ÍÄwyÌ

GQ
uf�yzÈ×µÌ � zL�N}�ÌfÒ/wyxCz��UÓE�UÑ ÌfwyÌS{
|~�È�Nx�uf�NuS�GwyzL�N}"uf��Í����C| wyz�Nx�uf�NuS�GwyzL�N}L�ÚènxC|~}�|~}��U�y���U|~ufÑ�ÒÃÌS��wyxCz[�ÚufÑ ÌS|~}��yz�ufÑ | é�u\wy| ÌS��}�ÌfÒ*}�×µz��U|~ufÑ^Ñ | �Cz�uf���S�yÌS�C×�}L��S| ®SzL�>| � X�z��Gwy| ÌS�?�E� � xCzL�yz � zÈÌS�EwyÑ | �Cz�u[×C�yÌ�ÌfÒ/ÌfÒ/wyxCzÈÒÃÌSÑ Ñ Ì � | �C���yz�}��CÑ w�ì«}�zLzùènxC{ï��E� ËÁuf��Íº| wN}�Ð'ÌS�yÌSÑ Ñ~uf�yÓCí�F

���D�����������b�
� n HdMCRÚÅfDy¼\B�ø
SL2m+1(Fq)

¼�KNKUBEDNIÁDyRîÅfBET Z\DGT �ÄZI���Z\T ¼\F~IÚÅfDy¼\B�øµI�¼\À\RUD
Q(t)

F ¿
m > ϕ(q − 1) � ϕ ÉSRUOd¼\½¾FPO�Å�½ÃMCRÚV*BET RUD ϕ W ¿NBEOdKU½¾F«¼\O���Z\OdÉ q ≡ 1 mod 4.

�^n�� ¦ ¥4� ¦ � ¨���ª«¦ ¥ ¦b� � ¦�¡S  � �!���L�� G¡��
�Y�ÈwyxC|~}^}�z��Gwy| ÌS��ufÑ Ña®\uf�y| zUwy| z�} � | Ñ ÑEÛµznÍEzK���Cz�ÍÈÌ\®SzL� C

uf��Í � z � | Ñ Ñ � �y| wyz A1, P1, . . .| ��}rwyz�uSÍ[ÌfÒ
A1(C), P1(C), . . .

uf��Í[®�| z � wyxCz�}�z�ÌSÛ��rz��GwN}'z'^a�C| ×C×µz�Í � | wyx�wyxCzL| �nuS}y}�ÌE�U| �u\wyz�ÍÄuf��ufÑ Óawy|~�Ú}rwy�y���Gwy�C�yz�}L�
DCÌS�

r ∈ N,
Ñ zUw

Or := {P ⊆ C | #P = r}. DCÌS� u := {u1, . . . , up} ∈ Op
uf��Í

v := (v1, . . . , vq} ∈ Oq
}�zUw

u ∗ v := {ui + vj | i = 1, . . . , p, j = 1, . . . , q}.
j�zUw

X0 := A1 \ u, Z0 := A1 \ v uf��Í Y0 := A1 \ u ∗ v. X�zUw

f̃(x, y) :=

p∏

i=1

(x − ui)

q∏

j=1

(y − x− vj)
∏

i,j

(y − (ui + vj))

uf��Í�Ñ zUw
f ∈ C[x, y]

Ûµz
wyxCzºuS}y}�ÌE�U|~u\wyz�Ív�yz�ÍE���Uz�Í�×µÌSÑ Ó��CÌS{
|~ufÑ¾�ïð��Cz[x�uS}
f̃ 6= f

| Òuf��ÍºÌS�CÑ Óº| Ò |u ∗ v| 6= i · j. j�zUw
uo := {(x, y) ∈ A2 | f(x, y) = 0},uf��Í

U := A2\uo.
ènxCz'}�zUw

U
|~}�z'^a�C| ×C×µz�Í � | wyxÁwyxC�yzLz/{[uf×�} � xC|~�NxÁ×CÑ~uÓ�u"| {
×µÌS��wNuf�aw�yÌSÑ zÚ| �ïufÑ Ñ � x�u\wnÒÃÌSÑ Ñ Ì � },F'ð��Cz�wyxCzÁÌS�CzÚx�uf��ÍJ�CÌS�CzÚx�uS}*wyxCzÁ×C�yÌ��rz��Gwy| ÌS��}

pr1 : U −→ X0, (x, y) 7−→ xuf��Í
pr2 : U −→ Y0, (x, y) 7−→ y.



¢ qsr�t �����vu���wyx���{

ð��ºwyxCzÁÌfwyxCzL�"x�uf��ÍJ�CÌS�CzÚx�uS}*wyxCz
IGB�ãU½¾DyZSKU½¾F«¼\OvX[Zyø
q : U → Z0, (x, y) 7−→ y − x.ènxCzÚzL{ùÛµz�ÍCÍE| �C�[ÌfÒ

A2
| �awyÌ

P1 × A1 | ��ÍE���Uz�}�uf�ÄzL{ùÛµz�ÍCÍE| �C� j : U → P1 × Z0.ènxCzù�UÌS{
×µÌa}�| wy| ÌS�>ÌfÒ
j � | wyx>wyxCz�}�z��UÌS��ÍÄ×C�yÌ��rz��Gwy| ÌS� P1 × Z0 → Z0

|~}�ÍEzL�CÌfwyz�ÍïÛ�Ó
pr2.j�zUw

R
Ûµzùu�×C�y| ���U| ×�ufÑ�|~ÍEz�ufÑ�ÍEÌS{[uf| ���

V1 ∈ LSR(X0)
uf��Í

V2 ∈ LSR(Z0).
ènxCzL�wyxCzÁÑ ÌE�LufÑ�}�ÓE}rwyzL{

V1◦V2 := pr∗1V1 ⊗ q∗V2|~}"u
Ñ ÌE�LufÑ�}�ÓE}rwyzL{ÎÌS�
U.

£ ��¤k¥+¦
§
¦���¥©¨D�
� n HdMCR�{
|~ÍCÍEÑ z"�UÌS��®SÌSÑ �Ewy| ÌS�>¼r¿
V1 ∈ LSR(X0)

Â/FP½ÃM
V2 ∈ LSR(Z0)F~IÁ½ÃMCRÈT ¼�KNZ\T�I��IG½YRUX

V1 ∗ V2 := R1(pr2)∗(j∗V1◦V2) ∈ LSR(Y0).ª ���¬«���¬¨D�W¨ n ènxCz���uf{
z4���UÌS��®SÌSÑ �Ewy| ÌS�Z�^|~}Z�r��}rwy| ��z�ÍÁÛ�Ó�wyxCz�ÒÃÌSÑ Ñ Ì � | �C�nÌSÛ�}�zL�y®\u\wy| ÌS�MFj�zUw
V1 ∈ LSC(X0)

uf��Í
V2 ∈ LSC(Z0)

uf�y|~}�zvÒÃ�yÌS{ ÍE| <dzL�yzL�awy|~ufÑÁ}�ÓE}rwyzL{[} � | wyx�yzL�S�CÑ~uf�n}�| �C�S�CÑ~uf�y| wy| z�}*®�|~uÈwyxCzÁÝ"| zL{[uf�C�E�"��| Ñ ÛµzL��w��UÌS�y�yz�}�×µÌS��ÍEzL���Uz�ì«}�zLz�z �   �¯®�� ~ íG�/�îÒ
V1
uf��Í

V2
uf�yz��SzL�CzL�NufÑ�Ñ ÌE�LufÑ*}�ÓE}rwyzL{[}ùuf��Í�| Ò

f(x)
|~}�u>Ñ ÌE�LufÑ*}�z��Gwy| ÌS��ÌfÒ

V1
uf��Í

g(y−x) |~}*uÁÑ ÌE�LufÑµ}�z��Gwy| ÌS�[ÌfÒ V2
wyxCzL�[wyxCz���}���ufÑd�UÌS��®SÌSÑ �Ewy| ÌS� ∫

σ
f(x)g(y−x)dx |~}u�Ñ ÌE�LufÑE}�z��Gwy| ÌS�ÈÌfÒ

V1∗V2, � xCzL�yz σ |~}/}�ÌS{
z'xCÌS{
ÌSÑ ÌS�SÓÁ�UÓE�UÑ zÚì«�UÌS{
×�uf�yz�wyÌ°z �"�"�b� ~ íG�ènxCz'Ñ ÌE�LufÑa}�ÓE}rwyzL{
V1∗V2

�UÌS�y�yz�}�×µÌS��ÍC}dwyÌ�| wN}�{
ÌS�CÌEÍE�yÌS{ùÓ��yzL×C�yz�}�zL�awNu\wy| ÌS�
ρV1∗V2

� xC|~�Nx��Luf�ÈÛµz*zU£E×CÑ |~�U| wyÑ ÓÈÍEzUwyzL�y{
| �Cz�ÍÁ��}�| �C��wyxCz*®\uf�y|~u\wy| ÌS�ÁÌfÒ�×�uf�NufÛµÌSÑ |~���UÌSxCÌS{
ÌSÑ ÌS�SÓS�}�zLz�z �����b� ~ �
� n�� ¦ ¥4� ¦ � ¨���ª«¦ ¥ ¦b�M±a��  �   � ¦�¡S  � �!���L�� G¡��

j�zUw
k
ÛµzÈu����C{ùÛµzL�i��zLÑ~ÍJ�

£ ��¤k¥+¦
§
¦���¥³²4�
� n Ù��?ÔUwNufÑ z�Ñ ÌE�LufÑ^}�ÓE}rwyzL{
V
ÌfÒ
R
�î{
ÌEÍE�CÑ z�}�ÌS��uº}�{
Ì�Ìfwyx?®\uf�y| zUwrÓ

X
Ì\®SzL�

k
|~}�u>T ¼�KNZ\TPT �>KN¼\OCIG½YZ\O�½'IyMCRNZr¿�¼r¿

R
WYX[¼�É\BET RGInÌS�ÄwyxCzùÔUwNufÑ zÈ}�| wyz

Xét
ìÃ| �ïwyxCz}�zL��}�zÚÌfÒ´z µf{·¶b¶ ~ í � xCÌa}�zÁ}rwNufÑ =E}"uf�yz�ÒÃ�yzLz R �î{
ÌEÍE�CÑ z�}nÌfÒe���C| wyzÁ�Nuf�.=d�

j�zUw
LSét

R (X)
ÍEzL�CÌfwyzÚwyxCzÈ�Lu\wyzL�SÌS�yÓ
ÌfÒ©ÔUwNufÑ zÁÑ ÌE�LufÑ�}�ÓE}rwyzL{[}*ÌfÒ

R
�î{
ÌEÍE�CÑ z�}nÌS�

X.�îw�|~} � zLÑ ÑM=��CÌ � �ºwyx�u\w"ÌS�CzÁx�uS}"uf�Äz'^a�C| ®\ufÑ zL���UzÚÌfÒ^�Lu\wyzL�SÌS�y| z�},F
LSét

R(X) ∼= Repcont
R (πét

1 (X, x))
V ←→ ρV ,

� xCzL�yz Repcont
R (πét

1 (X, x))
ÍEzL�CÌfwyz�}^wyxCz��Lu\wyzL�SÌS�yÓÈÌfÒ����C| wyz�ÍE| {
zL��}�| ÌS��ufÑµ�UÌS�awy| ���CÌS��}

R
�î�yzL×C�yz�}�zL�awNu\wy| ÌS��}'ÌfÒ�wyxCzÁÔUwNufÑ zÚÒÃ�C��ÍCuf{
zL�awNufÑJ�S�yÌS�C×

πét
1 (X, x).



{���x�yZ��w �� q 
��w ��.�:y�� t ����� q w t^t x���	�
�b��
^x�����w)
� ¸

�Y�ºwyxC|~}�}�z��Gwy| ÌS��� � zÁ®�| z � wyxCzÁ{
ÌS�y×CxC|~}�{[}
pr1 : U −→ X0, (x, y) 7−→ x,

pr2 : U −→ Y0, (x, y) 7−→ yuf��Í
q : U → Z0, (x, y) 7−→ y − xuS}�{
ÌS�y×CxC|~}�{[}�ÌfÒ/®\uf�y| zUwy| z�}�uf��ÍvuS}y}��C{
zS�Cwyx�u\w�wyxCzLÓ>uf�yzùÍEzK���Cz�Í>Ì\®SzL�

k.
j�zUw

R
ÛµzzL| wyxCzL��u����C| wyz ��zLÑ~Í

Fq, q = lk,
ÌS��u
�UÌS{
×CÑ zUwyzÈ}��CÛC�y| �C��ÌfÒ

Ql.£ ��¤k¥+¦
§
¦���¥³²4�W¨ n ènxCz�X�F«ÉSÉ�T R�KN¼\O�À\¼\T BE½¾F«¼\O�ÌfÒ
V1 ∈ LSét

R (X0) � | wyx V2 ∈ LSét
R(Z0)|~}*wyxCzÁÑ ÌE�LufÑ�}�ÓE}rwyzL{

V1 ∗ V2 := R1(pr2)∗(j∗V1◦V2) ∈ LSét
R(Y0).

X�| ���Uz
V1 ∗ V2

|~}ºuf�;ÔUwNufÑ z?Ñ ÌE�LufÑ�}�ÓE}rwyzL{ï��| wï�UÌS�y�yz�}�×µÌS��ÍC}
wyÌ�| wN}º{
ÌS�CÌEÍE�yÌS{ùÓ�yzL×C�yz�}�zL�awNu\wy| ÌS�
ρV1∗V2 : πét

1 (X)→ GLn(R).
�îw*ÒÃÌSÑ Ñ Ì � }/ÒÃ�yÌS{¹z �����b� ~ ��ñ��yÌS×��/�C� �C�wyx�u\w/wyxCz��yz�}rwy�y|~�Gwy| ÌS��ÌfÒ

ρV1∗V2

wyÌÁwyxCz"�SzLÌS{
zUwy�y|~�'ÒÃ�C��ÍCuf{
zL�awNufÑC�S�yÌS�C×
πét

1 (X⊗ k̄) '
̂π1(X(C))

�Luf�ÄÛµzÁzU£E×CÑ |~�U| wyÑ Óº�UÌS{
×C�Ewyz�ÍJ�C��}�| �C�
ñ��yÌS×�� Ï � �ÈÌfÒ�z �����b� ~ �
º[n¼» ¦���ª � ª«¡Äª ¥ �� a��½©�( a�� E��ª«¦ ¥ ¦b�"��¾l ¿¡�ª«§©§ �  ï¡S¦ ¥4� ¦ � ¨���ª«¦ ¥

?�zÚ�UÌS�awy| ���Cz�wyÌù��}�z��CÌfwNu\wy| ÌS��}*uf��Í�uS}y}��C{
×Ewy| ÌS��}'ÌfÒ�wyxCz�Ñ~uS}rwn}�z��Gwy| ÌS���^�îw*ÒÃÌSÑ Ñ Ì � }ÒÃ�yÌS{ wyxCz�ÍEzK���C| wy| ÌS��}L��wyx�u\wùuf��| �y�yz�ÍE���U| ÛCÑ z
ÔUwNufÑ z[Ñ ÌE�LufÑ�}�ÓE}rwyzL{
V ∈ LSR(A1

k \ u)
� | wyxl���C| wyz"{
ÌS�CÌEÍE�yÌS{ùÓºìÃ|¾� zS� � G := im(ρV )

|~}0���C| wyzí/�UÌS�y�yz�}�×µÌS��ÍC}�wyÌÈuÚ×�uf| �
(ϕ|V :

X̃ → A1
k \u, pχ), � xCzL�yz ϕ|V |~}�uf�[�C�C�Nuf{
| ��z�Í[�ÚufÑ ÌS|~}��UÌ\®SzL�/ÌfÒ A1

k \u �
| wyxÄ�ÚufÑ ÌS|~}�S�yÌS�C×

G
uf��Í

pχ ∈ E[G]
|~}�uf�ï|~ÍEzL{
×µÌfwyzL�aw � xC|~�Nxï×C�yÌ��rz��GwN}*wyxCzÁ�yzL�S�CÑ~uf�n�yzL×C�yz�}�zL�E�wNu\wy| ÌS�ºwyÌ
wyxCzÁ| ��ÍE���Uz�ÍÄ| �y�yz�ÍE���U| ÛCÑ zÚ�yzL×C�yz�}�zL�awNu\wy| ÌS�

χ : G→ GL(Vx0) ' GLn(R).

j�zUw
V1 ∈ LSét

R (X0) � | wyx V2 ∈ LSét
R(Z0)

ÛµzºÑ ÌE�LufÑ*}�ÓE}rwyzL{[} � | wyxN���C| wyzº{
ÌS�E�ÌEÍE�yÌS{ùÓS�\�UÌS�y�yz�}�×µÌS��ÍE| �C�nwyÌ�×�uf| �N}
(ϕV1 : X̃0 → X0, pχ1)

uf��Í
(ϕV2 : Z̃0 → Z0, pχ2).j�zUw

X̃0◦Z̃0 := (X̃0 ×X0 U)×U (Z̃0 ×Z0 U).ènxCzL�ÄwyxCzÈ��u\wy�C�NufÑJ{[uf×
f : X̃0◦Z̃0 → U

|~}�uf�Ä�C�C�Nuf{
| ��z�Í>�ÚufÑ ÌS|~}"�UÌ\®SzL� � | wyxv�Úu\�Ñ ÌS|~}��S�yÌS�C×
G1×G2.

ð��Cz��Luf�l����Í�uf�[zL{ùÛµz�ÍCÍE| �C�
j : X̃0◦Z̃0 → X̃0◦Z̃0,

}����Nx
wyx�u\w
X̃0◦Z̃0

x�uS}Úuï}�{
Ì�Ìfwyx?×C�yÌ��rz��Gwy| ®Sz�{[uf×
f̄
wyÌ

P1 × Y0 � xC|~�Nx�|~}Áuº�Nuf{
| ��z�Í �ÚufÑ ÌS|~}�UÌ\®SzL� � | wyxv�ÚufÑ ÌS|~}*�S�yÌS�C× G1 ×G2
uf��Í

f̄ |X̃0◦Z̃0
= f.

ènxCz j�zL�NuÓ
}�×µz��Gwy�NufÑJ}�z'^a�CzL���Uz�ÌfÒ
p̄r2 ◦ f̄

Ó�| zLÑ~ÍC}'wyxCzc�r{
Ìfwy| ®�|~��| �awyzL�y×C�yzUwNu\wy| ÌS�Z��ÌfÒwyxCzÈ�UÌS��®SÌSÑ �Ewy| ÌS�ºÌfÒ�w � Ì����C| wyzÁÑ ÌE�LufÑ�}�ÓE}rwyzL{[},F*ð��CzÚx�uS}
V1 ∗ V2 = pχ1⊗χ2(R

1(p̄r2)∗(f̄(R)) ),



À qsr�t �����vu���wyx���{

� xCzL�yz pχ1⊗χ2 ∈ R[G1 × G2]
�U�EwN}ÁÌS�EwÈwyxCz�| �y�yz�ÍE���U| ÛCÑ z[�yzL×C�yz�}�zL�awNu\wy| ÌS�

χ1 ⊗ χ2,uf��Í
G1 ×G2

uS�GwN}n®�|~u�Û�uS}�z��Nx�uf�C�Sz�ÌS�
R1(p̄r2)∗(f̄(R))

�
ènxC|~}�uf×C×C�yÌauS�Nx��Luf��ÛµzÄ| wyzL�Nu\wyz�Í���}�| �C�vwyxCzÄ�yz�}��CÑ wN}ùÌfÒ��*| zL�N}rwyÌS�Czºuf��Í�t>| Ñ {[uf�

z Á » | ® ~ �^ènxC|~}/Ñ z�uSÍC}©wyÌÚwyxCznÒÃÌSÑ Ñ Ì � | �C���yz�}��CÑ w'Fej�zUw k = Q, R = Eλ
wyxCz��UÌS{
×CÑ zUwy| ÌS�ÌfÒ'uº���C{ùÛµzL�_��zLÑ~Í

E
u\wÁu����C| wyz�×C�y| {
z

λ
uf��Í>Ñ zUw

V
Ûµz
uf�vÔUwNufÑ z�Ñ ÌE�LufÑ^}�ÓE}rwyzL{ ÌfÒ

Eλ
�î{
ÌEÍE�CÑ z�} � xC|~�Nx?uf�y|~}�z�}"ÒÃ�yÌS{ | wyzL�Nu\wy| ®SzLÑ Óï�UÌS��®SÌSÑ �Ewy| �C�����C| wyz�Ñ ÌE�LufÑ^}�ÓE}rwyzL{[}�uf��Í}y�LufÑ | �C� � | wyxïÌS�CzU�YÍE| {
zL��}�| ÌS��ufÑdÔUwNufÑ zÚÑ ÌE�LufÑ�}�ÓE}rwyzL{[}L�/ènxCzL�ìrËí

det(ρV )|GQ
= ε⊗ χn

l ,

� xCzL�yz χl
|~}JwyxCz

l
�YuSÍE|~�/�UÓE�UÑ ÌfwyÌS{
|~�/�Nx�uf�NuS�GwyzL�Juf��Í

ε : GQ → E×
|~}�u����C| wyz*�Nx�uf�NuS�GwyzL�ìPwyxCz"ufÛ�}�ÌSÑ �Ewyzn�ÚufÑ ÌS|~}��S�yÌS�C×

GQ
|~}^�UÌS��}�|~ÍEzL�yz�ÍÈuS}©u�}��CÛC�S�yÌS�C×ÈÌfÒ

GQ(t)
®�|~u�u�}�z��Gwy| ÌS�| ��ÍE���Uz�Í?Û�Ó?uº�Nu\wy| ÌS��ufÑ^Û�uS}�zL×µÌS| �awGíG��Ù4×C�yÌ�ÌfÒ'ÌfÒ�;%^a��u\wy| ÌS�)ìrËí���}�z�}�wyxCz�Ò«uS�GwÚwyx�u\wwyxCzÈÍEzUwyzL�y{
| ��uf�aw"|~}ÈìÃÛ�Ó��yz�}��CÑ wN}nÌfÒwX�zL�y�yzÚuf��Í�D�ufÑ wy| �C�a}Ní�wyxCzù�ÚufÑ ÌS|~}n�yzL×C�yz�}�zL�awNu\wy| ÌS�uS}y}�ÌE�U|~u\wyz�Í�wyÌ�u���z��W=SzÈ�Nx�uf�NuS�GwyzL�nÌfÒ

Q.
ènxCÌa}�zù�ÚufÑ ÌS|~}n�yzL×C�yz�}�zL�awNu\wy| ÌS��}nuf�yz =��CÌ � �wyÌ
ÛµzÈu
×C�yÌEÍE���Gw"ÌfÒ/u�×µÌ � zL�nÌfÒ χl � | wyx>u����C| wyzÈ�Nx�uf�NuS�GwyzL���

Â^n �Ã½l½ � ª«¡S E��ª«¦ ¥ ����¦ ��¾l vª ¥4�  a�\�� ÅÄÄ  � ¦µª«��½©�\¦�� �  G¡
ènxCzÚ�yz�}��CÑ wN}nÌfÒ©wyxCzÁÑ~uS}rw�}�z��Gwy| ÌS��}"�Luf�ÄÛµzÁ��}�z�Í�wyÌ[×C�yÌ\®Sz�wyxCzÚÒÃÌSÑ Ñ Ì � | �C���yz�}��CÑ w'F

���D���������ÇÆ4�
� n 9�RU½
l
ãNRùZ\O ¼�ÉSÉÚødDGFPX[R�b

q = lk, E := Q(ζq−1 + ζ−1
q−1, ζ4) � Â©MCRUDyR

ζm, m ∈ N,
ÉSRUOd¼\½YRGI Z>ødDGFPX�FP½¾FPÀ\R Dy¼�¼\½º¼r¿?BEO�FP½m���Çb

λ
Z���O�FP½YR[ødDGFPX[R�¼r¿

E
Z\OdÉ

Oλ
½ÃMCR�À\Z\T B�Z\½¾F«¼\O DGFPO�Å ¼r¿

Eλ.
HdMCR�ødDy¼�ÈLRNKU½¾FPÀ\R�I¾ø�RNKUF«Z\TÚT FPOdRNZ\D>ÅfDy¼\B�ø

PSLn(Oλ)¼�KNKUBEDNIÈDyRîÅfBET Z\DGT �ïZIH��Z\T ¼\F~IÁÅfDy¼\B�øµI
¼\À\RUD
Q(t),

F ¿
char(λ)

F~I
¼�ÉSÉÇb
n = 2r − 5

Z\OdÉ
r > 2 + ϕ(q − 1).

ènxCz*ÒÃÌSÑ Ñ Ì � | �C�Ú�UÌS�yÌSÑ Ñ~uf�yÓ�ÒÃÌSÑ Ñ Ì � }©| {
{
z�ÍE|~u\wyzLÑ ÓÁÒÃ�yÌS{¢�yz�ÍE���Gwy| ÌS��{
ÌEÍE�CÑ Ì λ, � xCzL�yz
λ
Ñ | z�}nÌ\®SzL�

l :

É �����bÊ�Ê-«���ËÌÆ4�W¨ n HdMCR[ÅfDy¼\B�ø
PSLn(Fq)

¼�KNKUBEDNI[DyRîÅfBET Z\DGT � ZI8��Z\T ¼\F~I
ÅfDy¼\B�øµIï¼\À\RUD
Q(t)

F ¿
n = 2r − 5, r > 2 + ϕ(q − 1)

Z\OdÉ
q ≡ 1 mod 4.

ènxCzº|~ÍEz�u?ÌfÒ"wyxCzÄ×C�yÌ�ÌfÒ�|~}ùwyxCz�ÒÃÌSÑ Ñ Ì � | �C��FÄð��Czï�UÌS��}�|~ÍEzL�N}ù}��C| wNufÛCÑ zC���C| wyzÄÑ ÌE�LufÑ}�ÓE}rwyzL{[}
Ì\®SzL�
×C�C���Gwy�C�yz�Í2u�u[�Cz>Ñ | �Cz�}
Ì\®SzL�
Q.
ènxCzL| �[{
|~ÍCÍEÑ zv�UÌS��®SÌSÑ �Ewy| ÌS��Ó�| zLÑ~ÍC}u>Ñ ÌE�LufÑn}�ÓE}rwyzL{

V ∈ LSét
Eλ

(X := A1
Q \ u).

@�}�| �C�>wyxCz
l
�YuSÍE|~��DCÌS�C�y| zL�Èwy�Nuf��}rÒÃÌS�y{uf��Í�}�ÌS{
z�}rwNuf��ÍCuf�NÍ��yz�}��CÑ wN}ÁÌS��×C�y| {
| wy| ®Sz[�yzK��z��Gwy| ÌS� �S�yÌS�C×�}L�©ÌS�Cz��Luf��}�xCÌ � wyx�u\wwyxCzÁ| {[uf�SzÚÌfÒ

πét
1 (X ⊗ Q̄)

�C��ÍEzL�
ρV

|~}nz'^a��ufÑdwyÌ
PSLn(Oλ).

�îw"ÒÃÌSÑ Ñ Ì � }'wyxCzL�ÄÒÃ�yÌS{;%^a��u\wy| ÌS�;ìrËíG�©wyx�u\wùwyxCz�ÌE�L�U�C�y�y| �C�vÍEzUwyzL�y{
| ��uf�awN} � xC|~�Nx�uf�y|~}�z
ÒÃ�yÌS{ GQ 6 GQ(t)uf�yz��UÌS�awNuf| �Cz�ÍJ�S�C×[wyÌ�uÈè©u\wyzU�¾w � |~}rw��a| �[wyxCz��S�yÌS�C×
ÌfÒJÒÃÌS�C��wyx��yÌ�ÌfwN}/ÌfÒ��C�C| wrÓ[uf��Í[�Luf�ÛµzÁ�CzL�SÑ z��Gwyz�ÍºÛ�ÓÄu
}��C| wNufÛCÑ zÁ}y�LufÑ | �C���/ènxC|~}nÓ�| zLÑ~ÍC}nwyxCzÁ�yz�}��CÑ w��
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Ì�Ìfwyx?×C�yÌ��rz��Gwy| ®Sz�®\uf�y| zUwrÓ

X
ÌfÒnÍE| {
zL��}�| ÌS�

d
ÍEzK���Cz�Í?Ì\®SzL�

C
|~}"�LufÑ Ñ z�ÍÄu�»�Z\T ZSãUFPä�AµZ\B[®\uf�y| zUwrÓ[| ÒìÃ|Pí

H i(X,OX ) = 0
ÒÃÌS�"zL®SzL�yÓ

i, 0 < i < d
��uf��ÍìÃ| |Pí'wyxCzÈ�Luf�CÌS�C|~�LufÑdÛC�C��ÍEÑ z

KX
ÌfÒ
X
|~}nwy�y| ®�|~ufÑ¾�

�Y�awy�yÌEÍE���Uz�wyxCzJ��ÌEÍE�SzÚ���C{ùÛµzL�N}
hi,j(X) :=

ÍE| {
Hj(X,Ωi

X).

~ _�Ì Ê � _�| VÇÊ h aWÍÃ(aWÌ ÏmÊ a�\ \ XcÍ V ÃÇÃ�_�Ì Ï ¾�¿P{�XMa��M¾�Ím¾�aWÌ>] Y:Ñ ÌWa ÉKÏ ` Ì>_CZ ~q�)� ��zeÂ<z^a É aW¿(a'Â(a É ¿ca Ó ÌWa ÉKÏ` Ì>_CZ?�li Ñ a Ïq� a ÉÇÉ _ Ë ¾�Ì�Ào ÃÇÌ Ê \ZÔ'Ä�Í Ï Â�Ô�Õ�ÕWÖÇÀ



�H� � r+� �4w

ènxCzL�
X
|~}"u�Ð*ufÑ~ufÛC| êaë'uf�Ä®\uf�y| zUwrÓ[| Ò
hi,0(X) = 0

ÒÃÌS�"zL®SzL�yÓ
i, 0 < i < d

��uf��Í
h0,d(X) = pg(X) = 1

� xCzL�yz pg(X)
|~}*wyxCzÁ�SzLÌS{
zUwy�y|~���SzL����}*ÌfÒ

X
�

�A� «����gÊ-�¬�b�W¨ n
• �îÒ d = 1

�©uvÐ*ufÑ~ufÛC| êaë'uf��®\uf�y| zUwrÓvÌfÒ"ÍE| {
zL��}�| ÌS�
1
|~}Á�CÌfwyxC| �C�>ÛC�Ew�uf��zLÑ Ñ | ×Ewy|~��U�C�y®Sz[ìÃ| Ò^| w�|~}nz'^a�C| ×C×µz�Í � | wyxvu��Nu\wy| ÌS��ufÑd×µÌS| �awGíG�

• �îÒ d = 2
�CwyxCzù�UÌS��ÍE| wy| ÌS��}

h1,0(X) = 0
uf��Í

pg(X) = 1
| {
×CÑ Óºwyx�u\w�uºÐ*ufÑ~ufÛC| êë'uf�ï®\uf�y| zUwrÓ[ÌfÒ/ÍE| {
zL��}�| ÌS�

2
|~}�u

K3
}��C��Ò«uS�UzS�

• �îÒ d = 3
�/wyxCz>�UÌS��ÍE| wy| ÌS��}

h1,0(X) = h2,0(X) = 0
uf��Í

pg(X) = 1
| {
×CÑ Ówyx�u\wùuvÐ*ufÑ~ufÛC| êaë'uf�?®\uf�y| zUwrÓvÌfÒnÍE| {
zL��}�| ÌS�

3
|~}ÈuvÐ*ufÑ~ufÛC| êaë'uf�vwyxC�yzLzUÒÃÌSÑ~ÍJ�CX�| ���Uz�uÐ*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍÄ|~}"ul!7�fxCÑ zL�"{[uf�C| ÒÃÌSÑ~ÍJ�E| w�|~}"�Cz��Uz�}y}yuf�yÓ�wyx�u\w

h1,1(X) > 0
�

� ¨l¡  a�\ª«¡S  � ª ¥4�  E�\ª«  ¥ ����  ¥ §��>¦�§g�b >§©ª« v¡�¦ ¥ §©� n ��Ì ��� zÈÍEzK���CzÚwyxCzÁ���C{
zL���|~�LufÑJ| ��®\uf�y|~uf�awN}*ÌfÒ'Ð*ufÑ~ufÛC| êaë'uf�º®\uf�y| zUwy| z�}L�Cuf��Í�wyxCzJ��ÌEÍE�SzÈÍE|~uf{
ÌS��ÍC}L�
• ènxCz k �¾wyx>�*zUw�wy|����C{ùÛµzL�"ÌfÒ X |~}

Bk(X) =
ÍE| {

Hk(X,C) =
ÍE| {

Hk
et(X̄,Q`).ènxCzL�

Bk(X) = 0
ÒÃÌS�

k > 2d
�Cuf��ÍºwyxCzÁñ^ÌS| ���Luf�yÔÚÍE��ufÑ | wrÓ�| {
×CÑ | z�}nwyx�u\w

Bk(X) = B2d−k(X)
ÒÃÌS�

k, 0 6 k 6 d.

• ènxCzL�yzÁuf�yzÚ}�Ó�{
{
zUwy�y| z�}nÌfÒ0��ÌEÍE�SzÚ���C{ùÛµzL�N},F
hi,j(X) = hj,i(X), hp,q(X) = hd−p,d−q(X)

� xCzL�yz"wyxCzc���N}rw'|~ÍEzL�awy| wrÓùÒÃÌSÑ Ñ Ì � }/ÒÃ�yÌS{4�UÌS{
×CÑ zU£[�UÌS���r�C�au\wy| ÌS���auf��Í�wyxCz�}�z��UÌS��Í�ÒÃ�yÌS{wyxCz�X�zL�y�yzÁÍE��ufÑ | wrÓS�/ènxCzL�yzÚ|~}nwyxCzJ��ÌEÍE�SzÁÍEz��UÌS{
×µÌa}�| wy| ÌS�
Bk(X) =

∑

i+j=k

hi,j(X)

uf��Í�wyxCz:;��CÑ zL���Nx�uf�NuS�GwyzL�y|~}rwy|~��ÌfÒ
X
|~}n�S| ®SzL�ÄÛ�Ó

E(X) =

2d∑

k=0

(−1)kBk(X).

• ènxCzA��ÌEÍE�Sz"ÍE|~uf{
ÌS��ÍC}©ÌfÒµzLÑ Ñ | ×Ewy|~�"�U�C�y®Sz�}L� K3
}��C��Ò«uS�Uz�}^uf��Í[Ð*ufÑ~ufÛC| êaë'uf�ÁwyxC�yzLzU�ÒÃÌSÑ~ÍC}"uf�yzÚ�S| ®SzL���E�yz�}�×µz��Gwy| ®SzLÑ ÓS�CuS}'ÒÃÌSÑ Ñ Ì � }L�

1
1 1

1ènxCzL�
B0 = B2 = 1, B1 = 2

uf��Í
E(X) = 0.
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1
0 0

1 20 0
0 0

1ènxCzL�
B0 = B4 = 1, B1 = B3 = 0, B2 = 22

uf��Í
E(X) = 24.

1
0 0

0 h1,1 0
1 h2,1 h1,2 1

0 h2,2 0
0 0

1ènxCzL�
B0 = B6 = 1, B1 = B5 = 0, B2 = h1,1 = h2,2 = B4, B3 = 2(1 + h2,1)uf��Í

E(X) = 2(h1,1 − h2,1).

�^n�� ¾l 
L � �� a�\ª> ��ù  ¥ §��� a��  � �î¨ ¥ ¡f��ª«¦ ¥ ¦b� �   �  E�^ª �2�  C¨ �  E�\ª> a��ª> ��

?�zÈuf�yzÚ| �awyzL�yz�}rwyz�Íº| �>uf�y| wyxC{
zUwy|~�Áuf��Íº���C{ùÛµzL�"wyxCzLÌS�yzUwy|~��×C�yÌS×µzL��wy| z�}nÌfÒ'Ð*ufÑ~ufÛC| êë'uf��®\uf�y| zUwy| z�}L�Juf��Í � z � | Ñ Ñ/�UÌS��}�|~ÍEzL�ùÐ*ufÑ~ufÛC| êaë'uf�v®\uf�y| zUwy| z�}ÚÍEzK���Cz�ÍvÌ\®SzL�����C{ùÛµzL���zLÑ~ÍC}ÁìÃzS� ��� �
Q
íG�wj�zUw

X
ÛµzÈu[Ð*ufÑ~ufÛC| êaë'uf�º®\uf�y| zUwrÓ[ÌfÒ^ÍE| {
zL��}�| ÌS�

d
ÍEzK���Cz�ÍÄÌ\®SzL�

Q
�ì«�*ÓïwyxC|~} � z�{
z�uf���µwyxCz
�UÌS{
×CÑ zU£E| �µ�Lu\wy| ÌS�>ÌfÒ X |~}�u>Ð*ufÑ~ufÛC| êaë'uf�>®\uf�y| zUwrÓS� ívènxCzL�yzzU£E|~}rwN}/uf�
| �awyzL�S�NufÑ�{
ÌEÍEzLÑEÒÃÌS�

X
��j�zUw

p
Ûµz�u�×C�y| {
z"uf��Í
uS}y}��C{
z*wyx�u\w/wyxCz"�yz�ÍE���Gwy| ÌS�

Xp := X
{
ÌEÍ

p
|~}�}�{
Ì�ÌfwyxïÌ\®SzL�

F̄p
�AX����Nxvu
×C�y| {
z

p
|~}��LufÑ Ñ z�Í>u�Åa¼�¼�ÉÚ×C�y| {
zS�iDCÌS�u
�SÌ�ÌEÍº×C�y| {
z

p
�CÑ zUw_DC�yÌSÛ

p
ÍEzL�CÌfwyz�wyxCz�DC�yÌSÛµzL�C| ��}n{
ÌS�y×CxC|~}�{ ÌS�

X
| ��ÍE���Uz�ÍºÒÃ�yÌS{wyxCz

p
�¾wyx�×µÌ � zL��{[uf× x 7→ xp �lj�zUw ` Ûµz[uº×C�y| {
z 6= p

��ènxCzL� DC�yÌSÛ
p
uS�GwN}�ÌS�vwyxCz

`
�YuSÍE|~�ÚÔUwNufÑ zù�UÌSxCÌS{
ÌSÑ ÌS�SÓ��S�yÌS�C×�}

H i
et(X̄p, Q`) ' H i(X̄, Q`)

ÒÃÌS�
i = 0, 1, . . . , 2d

�
j�zUw

P i
p(T ) :=

ÍEzUw
(1− DC�yÌSÛ ∗p T |H i

et(X̄,Q`))ÛµznwyxCz��Nx�uf�NuS�GwyzL�y|~}rwy|~��×µÌSÑ Ó��CÌS{
|~ufÑEÌfÒ�wyxCz"zL��ÍEÌS{
ÌS�y×CxC|~}�{ DC�yÌSÛ ∗
p

ÌS�ùwyxCz"ÔUwNufÑ z
`
�YuSÍE|~�

�UÌSxCÌS{
ÌSÑ ÌS�SÓÁ�S�yÌS�C×�� � xCzL�yz T |~}�uf��| ��ÍEzUwyzL�y{
| ��u\wyzS�/ènxCzL� P i
p(T ) ∈ 1+TZ[T ] � | wyx
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ÍEzL�
P i

p = Bi
ìPwyxCz

i
�¾wyxº�*zUw�wy|d���C{ùÛµzL�nÌfÒ

X
í'uf��Í[| wN}*�yz��U| ×C�yÌE�LufÑ��yÌ�ÌfwN}*uf�yz�ufÑ �SzLÛC�Nuf|~�

| �awyzL�SzL�N} � | wyx>ufÛ�}�ÌSÑ �EwyzÚ®\ufÑ �Cz pi/2 ìÎ-�zLÑ | �S�CzíG�
j�zUw

G =
�ÚufÑ

(Q̄/Q)
Ûµz�wyxCz�ufÛ�}�ÌSÑ �Ewyz[�ÚufÑ ÌS|~}��S�yÌS�C×��
ènxCzL�?wyxCzL�yz
|~}Áuf�

`
�YuSÍE|~�ÔUwNufÑ zÈ�ÚufÑ ÌS|~}n�yzL×C�yz�}�zL�awNu\wy| ÌS�

ρi
X,` : G → GL(H i

et(X̄,Q`)).�Y�Ä×�uf��wy|~�U�CÑ~uf������}�| �C�
ρi

X,`(
DC�yÌSÛ

p)
� � zÁÍEzK���Cz�wyxCz i �¾wyx�ì«�UÌSxCÌS{
ÌSÑ ÌS�S|~�LufÑPí L �Y}�zL�y| z�}'ÌfÒ

X
�

£ ��¤k¥+¦
§
¦���¥©¨D�
� n ènxCz
i
�¾wyx[ì«�UÌSxCÌS{
ÌSÑ ÌS�S|~�LufÑPí

L
�Y}�zL�y| z�}

L(X, s) = L(H i
et(X̄,Q`), s)|~}"ÍEzK���Cz�ÍÄÛ�Ó�wyxCz:;��CÑ zL�"×C�yÌEÍE���Gw

Li(X, s) :=
∏

p6=`

ÍEzUw
(1− ρi

X,`(
DC�yÌSÛ

p)p
−s)−1 × (

}�| {
| Ñ~uf�nÒ«uS�GwyÌS��u\w
p = `)

� xCzL�yz�wyxCzÁ×C�yÌEÍE���Gw"�y�C��}"Ì\®SzL�*�SÌ�ÌEÍº×C�y| {
z�}L�w-�| �S�yz�}y}�| �C��� � zÚx�u®Sz
Li(X, s) =

∏

p6=`

P i
p(p
−s)−1 × (

}�| {
| Ñ~uf�nÒ«uS�GwyÌS��u\w
p = `).

�Y�>×�uf��wy|~�U�CÑ~uf���E| Ò
i = d =

wyxCzùÍE| {
zL��}�| ÌS�ïÌfÒ
X
� � zÈ}�| {
×CÑ Ó � �y| wyz L(X, s)

| �>×CÑ~uS�UzÌfÒ
Ld(X, s)

uf��ÍÄ| wN}"Ñ ÌE�LufÑdÒ«uS�GwyÌS�nÛ�Ó
Pp(T )

| ��}rwyz�uSÍºÌfÒ
P d

p (T )
�

� n�� ¾l ·¡�¦�§©¨ �  E�\ªÃ����¦b�M  �>� ª-½©��ª«¡º¡S¨�� �  ���¦ �  a�
Q

��Ì � � z�uSÍCÍE�yz�}y}^wyxCz�{
ÌEÍE�CÑ~uf�y| wrÓ�ÌfÒ�ÍE| {
zL��}�| ÌS� 1
Ð*ufÑ~ufÛC| êaë'uf�[®\uf�y| zUwy| z�}�ÍEzK���Cz�ÍÌ\®SzL�

Q
��j�zUw

E
Ûµz�uf�vzLÑ Ñ | ×Ewy|~�ù�U�C�y®SzÈÌ\®SzL�

Q
�duf��Í>Ñ zUw

∆
ÍEzL�CÌfwyzù| wN}�ÍE|~}y�U�y| {
| ��uf�aw��ènxCzL�[| wN}

L
�Y}�zL�y| z�}/�Luf�[Ûµz�ÛC�C| Ñ w*�C×[Û�Ó
�UÌS�C�awy| �C�ÁwyxCz����C{ùÛµzL�'ÌfÒ

Fp
ê��Nu\wy| ÌS��ufÑC×µÌS| �awN}ÌS�

E
�

L(E, s) =
∏

p

1

1− a(p)p−s + ε(p)p1−2s
=

∞∑

n=1

a(n)

ns

� xCzL�yz p �y�C��}�ufÑ ÑJ×C�y| {
z�}L�Cuf��Í

a(p) =

{
p+ 1−#E(Fp), ε(p) = 1

| Ò
p - ∆

0, ±1, ε(p) = 0
| Ò
p | ∆��| ®SzL�)u ×C�y| {
z

p
�nz�uS�Nx2Ñ ÌE�LufÑA;��CÑ zL�

p
�¾Ò«uS�GwyÌS�
ÌfÒ

L(E, s)
�Luf�)Ûµz?ÍEzUwyzL�y{
| �Cz�ÍzU£E×CÑ |~�U| wyÑ ÓÈ��}�| �C��wyxCz"ufÛµÌ\®Sz*ÍEz�}y�U�y| ×Ewy| ÌS���e��Ì � zL®SzL����wyxCzL�yznuf�yz*| �����C| wyzLÑ ÓÈ{[uf��Ó:;��CÑ zL�Ò«uS�GwyÌS�N}L�/Ù ��u\wy�C�NufÑ^a�Cz�}rwy| ÌS�ï|~},F

�NIÚ½ÃMCRUDyR�Z\O��ùÅfT ¼SãNZ\Ta¿NBEOdKU½¾F«¼\O?½ÃMCZ\½"ÉSRU½YRUDGX�FPOdRGIÁ½ÃMCR
L
WîILRUDGF«RGI

L(E, s) �
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ènxCz�uf��} � zL�"wyÌ�wyxC|~} ^a�Cz�}rwy| ÌS�v�UÌS{
z�}"ÒÃ�yÌS{ uH^a�C| wyz�ÍE| <dzL�yzL�awÚ}�ÌS�C�N�UzS���Y��ÍEzLz�ÍJ��wyxC|~}
� | Ñ Ñ©wNu�=Szù��}�wyÌÄ{
ÌS�yz�uf��ufÑ Óawy|~�ÈÌSÛ��rz��GwN}L�JX�Ì � z � | Ñ Ñ/�CÌ � ÍEzK���Cz�{
ÌEÍE�CÑ~uf���S�yÌS�C×�}L�{
ÌEÍE�CÑ~uf�ÈÒÃÌS�y{[}�uf��Í��U��}�×�ÒÃÌS�y{[}L�8j�zUw

H
ÍEzL�CÌfwyz�wyxCzÄ�C×C×µzL���îx�ufÑ Ò��UÌS{
×CÑ zU£�×CÑ~uf�Czuf��Í[Ñ zUw

SL2(Z)
Ûµz�wyxCz��S�yÌS�C×�ÌfÒ

2× 2
| �awyzL�S�NufÑ�{[u\wy�y|~�Uz�} � | wyxÄÍEzUwyzL�y{
| ��uf�aw 1

uf��Í×C�Ew
PSL2(Z) = SL2(Z)/± I2 � xCzL�yz I2 ÍEzL�CÌfwyz�}*wyxCzÁ|~ÍEzL�awy| wrÓº{[u\wy�y| £ºÌfÒ^�Nuf�.= 2

�
£ ��¤k¥+¦
§
¦���¥³²4�
� n j�zUw

N > 1
ÛµzÈuf�ï| �awyzL�SzL���Euf��ÍÄÑ zUw

Γ0(N) = {
(
a b
c d

)
∈ PSL2(Z) | c ≡ 0 (mod N) } ⊂ PSL2(Z)

ÛµzÈu
�UÌS�C�S�y�CzL���UzÚ}��CÛC�S�yÌS�C×ÄÌfÒ
PSL2(Z)

�
j�zUw

k
Ûµzvu��CÌS�E�î�CzL�au\wy| ®Szº| �awyzL�SzL���)Ù X[¼�É\BET Z\DÁ¿U¼\DGX

f
¼r¿ÄÂ'RUF ÅM�½

k > 1
¼\O

Γ0(N)
|~}�u
�UÌS{
×CÑ zU£��î®\ufÑ �Cz�ÍºxCÌSÑ ÌS{
ÌS�y×CxC|~��ÒÃ�C���Gwy| ÌS�ïÌS�

H
}yu\wy|~}rÒÃÓ�| �C��wyxCzÚÒÃÌSÑ Ñ Ì � | �C�wy�Nuf��}rÒÃÌS�y{[u\wy| ÌS�º�y�CÑ z�F

f(
az + b

cz + d
) = (cz + d)kf(z)

ÒÃÌS�
z ∈ H

uf��Í (a b
c d

)
∈ Γ0(N).

Ù KUB�I¾øÁ¿U¼\DGX
f
¼r¿nÂ'RUF ÅM�½

k
¼\O

Γ0(N)
|~}�u�{
ÌEÍE�CÑ~uf�^ÒÃÌS�y{¢®\uf�C|~}�xC| �C�Úu\w�ufÑ ÑC�U��}�×�}ÌfÒ

Γ0(N)
�/�Y�ï×�uf��wy|~�U�CÑ~uf���

f
x�uS}"ulDCÌS�C�y| zL�"zU£E×�uf��}�| ÌS��ì«u\w ∞ íG��uf��Í � zÁ�Luf� � �y| wyz

f(q) =
∑

n = 1∞af (n) qn � | wyx q = e2πiz.

ènxCz
L
�Y}�zL�y| z�}'ÌfÒ/u
�U��}�×ºÒÃÌS�y{

f
|~}"ÍEzK���Cz�ÍÄÛ�Ó

L(f, s) :=

∞∑

n=1

af (n)

ns

��Ì �ê� z�}rwNu\wyz?wyxCz��yz�}��CÑ wïÌfÒJ? | Ñ z�}ÄzUw>ufÑ¾� � xC|~�Nx;×C�yÌ\®Sz�}[wyxCz �UÌS���rz��Gwy�C�yz�ÌfÒX�xC| {ù�C�Nu
uf��ÍÄè©uf�C| Óauf{[uù| �ÄwyxCzÈu�u[�y{[u\wy| ®SzS�
���D���������Ç²4�W¨ n ìt? | Ñ z�}ÄzUwïufÑ¾� z � ª � | Â ~ ��z � � | Â ~ ��z Á � � � � m ~ í\9�RU½

E
ãNR�Z\ORUTPT F ød½¾F«K�KUBEDGÀ\R[¼\À\RUD

Q � HdMCRUO E F~IùX[¼�É\BET Z\DWbn½ÃMCZ\½nF~IWb*½ÃMCRUDyR�F~I
ZÄKUB�I¾ø � OdRUÂ4��¿U¼\DGX
f
¼r¿ÁÂ'RUF ÅM�½

2 = 1 + 1
¼\O

Γ0(N)
IGB�KNMï½ÃMCZ\½

L(E, s) = L(f, s)
F � R � b a(n) = af (n) ∀n �

�ùRUDyR
N
F~IÁ½ÃMCR�KN¼\OdÉ\B�KU½Y¼\Dù¼r¿

E �
ª ���¬«���Ì²4��² n ènxCzù×C�yÌ�ÌfÒ/ÌfÒ0? | Ñ z�}�zUwÚufÑ¾�"|~}�wyÌº�UÌS{
×�uf�yzÚwyxCzÈw � Ì 2

�YÍE| {
zL��}�| ÌS��ufÑ�ÚufÑ ÌS|~}��yzL×C�yz�}�zL�awNu\wy| ÌS��}/uf�y|~}�| �C�ÁÒÃ�yÌS{
E
uf��Í

f
�^�îÒJwyxCz�}�z�w � Ì 2

�YÍE| {
zL��}�| ÌS��ufÑd�ÚufÑ ÌS|~}�yzL×C�yz�}�zL�awNu\wy| ÌS��}/uf�yz"z'^a�C| ®\ufÑ zL�aw'{
ÌEÍ
3
ìÃÌS��{
ÌEÍ

5
íG�fwyxCzL�[wyxCzLÓ
uf�yz"z'^a�C| ®\ufÑ zL�aw���uf��Íz�}rwNufÛCÑ |~}�xºwyxCz�X�xC| {ù�C�NuêEè©uf�C| Óauf{[uù�UÌS���rz��Gwy�C�yzÚ| �ÄwyxCzÈu�u[�y{[u\wy| ®SzS�
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 ��J�L�( G¡�  �¡ 
K3

��¨��(�î C¡� ��
��Ì � � z � | Ñ Ñ"uSÍCÍE�yz�}y}ÚwyxCzÄ{
ÌEÍE�CÑ~uf�y| wrÓ�ÌfÒ�ÍE| {
zL��}�| ÌS� 2

Ð*ufÑ~ufÛC| êaë'uf� ®\uf�y| zUwy| z�}L���uf{
zLÑ ÓS�
K3

}��C��Ò«uS�Uz�}L�EÍEzK���Cz�ÍÄÌ\®SzL�
Q
�

j�zUw
X
Ûµz�uf�vufÑ �SzLÛC�Nuf|~�

K3
}��C��Ò«uS�UzS�cj�zUw

NS(X)
ÛµzÈwyxCz���ÔL�yÌS��ê.X�zL®SzL�y|��S�yÌS�C×ÌfÒ

X
�SzL�CzL�Nu\wyz�ÍïÛ�ÓvufÑ �SzLÛC�Nuf|~�Á�UÓE�UÑ z�}�ÌS�

X
�ÚènxCzL�

NS(X)
|~}�u[ÒÃ�yzLz����C| wyzLÑ Óï�SzL�E�zL�Nu\wyz�Í�ufÛµzLÑ |~uf���S�yÌS�C×��?ènxCz

Z
�î�Nuf�.=�ÌfÒ

NS(X)
|~}��LufÑ Ñ z�Í�wyxCz£¢*F«KNZ\DyÉ�O�BEX[ãNRUDÚÌfÒ

X
uf��ÍvÍEzL�CÌfwyz�Í>Û�Ó

ρ(X)
� X�| ���Uz
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W�É\FPX[RUOCIGF«¼\OdZ\T_��Z\T ¼\F~IºDyRîødDyRGILRUO�½YZ\½¾F«¼\O�¬¾KN¼\X�FPO�Å�¿NDy¼\XÅaRN¼\X[RU½¾D��&"IyMC¼\BET ÉÄãNRÈX[¼�É\BET Z\DWb�B�ø ½Y¼ºZ�H�Z\½YRÈ½¾Â/F~IG½ �Ï �"Ù�Ñ~}�ÌºwyxC|~}Á|~}Úuï}�×µz��U|~ufÑ��LuS}�z�ÌfÒ'wyxCzCX�zL�y�yz
�UÌS���rz��Gwy�C�yz
ufÛµÌS�EwÚwyxCz[{
ÌEÍE�CÑ~uf�y| wrÓÌfÒnwyxCz��yz�}�|~ÍE��ufÑ�{
ÌEÍ

p 2
�YÍE| {
zL��}�| ÌS��ufÑ*�ÚufÑ ÌS|~}Á�yzL×C�yz�}�zL�awNu\wy| ÌS��}Áu\w�wNuS�NxCz�Í?wyÌ�UzL��wNuf| �ÄÌEÍCÍÄÍE| {
zL��}�| ÌS��ufÑJ×C�yÌ��rz��Gwy| ®SzÚ®\uf�y| zUwy| z�}*Ì\®SzL�

Q
��C�"ènxC|~}©{[uÓÚÛµz*�yzL�auf�NÍEz�ÍÁuS}©u��UÌS���U�yzUwyz'�yz�ufÑ | é�u\wy| ÌS�ÁÌfÒCwyxCzij�uf�C�SÑ~uf��ÍC}�ñ��yÌS�S�Nuf{ï�
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® �^½ � ª«¡SªÃ��§l ���¡f�\ª-½©��ª«¦ ¥ ¦b�
L(X, s)

n j�zUw
X
Ûµzvu?�y| �S|~Í)Ð*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍÍEzK���Cz�ÍºÌ\®SzL�

Q
�/ènxCzL�

X
ufÑ � uÓE}'x�uS}*uf�º| �awyzL�S�NufÑµ{
ÌEÍEzLÑ¾�wj�zUw p ÛµzÚuù�SÌ�ÌEÍ�×C�y| {
zS�uf��Í�Ñ zUwcDC�yÌSÛ

p
Ûµz�wyxCz:DC�yÌSÛµzL�C| ��}n{
ÌS�y×CxC|~}�{ï�/ènxCzL��wyxCzÁ�Nx�uf�NuS�GwyzL�y|~}rwy|~�"×µÌSÑ Ó��CÌS{
|~ufÑ

Pp(T )
x�uS}*wyxCzÚÒÃÌS�y{
Pp(T ) = 1− t3(p)T + p3T 2 ∈ 1 + TZ[T ] � | wyx |t3(p)| 6 2p3/2

ènxCzL�
L(X, s) = (∗)

∏

p:
�SÌ�ÌEÍ Pp(p

−s)−1 = (∗)
∏

p:
�SÌ�ÌEÍ

1

1− t3(p)p−s + p3−2s

� xCzL�yz (∗) }rwNuf��ÍC}*ÒÃÌS�nwyxCzÚÒ«uS�GwyÌS�N}n�UÌS�y�yz�}�×µÌS��ÍE| �C�ùwyÌ
Û�uSÍÄ×C�y| {
z�}L�Ù�}�ÒÃÌS�
zLÑ Ñ | ×Ewy|~�ï�U�C�y®Sz�}�Ì\®SzL�
Q
��wyxCzïÑ ÌE�LufÑi;��CÑ zL�

p
�¾Ò«uS�GwyÌS�
ÌfÒ

L(X, s)
��wyx�u\w[|~}L�z�}y}�zL�awy|~ufÑ Ñ Ó

t3(p)
�E�Luf��Ûµz�ÍEz�}y�U�y| Ûµz�Í[| �[wyzL�y{[}'ÌfÒJwyxCz����C{ùÛµzL�'ÌfÒ

Fp
�î�Nu\wy| ÌS��ufÑC×µÌS| �awN}ÌS�

X
�

DCÌS�"z�uS�Nx
i, 0 6 i 6 6

�EÑ zUw
ti(p) :=

wy�NuS�Uz
(
DC�yÌSÛ ∗

p |H i
et(X̄,Q`))Ûµz�wyxCz�wy�NuS�Uz�ÌfÒ�wyxCz:DC�yÌSÛ ∗

p

ÌS�ºwyxCzÚÔUwNufÑ z
`
�YuSÍE|~�

i
�¾wyxï�UÌSxCÌS{
ÌSÑ ÌS�SÓ��S�yÌS�C×��^ènxCzL�ºwyxCz

j�zUÒ«}y�NxCzUwyé��C£Ez�ÍÄ×µÌS| �aw"ÒÃÌS�y{ù�CÑ~u�uS}y}�zL��wN}'wyx�u\w

#X(Fp) =

6∑

i=0

(−1)iti(p) = t0(p)− t1(p) + t2(p)− t3(p) + t4(p)− t5(p) + t6(p).

�*Ó[wyxCzÁñ^ÌS| ���Luf�yÔÁÍE��ufÑ | wrÓ�ÌS�ºwyxCzÁÔUwNufÑ z
`
�YuSÍE|~�Ú�UÌSxCÌS{
ÌSÑ ÌS�SÓ
�S�yÌS�C×�}L� � zÚx�u®Sz

#X(Fp) = 1 + p3 + (1 + p)t2(p)− t3(p) 6 1 + p3 + (1 + p)ph1,1 − t3(p).ènxCz�| �Cz'^a��ufÑ | wrÓ
Ûµz��UÌS{
z�}'uf��z'^a��ufÑ | wrÓ
| Ò�ufÑ Ñd�UÓE�UÑ z�}'| �
H1,1(X)

uf�yz�ÍEzK���Cz�Í�Ì\®SzL�
Q
�| � � xC|~�Nxï�LuS}�zS� � zÚx�u®Sz

t3(p) = 1 + p3 + (1 + p)p1,1 −#X(Fp).

���D���������ÇÆ4��¤ nn¯ ø ½Y¼ ÉSZ\½YR�bÁ½ÃMCRUDyRïZ\DyR>Z\½ÚT RNZIG½
50
DGF ÅfF«É2»�Z\T ZSãUFPä�AµZ\B2½ÃM�DyRNR«¿U¼\T ÉI¼\À\RUD

Q
¿U¼\DÁÂ©M�F«KNMv½ÃMCRÈX[¼�É\BET Z\DGFP½m�[F~IùRGIG½YZSãUT F~IyMCRNÉ �

»  a��¾©¦�§©� n ènxCzL�yz"uf�yz*}�zL®SzL�NufÑa{
zUwyxCÌEÍC}©ÒÃÌS�/z�}rwNufÛCÑ |~}�xC| �C��wyxCzn{
ÌEÍE�CÑ~uf�y| wrÓÚÒÃÌS�^�y| �S|~ÍÐ*ufÑ~ufÛC| êaë'uf��ì«uf��ÍºÒÃÌS�"�CÌS�E�î�y| �S|~ÍïÐ*ufÑ~ufÛC| êaë'uf�µí�wyxC�yzLzUÒÃÌSÑ~ÍC}"ÍEzK���Cz�ÍÄÌ\®SzL�
Q
�t>zUwyxCÌEÍ�Ë�F/ènxCz�X�zL�y�yzGê�D�ufÑ wy| �C�a}*�U�y| wyzL�y| ÌS���t>zUwyxCÌEÍ Ï F�? | Ñ z�}"{
zUwyxCÌEÍJ�t>zUwyxCÌEÍï�.F/Ù�Ñ �SzLÛC�Nuf|~���UÌS�y�yz�}�×µÌS��ÍEzL���Uz
ì«è©u\wyz�� }��UÌS���rz��Gwy�C�yzíG�t>zUwyxCÌEÍÄÕ�F'Ð'ÌS�C| ÒÃÌSÑ~ÍC}n{
zUwyxCÌEÍJ�t>zUwyxCÌEÍ>��F^�Y�awyzL�y{
z�ÍE|~u\wyz:�auS�UÌSÛC|~uf��}L�



�H° � r+� �4w

ìt?�z
}�xCÌS�CÑ~Ív�yzL{[uf�>=ºwyx�u\wÁt>zUwyxCÌEÍC}�Ë
uf��Í Ï uf�yzùzU£C�UÑ ��}�| ®SzLÑ ÓºÒÃÌS�Ú�y| �S|~Í�Ð*ufÑ~ufÛC| êë'uf�ïwyxC�yzLzUÒÃÌSÑ~ÍC}L� � xC| Ñ zÁwyxCzÈÌfwyxCzL��t>zUwyxCÌEÍC}�uf�yzÈuf×C×CÑ |~�LufÛCÑ zÚÒÃÌS���y| �S|~ÍïuS} � zLÑ Ñ©uS}nÒÃÌS��CÌS�E�î�y| �S|~ÍïÐ*ufÑ~ufÛC| êaë'uf�ºwyxC�yzLzUÒÃÌSÑ~ÍC}L� í
• � ¾l  §  a��(  � µ   � ��ª ¥ �µ�
¡f�\ªÃ�� a�\ª«¦ ¥%Fj�zUw

f
ÛµzÈu
�U��}�×ºÒÃÌS�y{ÎÌfÒ � zL| �Sxaw 4

ÌS�ï}�ÌS{
z
Γ0(N)

uf��Í � �y| wyz
f(q) =

∞∑

n=1

af (n)qn � | wyx q = e2πiz uf��Í af (1) = 1

X��C×C×µÌa}�zÚwyx�u\wìmX�zL�y�yzí
t3(p) = af (p)

ÒÃÌS��ufÑ ÑJ�SÌ�ÌEÍº×C�y| {
z�}
p ±ìÎD�ufÑ wy| �C�a}Ní

t3(p) = af (p)
ÒÃÌS�i���C| wyzLÑ Óº{[uf��Ó��SÌ�ÌEÍ�×C�y| {
z�}

p
�ènxCzL�$| ��®SÌ�=�| �C��wyxCz�Ð'xCzLÛµÌfwNuf�yzL®r-�zL��}�| wrÓ;ènxCzLÌS�yzL{ï�"wyxCz }�zL{
|~}�| {
×CÑ | �µ�Lu\wy| ÌS��}ÌfÒÁwyxCzvw � Ì 2

�YÍE| {
zL��}�| ÌS��ufÑ��ÚufÑ ÌS|~}��yzL×C�yz�}�zL�awNu\wy| ÌS��}�uS}y}�ÌE�U|~u\wyz�Í2wyÌ
X
uf��Í

f
uf�yzz'^a�C| ®\ufÑ zL�aw��C}�Ì�wyx�u\w

L(X, s) = L(f, s)
�C�C×ÄwyÌ[u����C| wyzÈ���C{ùÛµzL�"ÌfÒe;��CÑ zL�"Ò«uS�GwyÌS�N}L�

• � ª �  ��°¡  a��¾©¦�§ F�Y�\? | Ñ z�},��×C�yÌ�ÌfÒ^ÌfÒ^wyxCz�X�xC| {ù�C�NuêEè©uf�C| Óauf{[u��UÌS���rz��Gwy�C�yzÚÒÃÌS��zLÑ Ñ | ×Ewy|~�È�U�C�y®Sz�}L�C×C�y| {
z
` = 3

×CÑ~uÓSz�ÍÈ®SzL�yÓÁ�U�y���U|~ufÑa�yÌSÑ z�ìÃÛ�uS�W=Sz�ÍÈ�C×�Û�ÓÁ×C�y| {
z
` = 5

íG��DCÌS�©�y| �S|~Í
Ð*ufÑ~ufÛC| êaë'uf�wyxC�yzLzUÒÃÌSÑ~ÍC}nÌ\®SzL�
Q
�Cu
}�| {
| Ñ~uf���U�y| wyzL�y| ÌS�Äx�uS}nÛµzLzL�ïz�}rwNufÛCÑ |~}�xCz�ÍJ�

���D���������ÇÆ4��Æ n ìÎ-�| zL�CÑ zUÒ«uf| w©uf��ÍÚtvuf�CÌSx�uf�y{[uÓ��C{ z � » �b� ~ �Lë�ÌS�E��Ð'xC|~uf�C�në�|vz � ª2~ í9�RU½
X
ãNR
ZºDGF ÅfF«É�»�Z\T ZSãUFPä�AµZ\B�½ÃM�DyRNR«¿U¼\T ÉïÉSRÎ��OdRNÉï¼\À\RUD

Q � �µB�øSø�¼ILRù½ÃMCZ\½ X ILZ\½¾WF~It�*RGIù¼\OdR�¼r¿Ú½ÃMCR'¿U¼\TPT ¼\Â/FPO�ÅÄ½¾Â'¼ºKN¼\OdÉ\FP½¾F«¼\OCIL]
� I�� X MCZI�Åa¼�¼�É�DyRNÉ\B�KU½¾F«¼\O�Z\½

3
Z\OdÉ

7
b'¼\D

�¡² � X MCZIÚÅa¼�¼�ÉïDyRNÉ\B�KU½¾F«¼\O�Z\½
5
Z\OdÉ�IL¼\X[R�ødDGFPX[R

p ≡ ±2 (mod 5)
Â/FP½ÃM

t3(p)Od¼\½nÉ\FPÀ�F~IGF«ãUT R�ãK�
5 �HdMCRUO

X
F~IÁX[¼�É\BET Z\D �

• � � �b a�©�\ Cª«¡ � ¦���( ��!½'¦ ¥ §l  ¥ ¡� L� �  E�� ´³ �[¡S¦ ¥+«  �¡f��¨��(   ��| ®SzL��u��y| �S|~Í
Ð*ufÑ~ufÛC| êaë'uf�ÁwyxC�yzLzUÒÃÌSÑ~ÍùÌ\®SzL�
Q
�f| wN}^{
ÌEÍE�CÑ~uf�y| wrÓÈ�Luf�ùÛµznz�}rwNufÛCÑ |~}�xCz�ÍÛ�Ó��UÌS��}rwy�y���Gwy| �C� uf�2ufÑ �SzLÛC�Nuf|~�º�UÌS�y�yz�}�×µÌS��ÍEzL���Uz�wyÌ�u�{
ÌEÍE�CÑ~uf�
�y| �S|~Í)Ð*ufÑ~ufÛC| êaë'uf�wyxC�yzLzUÒÃÌSÑ~ÍºÌ\®SzL�

Q
��ènxC|~}"uf×C×C�yÌauS�Nxº|~}nÛ�uS}�z�ÍºÌS�ÄwyxCzÁ�UÌS���rz��Gwy�C�yzÁÌfÒ^è©u\wyz�wyx�u\w½ÃMCR
F~IL¼\X[¼\D¾ø�M�F~IGX�ãNRU½¾Â'RNRUO ½¾Â'¼ ��Z\T ¼\F~I
DyRîødDyRGILRUO�½YZ\½¾F«¼\OCI�F~I
FPOdÉ\B�KNRNÉ>ãK�>Z\O�Z\T ÅaRUWãUDyZ\F«K
KN¼\DGDyRGI¾ø�¼\OdÉSRUOdKNR �

D©| �N}rw � zº�CzLz�Í wyÌ��UÌS��}rwy�y���Gw��y| �S|~Í�Ð*ufÑ~ufÛC| êaë'uf� wyxC�yzLzUÒÃÌSÑ~ÍC}ùÌ\®SzL� Q
� � xC|~�Nx�uf�yzuS}y}�ÌE�U|~u\wyz�Í[wyÌ[{
ÌEÍE�CÑ~uf�"�S�yÌS�C×�}L�^ènxC|~}nx�uS}"ÛµzLzL�ïÍEÌS�CzÁÛ�ÓïÐ���XE�NxCÌ�zL���

���D���������ÇÆ4��ª n ìmXE�NxCÌ�zL�ñz § ¡�¾ ¶b¶ ~ ± Ð�Òr�>�*z�uf�C®�| Ñ Ñ z·z Á  �  ¶ � ~ íl9�RU½ Γ ⊂ PSL2(Z)ãNR�ZºKN¼\O�ÅfDGB�RUOdKNRÁIGB�ãîÅfDy¼\B�ø�¼r¿w��O�FP½YRÁFPOdÉSR>+�bnZ\OdÉ[T RU½
CΓ := (H/Γ)∗

ãNRÈ½ÃMCRÈX[¼�É\BET Z\DKUBEDGÀ\R � 9�RU½ SΓ
ãNRï½ÃMCR>BEO�FPÀ\RUDNILZ\TJ¿UZ\X�FPT ��¼r¿>RUTPT F ød½¾F«K KUBEDGÀ\RGI>¼\À\RUD

CΓ � 9�RU½ Y :=
SΓ ×P1 SΓ

ãNR�½ÃMCRùILRUT ¿NW �*ãNRUD"ødDy¼�É\B�KU½�¼r¿
SΓ
b�Z\OdÉÄT RU½

X
ãNR[Z�IGX[¼�¼\½ÃM?DyRGIL¼\T BE½¾F«¼\O�¼r¿
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Y � HdMCRUO X F~I
Z�DGF ÅfF«É�»�Z\T ZSãUFPä�AµZ\B�½ÃM�DyRNR«¿U¼\T ÉºÂ©MCRUO
Γ
F~I
¼\OdR
¼r¿È½ÃMCR*¿U¼\TPT ¼\Â/FPO�ÅïIGF +ÅfDy¼\B�øµIL]

Γ(3), Γ1(4) ∩ Γ(2), Γ1(5), Γ1(6), Γ0(8) ∩ Γ1(4), Γ0(9) ∩ Γ1(3).

�*z�uf�C®�| Ñ Ñ zÌz Á  �  ¶ � ~ ÍEzUwyzL�y{
| �Cz�Í;zU£E×CÑ |~�U| wvÍEzK���C| �C�2z'^a��u\wy| ÌS��}ºÌ\®SzL�
Q
ÒÃÌS�ºwyxCz�Nu\wy| ÌS��ufÑdzLÑ Ñ | ×Ewy|~�Á}��C��Ò«uS�Uz�}

SΓ
ÒÃÌS�nwyxCzÈufÛµÌ\®SzÚ{
ÌEÍE�CÑ~uf�"�S�yÌS�C×�}L�

���D���������ÇÆ4��¶ n ìt}/zL�y| Ñ Ñ�z � ¨©ª �b� ~ íÚHdMCR*IGF +�DGF ÅfF«Éù»�Z\T ZSãUFPä�AµZ\B�½ÃM�DyRNR«¿U¼\T ÉI"KN¼\OCIG½¾DGB�KU½YRNÉFPO2HdMCRN¼\DyRUX¸· �º¹ MCZ\À\R�R>+GødT F«KUFP½nÉSRÎ��O�FPO�ÅºR � B�Z\½¾F«¼\OCIÁ¼\À\RUD Q � QJBEDG½ÃMCRUDGX[¼\DyR�b/½ÃMCRK�[Z\DyRZ\TPT�X[¼�É\BET Z\D � HdMCZ\½nF~IWb�½ÃMCRUDyRÈF~IùZºKUB�I¾ø[¿U¼\DGX f
¼r¿ÚÂ'RUF ÅM�½

4
¼\O

Γ
IGB�KNMï½ÃMCZ\½

L(X, s) = L(f, s).

��Ì � � z � | Ñ Ñ/�S| ®SzùÌS�Cz�zU£Cuf{
×CÑ z�ÌfÒ*�y| �S|~Í Ð*ufÑ~ufÛC| êaë'uf�>wyxC�yzLzUÒÃÌSÑ~ÍvÌ\®SzL� Q � xCÌa}�z{
ÌEÍE�CÑ~uf�y| wrÓ[|~}"z�}rwNufÛCÑ |~}�xCz�Í�Û�Óº�UÌS��}rwy�y���Gwy| �C�[uf�ÄzU£E×CÑ |~�U| w�ufÑ �SzLÛC�Nuf|~���UÌS�y�yz�}�×µÌS��ÍEzL���UzwyÌ
ÌS�CzÁÌfÒ�wyxCzÈ}�| £º{
ÌEÍE�CÑ~uf�"�y| �S|~Í>Ð*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍC}"| �ïènxCzLÌS�yzL{ �E� Õ��
���D���������ÇÆ4�S» n ì«t�� �È��XEuf| wyÌ�uf��Í��È�Eë��C|$z § � � m ~ í�9�RU½ V ãNRù½ÃMCRvåµRUDGDGFPTPT'»�Z\T ZSãUFPäAµZ\Bï½ÃM�DyRNR«¿U¼\T ÉÄ¼\À\RUD

Q
ZINIL¼�KUF«Z\½YRNÉ�½Y¼[½ÃMCRÈDy¼�¼\½*T Z\½¾½¾F«KNR

A3 � HdMCRUO V F~IÁDyRNZ\T F Ç�RNÉÄZIùZIGX[¼�¼\½ÃM � IGX[Z\TPT ��DyRGIL¼\T BE½¾F«¼\O�¼r¿Á½ÃMCRÚMZ�yø�RUDNIGBEDÃ¿UZSKNR

(x+ y + z + w)(
1

x
+

1

y
+

1

z
+

1

w
)− (t− 2)2

t
− 4 = 0

FPO
P4 ×P1 b'Z\OdÉ V F~IÈZ
DGF ÅfF«É>»�Z\T ZSãUFPä�AµZ\B>½ÃM�DyRNR«¿U¼\T É[Â/FP½ÃMÄ½ÃMCR�V*BET RUDÈKNMCZ\DyZSKU½YRUDGF~IG½¾F«K

100 �9�RU½
SΓ1(6)

ãNR�Z[DyZ\½¾F«¼\OdZ\T^RUTPT F ød½¾F«KÈIGBEDÃ¿UZSKNR�ÉSRÎ��OdRNÉºãK��½ÃMCR�MZ�yø�RUDNIGBEDÃ¿UZSKNR
(x + y + z)(xy + yz + zx) = (s+ 1)xyzZINIL¼�KUF«Z\½YRNÉ�½Y¼

Γ1(6) � 9�RU½ Y ãNRÄ½ÃMCRºILRUT ¿NW �*ãNRUDÈødDy¼�É\B�KU½ù¼r¿
SΓ1(6)

Z\OdÉ�T RU½
Ỹ
ãNR>ZKUDyRîø�Z\O�½ÈDyRGIL¼\T BE½¾F«¼\O ¼r¿

Y � HdMCRUO;½ÃMCRUDyR>F~IvZ\O$R>+GødT F«KUFP½[ãUFPDyZ\½¾F«¼\OdZ\T�½¾DyZ\OCIÃ¿U¼\DGX[Z\½¾F«¼\OÉSRÎ��OdRNÉ
¼\À\RUD
Q
¿NDy¼\X

V
½Y¼
Ỹ � HdM�F~IÁãUFPDyZ\½¾F«¼\OdZ\TJX[Zyø?F~IÚKN¼\X�ø�Z\½¾F«ãUT RÁÂ/FP½ÃMº½ÃMCR���Z\T ¼\F~IZSKU½¾F«¼\O.bºZ\OdÉ�FPOdÉ\B�KNRGI?Z\O R � BEFPÀ\Z\T RUOdKNR ¼r¿>½ÃMCR�ZINIL¼�KUF«Z\½YRNÉ ��Z\T ¼\F~I?DyRîødDyRGILRUO�½YZ\½¾F«¼\OCI �»�¼\OCILR � B�RUO�½¾T �Çb

L(V, s) = L(Ỹ , s) = η(q)2η(q2)2η(q3)2η(q6)2.

ª ���¬«���ÌÆ4�!¼ n
ËS�i}/zL�y�y| Ñ Ñ�z �  a� �b� ~ x�uS}"×C�yÌ\®Sz�Í[wyxCzÈ{
ÌEÍE�CÑ~uf�y| wrÓ�ÌfÒ

V
��}�| �C�
wyxCz�X�zL�y�yzGê�D�ufÑ wy| �C�a}�U�y| wyzL�y| ÌS���©Ù�Ñ~}�Ì�-�| zL�CÑ zUÒ«uf| wnuf��Í[tvuf�CÌSx�uf�y{[uÓ��C{ z � » �b� ~ uf��Í�ë�|lz � ª2~ x�u®Szz�}rwNufÛCÑ |~}�xCz�Í�wyxCz�{
ÌEÍE�CÑ~uf�y| wrÓ�ÌfÒ

V
��}�| �C�J? | Ñ z�}*{
zUwyxCÌEÍJ�/ènxCz�ufÛµÌ\®Sz�×C�yÌ�ÌfÒ�ÌfÒ

XEuf| wyÌ[uf��Í�ë��C|�|~}"{
ÌS�yzÚ�SzLÌS{
zUwy�y|~��ufÑ ÌS�C�ùwyxCzÁÑ | �CzÁÌfÒ/è©u\wyz�� }"�UÌS���rz��Gwy�C�yzS�



p�� � r+� �4w

Ï �"Ý"z��UzL�awyÑ ÓS��XE�NxZ�Ew�w�z § ¡�¾ �b� ~ x�uS}�uf×C×CÑ | z�Í�wyxCz'�UÌS��}rwy�y���Gwy| ÌS�ÚÌfÒ.XE�NxCÌ�zL��wyÌnw � |~}rwyz�Í}�zLÑ ÒP�m��ÛµzL�È×C�yÌEÍE���GwN}
(SΓ1(6), pr) ×P1 (SΓ1(6), π ◦ pr) �

xCzL�yz
pr
|~}ÚwyxCz���u\wy�E�

�NufÑ/×C�yÌ��rz��Gwy| ÌS��uf��Í
π
|~}Èuï�CÌS�E�¾wy�y| ®�|~ufÑ'uf�EwyÌS{
ÌS�y×CxC|~}�{ ÌfÒ

P1 | �awyzL�N�Nx�uf�C�S| �C�
0, 1,∞ ��Ð'xCÌ�Ìa}�| �C� π uf×C×C�yÌS×C�y|~u\wyzLÑ ÓS�JxCz[ÌSÛEwNuf| �Cz�ÍvÒÃÌS�C�Á{
ÌS�yz��y| �S|~Í�Ð*ufÑ~ufÛC| êë'uf�)wyxC�yzLzUÒÃÌSÑ~ÍC}�Ì\®SzL�

Q
uS}y}�ÌE�U|~u\wyz�Í�wyÌ��U��}�× ÒÃÌS�y{[}�ÌfÒ � zL| �Sxaw 4

uf��Í)Ñ zL®SzLÑ
10, 17, 21

uf��Í
73
� ��|~}º{
zUwyxCÌEÍ;}�xCÌS�CÑ~Í � ÌS�>=�ÒÃÌS�ºÌfwyxCzL�º�S�yÌS�C×�}�Ñ |~}rwyz�Í)| �ènxCzLÌS�yzL{ �E� �C�

• � ¦ ¥ ª>�î¦ � §©� »  a��¾©¦�§ FènxC|~}>{
zUwyxCÌEÍ x�uS}ïÛµzLzL�¢ÍEzL®SzLÑ ÌS×µz�Í$Û�Ó Ð*uf��ÍEzLÑ~uS}L�ÁÍEz�Ñ~u;ð�}y}yu)uf��Í�}�| Ñ Ñ zL�auS}
z � § �¡½¼�f� �b� ~ �\uf��Í � ÌS�>=E}dÒÃÌS��ÌS�CzU�î×�uf�Nuf{
zUwyzL�dÒ«uf{
| Ñ | z�}JÌfÒµÐ*ufÑ~ufÛC| êaë'uf�Á�UÌS{
×CÑ zUwyz�| �E�wyzL�N}�z��Gwy| ÌS��wyxC�yzLzUÒÃÌSÑ~ÍC}L�^ènxCzÚñ�|~�Luf�NÍaê�DC���Nx�}*ÍE| <dzL�yzL�awy|~ufÑdz'^a��u\wy| ÌS��}'ÌfÒ�wyxCz�}�z�Ò«uf{
| Ñ | z�}wy�C�y�ïÌS�Ew"wyÌ[Ûµzù�Úuf��}y}"x�Ó�×µzL�y�SzLÌS{
zUwy�y|~��}�zL�y| z�}L��Ù*w��UÌS�C| ÒÃÌSÑ~ÍÄ×µÌS| �awN}ÈìÃ|¾� zS� ��uS}y}�| �S�C| �C�}�×µz��U|~ufÑn®\ufÑ �Cz�}�wyÌ�wyxCzï×�uf�Nuf{
zUwyzL�GíG�'�UzL��wNuf| ��ÌS�CzU�î×�uf�Nuf{
zUwyzL�ÈÒ«uf{
| Ñ | z�}
�S| ®SzÄ�y|~}�zºwyÌ�y| �S|~Í>Ð*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍC}L��uf��Í�wyxCzL| ��{
ÌEÍE�CÑ~uf�y| wrÓ��Luf�ïÛµzÁz�}rwNufÛCÑ |~}�xCz�ÍÄ}rwy��ÍEÓ�| �C�×µzL�y| ÌEÍC}nÌfÒ©wyxCzÚÒ«uf{
| Ñ | z�}L�
• ¤U¥ �� a�(¡  �§©ª« E�� ¿¾� C¡S¦��^ª«  ¥ � FènxC|~}
{
zUwyxCÌEÍ)x�uS}
�CÌfw�ÓSzUw[×C�yÌEÍE���Uz�Í2�yz�}��CÑ wN}L� � � ÌS�CÑ~Í2Ñ | =SzÄwyÌ�{
zL�awy| ÌS��wyxC|~}uf×C×C�yÌauS�Nx>xCÌS×C| �C��wyx�u\wÁ}�ÌS{
zLÌS�Czù{
| �Sxaw � ÌS�>=ÄÌS�?| w��ÈènxCzïì¾���y| u
wyxµíùFPO�½YRUDGX[RNÉ\F«Z\½YRkEZSKN¼SãUF«Z\O�ÌfÒ^u�Ð*ufÑ~ufÛC| êaë'uf�ºwyxC�yzLzUÒÃÌSÑ~Í

X
|~}�ÍEzK���Cz�ÍºÛ�Ó

J2(X) =
H1,2(X)⊕H0,3(X)

H3(X,Z)
.

�Y�>×�uf��wy|~�U�CÑ~uf���E| Ò
X
|~}"�y| �S|~ÍJ�

J2(X) ' C/Z2 |~}��CÌfwyxC| �C�[ÛC�Ew�u[�UÌS{
×CÑ zU£ºwyÌS�y��}Èì«uf�ufÛµzLÑ |~uf�Ä®\uf�y| zUwrÓ�ÌfÒ^ÍE| {
zL��}�| ÌS�
1
íG��?�z � | Ñ Ñ��CÌ � {[u�=SzÁu
�UÌS���rz��Gwy�C�yz�F

áØDGF ÅfF«É�»�Z\T ZSãUFPä�AµZ\B�½ÃM�DyRNR«¿U¼\T É>¼\À\RUD
Q
F~IùX[¼�É\BET Z\DùF ¿

J2(X)
F~I
ÉSRÎ��OdRNÉï¼\À\RUD

Q
� Z\OdÉ�MCRUOdKNRÈX[¼�É\BET Z\D¯� �
ð��Cz��UÑ~uS}y}dÌfÒ�Ð*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍC}dÒÃÌS� � xC|~�Nx � z/{
| �Sxaw�Ûµz'ufÛCÑ z^wyÌ"�SzUw��yzLÑ~u\wy| ÌS��}ÛµzUw � zLzL�º| �awyzL�y{
z�ÍE|~u\wyz��auS�UÌSÛC|~uf��}'uf��ÍÄÐ*ufÑ~ufÛC| êaë'uf�
wyxC�yzLzUÒÃÌSÑ~ÍC}*|~}�wyxCzÚ�UÑ~uS}y}'ÌfÒ��y| �S|~ÍÐ*ufÑ~ufÛC| êaë'uf�ïwyxC�yzLzUÒÃÌSÑ~ÍC}�ÌfÒnÐ*t wrÓ�×µzS��?�z�}yuÓºwyx�u\wÚu��y| �S|~Í?Ð*ufÑ~ufÛC| êaë'uf�ïwyxC�yzLzUÒÃÌSÑ~Í

X
|~}È¼r¿
»eG�½m�yø�R*| Ò^uf��ÍºÌS�CÑ Ó[| Ò�wyxCzÁ| �awyzL�y{
z�ÍE|~u\wyz �auS�UÌSÛC|~uf�

J2(X)
|~}nÌfÒ�Ð*t wrÓ�×µzì«uS}"uf�ïufÛµzLÑ |~uf�ï®\uf�y| zUwrÓ[ÌfÒ/ÍE| {
zL��}�| ÌS�

1
íG�

�A� «����gÊ-� Æ4�
��À n ì�Áù�:Á�uf�yÑ z�}Èuf��Í��È��ë��C|sz Â � ~ íJj�zUw X Ûµzºuï�y| �S|~Í�Ð*ufÑ~ufÛC| êaë'uf�wyxC�yzLzUÒÃÌSÑ~Í�ÍEzK���Cz�Í Ì\®SzL�Èuï���C{ùÛµzL�J��zLÑ~Í
F
ÌfÒ�Ð*t%wrÓ�×µzS�>ènxCzL� wyxCz�| �awyzL�y{
z�ÍE|~u\wyz

�auS�UÌSÛC|~uf�
J2(X)

|~}Úuf�?zLÑ Ñ | ×Ewy|~���U�C�y®Sz � | wyx�Ð*t Û�Óvuf�?| {[uf�S| ��uf�yÓ�^a��uSÍE�Nu\wy|~� ��zLÑ~Í
K
�Cuf��ÍÄx�uS}"u�{
ÌEÍEzLÑ�ÍEzK���Cz�ÍÄÌ\®SzL�

F
�



y�{bwh��� q ����w)	8
2��	.y4x�y�zvw � � y��U�»y�{bwh����wh�.� p<�

�îÒ
χ
|~}�ul��z��W=SzÁ�Nx�uf�NuS�GwyzL�nuS}y}�ÌE�U|~u\wyz�Í[wyÌ

J2(X)
��uf��ÍÄ}��C×C×µÌa}�z�wyx�u\w

L(J2(X), s) =

{
L(χ, s)

| Ò
F
ÍEÌ�z�}"�CÌfw��UÌS�awNuf| �

K

L(χ, s)L(χ̄, s)
| Ò
F
�UÌS�awNuf| ��}

KwyxCzL�
L(X, s) =

{
L(χ3, s)

| Ò
F
ÍEÌ�z�}"�CÌfw��UÌS�awNuf| �

K

L(χ3, s)L(χ̄3, s)
| Ò
F
�UÌS�awNuf| ��}

KÐ'ÌS��}�z'^a�CzL�awyÑ ÓS�
X
|~}n{
ÌEÍE�CÑ~uf���

ª ���¬«���ÌÆ4�
�4� n X�xC| ÌEÍCu�uf��Í[�Y�CÌa}�z�z §�¤�®b® ~ }�xCÌ � z�Í
wyx�u\w*wyxCz�|~}�ÌS{
ÌS�y×CxC|~}�{4�UÑ~uS}y}�z�}ÌfÒº}�| �C�S�CÑ~uf�
K3

}��C��Ò«uS�Uz�}v|~}?| �¢ÌS�CzU�¾wyÌf�îÌS�Cz��UÌS�y�yz�}�×µÌS��ÍEzL���Uz � | wyx wyxCz SL2(Z)
�z'^a�C| ®\ufÑ zL���Uz>�UÑ~uS}y}�z�}�ÌfÒ�×µÌa}�| wy| ®Sz>ÍEzK���C| wyz>zL®SzL�2ÛC| ��uf�yÓ�^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}L�$Ð'ÌS��}�zU�

^a�CzL�awyÑ ÓvzL®SzL�yÓv}�| �C�S�CÑ~uf�
K3

}��C��Ò«uS�Uz
x�uS}ÚuvÐ*t�Û�Ó?uf�?| {[uf�S| ��uf�yÓ�^a��uSÍE�Nu\wy|~�:��zLÑ~ÍìÃÌS��uf�ï| {[uf�S| ��uf�yÓC^a��uSÍE�Nu\wy|~��ÌS�NÍEzL�GíG��ènxC|~}"zU£Cuf{
×CÑ zÁ{[uÓ�ÛµzÁ®�| z � z�ÍïuS}"u
�SzL�CzL�NufÑ �| é�u\wy| ÌS�ÄÌfÒ�wyxCzÁ�yz�}��CÑ w"ÌfÒ0X�xCÌS|~ÍCu
uf��Íº�Y�CÌa}�z�wyÌ
�y| �S|~ÍïÐ*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍC}nÌfÒ'Ð*twrÓ�×µzS�/ènxCz��yz�}��CÑ w*ÌfÒeX�xC| ÌEÍCu�uf��Í[�Y�CÌa}�z�uf��Í
wyxC|~}*zU£Cuf{
×CÑ z�×C�yÌ\®�|~ÍEz�zL®�|~ÍEzL���Uz�wyÌÈwyxCz�UÌS���rz��Gwy�C�yzÚÌfÒwX�x�u\Ò«uf�yzL®�|~�Nx�wyx�u\w
Ù ®\uf�y| zUwrÓ�ÌfÒ�Ð*t wrÓ�×µzv|~}ºÍEzK���Cz�Í)Ì\®SzL�ºu ���C{ùÛµzL�C��zLÑ~ÍJ��uf��Í)| wN}

L
�Y}�zL�y| z�}
|~}zU£E×C�yz�}y}�z�Í
uS}'uÁ×C�yÌEÍE���Gw*ÌfÒdwyxCz

L
�Y}�zL�y| z�}/ÌfÒJÌS�CzU�YÍE| {
zL��}�| ÌS��ufÑ��Nx�uf�NuS�GwyzL�N}/uS}y}�ÌE�U|~u\wyz�ÍwyÌ�wyxCz ��zLÑ~ÍÄÌfÒ/ÍEzK���C| wy| ÌS�ïÌfÒ�wyxCzÁ®\uf�y| zUwrÓS�

} n�� ¾l ·¡�¦�§©¨ �  E�\ªÃ����¦b� ¥ ¦ ¥ � �\ª$�µª«§ �   �  E�^ª �2�  C¨)��¾��( G G�î¦ � §©�
¦ �  a� Q
��Ì ��� z � | Ñ Ñ�uSÍCÍE�yz�}y}JwyxCz*{
ÌEÍE�CÑ~uf�y| wrÓ:^a�Cz�}rwy| ÌS�ÁÒÃÌS�©�CÌS�E�î�y| �S|~ÍùÐ*ufÑ~ufÛC| êaë'uf�ÚwyxC�yzLzU�ÒÃÌSÑ~ÍC}^ÍEzK���Cz�ÍÁÌ\®SzL�

Q
��j�zUw

X
Ûµznu��CÌS�E�î�y| �S|~ÍùÐ*ufÑ~ufÛC| êaë'uf�ÚwyxC�yzLzUÒÃÌSÑ~ÍJ�^ènxCzL�

h2,1 6= 0}�Ì�wyx�u\w
B3 > 4

�ùÐ'ÌS��}�z'^a�CzL�awyÑ ÓS��wyxCz[�ÚufÑ ÌS|~}��yzL×C�yz�}�zL�awNu\wy| ÌS�vuS}y}�ÌE�U|~u\wyz�ÍïwyÌ
X
x�uS}ÍE| {
zL��}�| ÌS�

> 4
�Juf��Í>wyxCz�{
ÌEÍE�CÑ~uf�y| wrÓ\^a�Cz�}rwy| ÌS�vÛµz��UÌS{
z�}�| ���U�yz�uS}�| �C�SÑ ÓÄ{
ÌS�yz��Nx�ufÑ �Ñ zL�C�S| �C����wyxCÌS�C�Sx�wyxCz\j�uf�C�SÑ~uf��ÍC}�ñ��yÌS�S�Nuf{ ×C�yz�ÍE|~�GwN}�wyx�u\w
wyxCzL�yz>}�xCÌS�CÑ~Í�Ûµz>}�ÌS{
zuf�EwyÌS{
ÌS�y×CxC|~��ÒÃÌS�y{>ì«}Ní*ÍEzUwyzL�y{
| �C| �C�
wyxCz

L
�Y}�zL�y| z�}nuf��ÍºéLzUwNu\�¾ÒÃ�C���Gwy| ÌS��}L�w@�×ÄwyÌ�ÍCu\wyzS�

� z"x�u®Sz��UÌS��}rwy�y���Gwyz�Í�ÌS�CÑ Ó�uÁx�uf��Í�ÒÃ�CÑ�ÌfÒJzU£Cuf{
×CÑ z�}/ÌfÒd�CÌS�E�î�y| �S|~Í�Ð*ufÑ~ufÛC| êaë'uf�ùwyxC�yzLzU�ÒÃÌSÑ~ÍC}"uf��ÍÄx�u®Sz�z�}rwNufÛCÑ |~}�xCz�Í�wyxCzL| ��{
ÌEÍE�CÑ~uf�y| wrÓS�ènxCzL�yzÈuf�yzÁ}�zL®SzL�NufÑJ{
zUwyxCÌEÍC}nwyÌ�z�}rwNufÛCÑ |~}�xÄwyxCzÈ{
ÌEÍE�CÑ~uf�y| wrÓ�ÌfÒ/�CÌS�E�î�y| �S|~Í>Ð*ufÑ~ufÛC| êë'uf�ÄwyxC�yzLzUÒÃÌSÑ~ÍC}"ÍEzK���Cz�ÍÄÌ\®SzL�
Q
�

t>zUwyxCÌEÍÄË�F4? xCzL��wyxCz
B3
�YÍE| {
zL��}�| ÌS��ufÑ��ÚufÑ ÌS|~}^�yzL×C�yz�}�zL�awNu\wy| ÌS��}�×CÑ | wN}/| �awyÌÁuÁ}��C{ÌfÒ

2
�YÍE| {
zL��}�| ÌS��ufÑ��ÚufÑ ÌS|~}n�yzL×C�yz�}�zL�awNu\wy| ÌS��}L�Cuf×C×CÑ Ó�wyxCzÈ{
zUwyxCÌEÍ>ÍEzL®SzLÑ ÌS×µz�ÍºÒÃÌS���y| �S|~ÍÐ*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍC}*wyÌ
wyxCz�}�zÚ�Nuf�.=

2
{
Ìfwy| ®Sz�}L�

t>zUwyxCÌEÍ Ï F©Ð'ÌS��}rwy�y���Gw�X[¼�É\BET Z\Dd�CÌS�E�î�y| �S|~ÍÁÐ*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍC}JÌ\®SzL�
Q
ì � xC|~�Nxuf�yzùwyxCz
�CÌS�E�î�y| �S|~Í?uf��ufÑ ÌS�S�Cz�}�ÌfÒ*{
ÌEÍE�CÑ~uf�Ú�y| �S|~Í Ð*ufÑ~ufÛC| êaë'uf�vwyxC�yzLzUÒÃÌSÑ~ÍC}ÚÍE|~}y�U��}y}�z�Í



p�p � r+� �4w

| �ºènxCzLÌS�yzL{Ø�E� �Èuf��Í�ènxCzLÌS�yzL{Ø�E� Õ�� íÈè�Ìùz�}rwNufÛCÑ |~}�x
wyxCz�{
ÌEÍE�CÑ~uf�y| wrÓ�ÌfÒ�uÁ�S| ®SzL�[�CÌS�E��y| �S|~Í�Ð*ufÑ~ufÛC| êaë'uf�ÚwyxC�yzLzUÒÃÌSÑ~ÍJ�f�UÌS��}rwy�y���Gw^uf�ùufÑ �SzLÛC�Nuf|~���UÌS�y�yz�}�×µÌS��ÍEzL���Uz/wyÌ�u�{
ÌEÍE�CÑ~uf��CÌS�E�î�y| �S|~Í�Ð*ufÑ~ufÛC| êaë'uf�ÁwyxC�yzLzUÒÃÌSÑ~Íºì«è©u\wyz�� }^�UÌS���rz��Gwy�C�yzí�uS}�XEuf| wyÌÚuf��ÍÁë��C|4z § � � m ~ ÍE|~ÍÒÃÌS�"�y| �S|~Í>Ð*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍC}n| �>ènxCzLÌS�yzL{ �E� �E�
?�z � | Ñ Ñ©�CÌ � �S| ®SzÁzU£Cuf{
×CÑ z�}�| Ñ Ñ ��}rwy�Nu\wy| �C�Ät>zUwyxCÌEÍ�Ëùuf��Í>t>zUwyxCÌEÍ Ï �cDCÌS��{
ÌS�yz�UÌS{
×CÑ zUwyzÚÑ |~}rw�ÌfÒ^zU£Cuf{
×CÑ z�}L�C}�zLz�ë��C|�z � ¨©ª �b� ~ �

® �� v¡¬½ �  �¦b� �   ¥ Ä" G G¡   ¥   ¥ § � ���µ C E�\§ z � Ä � | Â ~ n j�zUw
Y ⊂ P7 Ûµz[wyxCz�UÌS{
×CÑ zUwyzÚ| �awyzL�N}�z��Gwy| ÌS�ïÍEzK���Cz�ÍÄÛ�Ó

Y 2
0 = 2(X0X1 +X2X3)

Y 2
1 = 2(X0X2 +X1X3)

Y 2
2 = 2(X0X3 +X1X2)

Y 2
3 = 2(X0X1 −X2X3)ènxCz�}�| �C�S�CÑ~uf��Ñ ÌE�U��}�ÌfÒ

Y
�UÌS��}�|~}rwN}"ÌfÒ

16
ÍEÌS�CÛCÑ zù×µÌS| �awN}�uf��Í

4
×CÑ~uf�Czù�UÌS�C|~�L}�| �awyzL���}�z��Gwy| �C��wy�Nuf��}�®SzL�N}yufÑ Ñ ÓS���UÌS�����S�C�yz�Íº| �ïu[}>^a��uf�yzS�è©u�=SzÚu��yz�}�ÌSÑ �Ewy| ÌS�

X
ÌfÒ
Y
��ènxCzL�

X
|~}"u�Ð*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~Í � | wyx

h3,0 = 1, h2,1 = 1, h1,1 = 41.
X�Ì

B3 = 4
��uf��Í�wyxCzL�yzv|~}ºu

4
�YÍE| {
zL��}�| ÌS��ufÑ��ÚufÑ ÌS|~}[�yzL×C�yz�}�zL�awNu\wy| ÌS�)u\w�wNuS�NxCz�Í�wyÌ

X
��j�zUw

ρ :
�ÚufÑ

(Q̄/Q) → GL(H3
et(X̄,Q`))

Ûµz�wyxCzï�ÚufÑ ÌS|~}Á�yzL×C�yz�}�zL�awNu\wy| ÌS���\j�zUw
i =
√
−1
uf��ÍÄÑ zUw

[i] : (Y0 : Y1 : Y2 : Y3 : X0 : X1 : X2 : X3) 7→

(Y0 : Y2 : Y1 : iY3 : X2 : X3 : X0 : X1)Ûµz'uf�Áuf�EwyÌS{
ÌS�y×CxC|~}�{;ÌfÒ
X
��ènxCzL�

[i]
| ��ÍE���Uz�}�u*Ñ | �Cz�uf�Jwy�Nuf��}rÒÃÌS�y{[u\wy| ÌS��ÌS�

H3
et(X̄,Q`)

�ènxC|~}�}�×CÑ | wN}JwyxCz
4
�YÍE| {
zL��}�| ÌS��ufÑS�ÚufÑ ÌS|~}J�yzL×C�yz�}�zL�awNu\wy| ÌS��| �awyÌ�u"}��C{ ÌfÒaw � Ì 2

�YÍE| {
zL��}�| ÌS��ufÑ�ÚufÑ ÌS|~}n�yzL×C�yz�}�zL�awNu\wy| ÌS��}L�
���D���������Ãª��
� n
� Z���HdMCR L WîILRUDGF«RGIÁF~IùR>+GødDyRGINILRNÉ[FPO?½YRUDGXùIÈ¼r¿Á½ÃMCRA�ùRNKNQSR�KNMCZ\DyZSKU½YRUD ψ ¼r¿ Q(i)

]
L(X, s) = L(ψ3, s)L(ψ, s− 1)

� ã�� L(X, s)
¼�KNKUBEDNI�ZIÄZÈ¿UZSKU½Y¼\D�FPO�½ÃMCR

L
WîILRUDGF«RGI

L(H3
et(Ē

3,Q`), s)
Â©MCRUDyR

E :
y2 = 1 + x4 F~IùZ\O RUTPT F ød½¾F«K
KUBEDGÀ\RÈÂ/FP½ÃM�»eG�ãK�

Z[i] �
� K���HdMCRUDyR�R>+SF~IG½«I[Z\O�Z\T ÅaR�ãUDyZ\F«KÄKN¼\DGDyRGI¾ø�¼\OdÉSRUOdKNRºãNRU½¾Â'RNRUO X Z\OdÉ

E3 b"Â©M�F«KNM FPO�WÉ\B�KNRGIÁ½ÃMCRÈF~IL¼\X[¼\D¾ø�M�F~IGX�¼r¿Ú½ÃMCRÈ½¾Â'¼\��Z\T ¼\F~IÈDyRîødDyRGILRUO�½YZ\½¾F«¼\OCI �
� É�� X F~IÁDyRNZ\T F Ç�RNÉºZI�Zl�µF«RîÅaRUT�X[¼�É\BET Z\DÁ½ÃM�DyRNR«¿U¼\T ÉÄ¼\À\RUD

Q �
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ª ���¬«���?ª��W¨ n Ý"z��UzL�awyÑ ÓS�%!
�0���CÑ z,=�uf��Í��È�0}/zL�y�y| Ñ Ñkz � � ~ x�u®Szºz�}rwNufÛCÑ |~}�xCz�Í wyxCz{
ÌEÍE�CÑ~uf�y| wrÓ�ÌfÒÚ�CÌS�E�î�y| �S|~Í)Ð*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍC}
Ì\®SzL�
Q
uf�y|~}�| �C�?ÒÃ�yÌS{�wyxCzv�yÌ�ÌfwÑ~u\w�wy|~�Uz

A4
�Ú�Y�>wyxCzL| �ÚzU£Cuf{
×CÑ zS�

B3
�YÍE| {
zL��}�| ÌS��ufÑ^�ÚufÑ ÌS|~}��yzL×C�yz�}�zL�awNu\wy| ÌS��}�ufÑ~}�Ìº}�×CÑ | w| �awyÌ[}��C{[}"ÌfÒ

2
�YÍE| {
zL��}�| ÌS��ufÑdÌS�Cz�}L�

��Ì � � z � | Ñ Ñ'�UÌS��}rwy�y���Gw�X[¼�É\BET Z\D��CÌS�E�î�y| �S|~Í�Ð*ufÑ~ufÛC| êaë'uf�?wyxC�yzLzUÒÃÌSÑ~ÍC}ÚÌ\®SzL� Q
uS}

XE�NxCÌ�zL�Åz § ¡�¾ ¶b¶ ~ uf��Í�}/zL�y�y| Ñ Ñgz � ¨©ª �b� ~ ÍE|~ÍºÒÃÌS�nwyxCzÁ�y| �S|~ÍÄ�LuS}�zS�
» ¦���ª �  E��ª«¦ ¥ �Ã�î¦��Ä��¾l Å ��� v¡¬½ �  ��[¦b� © ª ��¥ ±�  ¥ § � ¨©ª z © � ~ n ènxCzù{
Ìfwy| ®\u\wy| ÌS�ÒÃÌS�'wyxCz�}�z�zU£Cuf{
×CÑ z�}n�UÌS{
z�ÒÃ�yÌS{ÎuÈ�Nu\wyxCzL�*�C�CzU£E×µz��Gwyz�ÍÄ}�ÌS�C�N�UzS�a|¾� zS� �Euù×�uf×µzL�*ÌfÒ�X��C���è©uf�[uf��Í��µ�CÌ¼z § �]Ä ~ | � � xC|~�NxùwyxCzLÓ��UÌS��}�|~ÍEzL�yz�Í[Ð*ufÑ~ufÛC| êaë'uf�ùwyxC�yzLzUÒÃÌSÑ~Í f : X → P1

��ÛµzL�yz�Í?Û�Óv}�zL{
| �Y}rwNufÛCÑ z
K3

}��C��Ò«uS�Uz�}L��j�zUw
S ⊂ P1 Ûµz[uC���C| wyz�}�zUwÚÌfÒ*×µÌS| �awN}ÚÌ\®SzL�

� xC|~�Nx f |~}Ú�CÌS�E�Y}�{
Ì�Ìfwyx���uf��Í?Ñ zUw ∆ ⊂ X
Ûµz
wyxCz[×C�CÑ Ñ �îÛ�uS�W=>ÌfÒ

S
�Cj�zUw

ωX/P1

Ûµz
wyxCz��Luf�CÌS�C|~�LufÑ�}�xCz�u\Òr�^ènxCz�!�ÌEÍCuf| �Nuê.X�×µzL���UzL�^{[uf×�}

θ2,0 uf��Í θ1,1 uf�yzS�a�yz�}�×µz��Gwy| ®SzLÑ ÓS�ÍEzK���Cz�ÍÄÛ�Ó
f∗Ω

2
X/P1(

� è��
∆)

θ2,0

→ R1f∗Ω
1
X/P1(

� è��
∆)⊗ Ω1

P1(
� è��

S)
θ1,1

→ R2f∗(OX/P1)⊗ Ω1
P1(
� è��

S)⊗2,

uf��Í�wyxCzÁ| wyzL�Nu\wyz�Í�!�ÌEÍCuf| �Nuê.X�×µzL���UzL�'{[uf×ï|~}
θ1,1θ2,0 �Ù�Ñ~}�Ì�wyxCzL�yzÚ|~}nwyxCzÈÙ��Nu�=SzLÑ Ì\®Sêaë'uf�
wrÓ�×µzÁ| �Cz'^a��ufÑ | wrÓ[ÒÃÌS�

X
F

ÍEzL�
f∗ωX/P1 6

ÍEzL�
Ω1

P1(
Ñ ÌS�

S).
X��C���µè©uf�>uf��Í��µ�CÌ¿z § �]Ä ~ �UÌS��}�|~ÍEzL�yz�ÍÄu

K3
�m��ÛµzL�yz�Í>Ð*ufÑ~ufÛC| êaë'uf�ºwyxC�yzLzUÒÃÌSÑ~ÍºÒÃÌS�

� xC|~�NxvwyxCz
Ù��Nu�=SzLÑ Ì\®Sêaë'uf�ï| �Cz'^a��ufÑ | wrÓï�yz�uS�NxCz�}"wyxCz��C×C×µzL�ÚÛµÌS�C��Í?uf��ÍvÛµz��UÌS{
z�}�uf�z'^a��ufÑ | wrÓS�^�Y�ï�LuS}�z�ÌfÒ©�CÌS�E�î�y| �S|~ÍÄÐ*ufÑ~ufÛC| êaë'uf��wyxC�yzLzUÒÃÌSÑ~ÍC}L�Eu�}rwy�yÌS�C�SzL�*z'^a��ufÑ | wrÓ[xCÌSÑ~ÍC}L�

2 =
ÍEzL�

f∗ωX/P1 =

{ ÍEzL�
Ω1

P1 (
Ñ ÌS�

S)
| Ò
X
|~}"�y| �S|~Í

1
2

ÍEzL�
Ω1

P1 (
Ñ ÌS�

S)
| Ò
X
|~}"�CÌS�E�î�y| �S|~Í

���D���������Ãª���² n ìmX��C���Úè©uf�$uf��Í��µ�CÌ z § �]Ä ~ í\9�RU½
f : X → P1 ãNR�Z$»�Z\T ZSãUFPäAµZ\B$½ÃM�DyRNR«¿U¼\T É��*ãNRUDyRNÉ)ãK�2Od¼\O�W�KN¼\OCIG½YZ\O�½�ILRUX�FPWîIG½YZSãUT R
K3

IGBEDÃ¿UZSKNRGIWbºDyRNZSKNM�FPO�Å)½ÃMCRá�DyZ�QSRUT ¼\À�ä�AµZ\B?ãN¼\BEOdÉ �
� Z��P�Ã¿"½ÃMCR�FP½YRUDyZ\½YRNÉ[Å
¼�ÉSZ\FPDyZ\ä��fø�RUOdKNRUD�X[ZyøvF~I�Od¼\O�W¾Ç�RUDy¼Çb©½ÃMCRUO f MCZI�Z\½^T RNZIG½E¿U¼\BEDIGFPO�ÅfBET Z\D��*ãNRUDNI � �Ã¿ f MCZIïR>+�ZSKU½¾T ��¿U¼\BED�IGFPO�ÅfBET Z\D �*ãNRUDNIWbÚ½ÃMCRUO X F~IºDGF ÅfF«ÉÇb
Z\OdÉ?F~IãUFPDyZ\½¾F«¼\OdZ\T�½Y¼�¼\OdR�¼r¿ï½ÃMCR>IGF +�DGF ÅfF«É;»�Z\T ZSãUFPä�AµZ\B$½ÃM�DyRNR«¿U¼\T ÉI>FPOØHdMCRN¼\DyRUXÆ· �º¹ Z\OdÉHdMCRN¼\DyRUX	· � Ç´�
� ã��¨�Ã¿Ú½ÃMCRùFP½YRUDyZ\½YRNÉ¨Å
¼�ÉSZ\FPDyZ\ä��fø�RUOdKNRUDùX[Zyø�F~I�Ç�RUDy¼Çb'½ÃMCRUO f MCZI�Z\½*T RNZIG½'IGF +�IGFPO�WÅfBET Z\DM�*ãNRUDNI � �Ã¿ f MCZI�R>+�ZSKU½¾T �ÚIGF +ÈIGFPO�ÅfBET Z\DM�*ãNRUDNIWb�½ÃMCRUO X F~I"Od¼\O�WYDGF ÅfF«ÉÇb©½ÃMCR*ÅaRUOdRUDyZ\T

�*ãNRUDNI�MCZ\À\R0¢*F«KNZ\DyÉºO�BEX[ãNRUDÈZ\½nT RNZIG½
18
b*Z\OdÉ

P1 \ S ' H/Γ
¿U¼\DÈIL¼\X[RÈIGB�ãîÅfDy¼\B�ø�¼r¿

PSL2(Z)
¼r¿ÚFPOdÉSR>+

24 �
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ª ���¬«���?ª���¤ n ènxCzvwyxC�yzLz?uf�EwyxCÌS�N}���}�z�Í)wyxCzvwyzL�y{
| �CÌSÑ ÌS�SÓ|�r{
ÌEÍE�CÑ~uf�y| wrÓ��>| � wyxCzwy| wyÑ zÁÌfÒ©wyxCzL| �"×�uf×µzL�nwyÌ[�yzUÒÃzL�nwyÌ�wyxCzÚÒ«uS�Gw"wyx�u\w
P1 \ S |~}�u�{
ÌEÍE�CÑ~uf�"®\uf�y| zUwrÓS�DCÌS�*wyxCzÁ�y| �S|~ÍÄ�LuS}�z[ì«uaíG� � zÚx�u®SzÚz�}rwNufÛCÑ |~}�xCz�Í�wyxCzÚ{
ÌEÍE�CÑ~uf�y| wrÓ�| �ïÌS�C��}�zL��}�zS�E|¾� zS� �ÒÃÌS�*wyxCz

L
�Y}�zL�y| z�}L�4?�zÈuf�yz�| ��}�×C| �yz�Í[wyÌ[�UÌS��}�|~ÍEzL�*wyxCzÚ{
ÌEÍE�CÑ~uf�y| wrÓ[ÌfÒ�wyxCz

L
�Y}�zL�y| z�}�ÒÃÌS�wyxCzÁ�CÌS�E�î�y| �S|~Íº�LuS}�z[ìÃÛµíG�

® �� v¡¬½ �  ��Ä¦b� © ª ��¥ ±�  ¥ § � ¨©ª z © � ~ n j�| ®��CÔ
uf��Ívë��C|fz © � ~ x�u®Sz��UÌS��}rwy�y���Gwyz�Í}�zL®SzL�NufÑ�zU£Cuf{
×CÑ z�}ÈÌfÒ��CÌS�E�î�y| �S|~Í�Ð*ufÑ~ufÛC| êaë'uf� wyxC�yzLzUÒÃÌSÑ~ÍC} � xC|~�Nx�}yu\wy|~}rÒÃÓ?wyxCzÄ�UÌS��ÍE| �wy| ÌS��}�ÌfÒ*ènxCzLÌS�yzL{ ÜC� Ï ìÃÛµíG�[ð��C��|~ÍEz�uºÌfÒ'×C�yÌEÍE���U| �C�Ä}����Nx?zU£Cuf{
×CÑ z�}�|~}ÚuS}�ÒÃÌSÑ Ñ Ì � }L�j�zUw
E
Ûµzºuf��zLÑ Ñ | ×Ewy|~���U�C�y®Sz�uf��Í Ñ zUw

Y
ÛµzÄu>}�| �C�S�CÑ~uf�

K3
}��C��Ò«uS�UzS��ÛµÌfwyx�ÍEzK���Cz�ÍÌ\®SzL�

Q
�e?�zA=��CÌ � wyx�u\w'ÛµÌfwyx E uf��Í Y uf�yzn{
ÌEÍE�CÑ~uf��Û�ÓÈwyxCz�ÍE|~}y�U��}y}�| ÌS��}^| �HX�z��Gwy| ÌS��ùuf��Í�X�z��Gwy| ÌS��Õ����yz�}�×µz��Gwy| ®SzLÑ ÓS�e?�zÁ�UÌS��}�|~ÍEzL��wyxCz�×C�yÌEÍE���Gw

Y ×E ��wyxCÌS�C�Sx�| wn|~}*�CÌfwÐ*ufÑ~ufÛC| êaë'uf���Ä�îÒ � z��NxCÌ�Ìa}�z Y uf×C×C�yÌS×C�y|~u\wyzLÑ ÓS�JwyxCzL��wyxCzL�yz[|~}ùuf��uS�Gwy| ÌS� ÌfÒ ±1
ÌS�wyxCz�×C�yÌEÍE���Gw��/è©u�=Sz"wyxCz�^a�CÌfwy| zL�aw

Y ×E/± 1
uf��Í[Ñ zUw

X
Ûµz�| wN}*}�{
Ì�Ìfwyx��yz�}�ÌSÑ �Ewy| ÌS���ènxCzL� � z � | Ñ Ñ'}�xCÌ � wyx�u\w X |~}ÈuÄ�CÌS�E�î�y| �S|~Í Ð*ufÑ~ufÛC| êaë'uf�?wyxC�yzLzUÒÃÌSÑ~Í�}yu\wy|~}rÒÃÓ�| �C�ÄwyxCz�UÌS��ÍE| wy| ÌS��}nÌfÒ/ènxCzLÌS�yzL{ÎÜC� Ï ìÃÛµíG�

?�z��CÌ � �NxCÌ�Ìa}�znÒÃÌS� Y uÁ}�×µz��U|~ufÑCwrÓ�×µz�ÌfÒ K3
}��C��Ò«uS�Uz�}L�S��uf{
zLÑ ÓS�SzLÑ Ñ | ×Ewy|~�"{
ÌEÍE�CÑ~uf�

K3
}��C��Ò«uS�Uz�}L��ènxCzn�UÌS���UzL×Ew©ÌfÒCzLÑ Ñ | ×Ewy|~��{
ÌEÍE�CÑ~uf�^}��C��Ò«uS�Uz�} � uS}�| �awy�yÌEÍE���Uz�ÍÁÛ�ÓJX�xC| ÌEÍCuz § ¾©ª ® � ~ ��uf��Í � z � | Ñ ÑJÒÃÌSÑ Ñ Ì � xC|~}"zU£E×µÌa}�| wy| ÌS���

£ ��¤k¥+¦
§
¦���¥�ª���Æ n j�zUw
Γ̄ ⊂ PSL2(Z)

ÛµzºuÄ�SzL����}ÚéLzL�yÌ��JwyÌS�N}�| ÌS�E�¾ÒÃ�yzLz
�UÌS�C�S�y�CzL���Uz}��CÛC�S�yÌS�C×�ÌfÒ�| ��ÍEzU£
µ < ∞ ��ènxCzL� Γ̄

�Luf��ÛµzïÑ | ÒPwyz�Í�wyÌ u��UÌS�C�S�y�CzL���Uzº}��CÛC�S�yÌS�C×
Γ ⊂ SL2(Z)

ÌfÒM���C| wyz�| ��ÍEzU£ � | wyx�wyxCz�×C�yÌS×µzL��wrÓùwyx�u\w Γ
x�uS}��CÌ�zLÑ Ñ | ×Ewy|~��zLÑ zL{
zL�awN}'ÌfÒwy�Nuf���Uz −2

�:j�zUw
CΓ := (H/Γ)∗

ÛµzùwyxCz[�UÌS�y�yz�}�×µÌS��ÍE| �C�[{
ÌEÍE�CÑ~uf�Ú�U�C�y®SzS�ùÐ'ÌS��}�|~ÍEzL�wyxCzÈuf�EwyÌS{
ÌS�y×CxC|~}�{ØÌfÒ
H× C

ÍEzK���Cz�ÍÄÛ�Ó
(τ, z) 7→ (

aτ + b

cτ + d
,
z +mτ + n

cτ + d
)

� xCzL�yz
(
a b
c d

)
∈ Γ

�
τ ∈ H, z ∈ C

uf��Í
(m,n) ∈ Z2 �>ènxCzH^a�CÌfwy| zL�awÈÌfÒ H × CÛ�Ó[wyxC|~}"uS�Gwy| ÌS�ÄÍEzK���Cz�}"u�}��C��Ò«uS�Uz�z'^a�C| ×C×µz�Í � | wyx>uù{
ÌS�y×CxC|~}�{4wyÌ CΓ

�/ènxCzÚ�SzL�CzL�NufÑ
��ÛµzL�ÁÒÃÌS�

τ ∈ H
|~}Áuf� zLÑ Ñ | ×Ewy|~�[�U�C�y®Sz

EΓ,τ
�UÌS�y�yz�}�×µÌS��ÍE| �C�ºwyÌÄwyxCz[Ñ~u\w�wy|~�Uz

Z + τZ
�ènxC|~}�|~}[�LufÑ Ñ z�Í�uf� RUTPT F ød½¾F«KvX[¼�É\BET Z\DÄIGBEDÃ¿UZSKNR
uS}y}�ÌE�U|~u\wyz�Í wyÌ

Γ
�*uf��Í�| wN}
�SzLÌS{
zUwy�y|~��SzL����}n|~}n�S| ®SzL�ÄÛ�Ó

pg = µ
12 − 1

�
?�zÚuf�yz�| �awyzL�yz�}rwyz�Í�| �Ä}�zL{
| �Y}rwNufÛCÑ z�zLÑ Ñ | ×Ewy|~��{
ÌEÍE�CÑ~uf�

K3
}��C��Ò«uS�Uz�} � | wyxº{[u\£E| {[ufÑñ�|~�Luf�NÍ����C{ùÛµzL�

20
�©wyx�u\w�|~}L��}�| �C�S�CÑ~uf�ÄìÃzU£�wy�yzL{[ufÑPí

K3
}��C��Ò«uS�Uz�}L�/uf��Í�}�zL{
| �Y}rwNufÛCÑ z{
z�uf��}*wyx�u\w�uf�ÄzLÑ Ñ | ×Ewy|~����ÛC�Nu\wy| ÌS�Äx�uS}nÌS�CÑ Óº}�| �C�S�CÑ~uf�i��ÛµzL�N}nÌfÒ�wrÓ�×µz

In, n > 0
�

���D���������Ãª���ª n
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� Z��vìmX�zLÛCÛ�uf�Ãz §  a� � m ~ í HdMCRUDyRïZ\DyR�O�FPOdR[ILRUX�FPWîIG½YZSãUT RïRUTPT F ød½¾F«KÄX[¼�É\BET Z\D K3
IGBEDGW¿UZSKNRGInÂ/FP½ÃM0¢*F«KNZ\DyÉÚO�BEX[ãNRUD

20 � HdMCRK�ùKN¼\DGDyRGI¾ø�¼\OdÉÚ½Y¼�½ÃMCR�KN¼\O�ÅfDGB�RUOdKNRnT F ¿N½«In½Y¼ SL2(Z)¼r¿ÁÅaRUO�B�IÈÇ�RUDy¼Çb"½Y¼\DNIGF«¼\O�W ¿NDyRNRºKN¼\O�ÅfDGB�RUOdKNR�IGB�ãîÅfDy¼\B�øµI
¼r¿
PSL2(Z)

¼r¿�FPOdÉSR>+
24
Z\OdÉ

6
KUB�I¾øµIÁÂ/FP½ÃMvKUB�I¾ø Â/F«É\½ÃMaI�ZSÉSÉ\FPO�ÅºB�ø ½Y¼

24 �

FPOdÉSR>+ ÈÁBEX[ãNRUDÈ¼r¿ùKUB�I¾øµI �nDy¼\B�ø »^B�I¾ø Â/F«É\½ÃMaI É
12 4 Γ(3) 3, 3, 3, 3

Γ0(4) ∩ Γ(2) 4, 4, 2, 2
Γ1(5) 5, 5, 1, 1
Γ0(6) 6, 3, 2, 1
Γ0(8) 8.2.1.1
Γ0(9) 9, 1, 1, 1

24 6 Γ(4) 4, 4, 4, 4, 4, 4 #1
Γ0(3) ∩ Γ(2) 6, 6, 6, 2, 2, 2 #2

Γ1(7) 7, 7, 7, 1, 1, 1 #3
Γ1(8) 8, 8, 4, 2, 1, 1 #4

Γ0(8) ∩ Γ(2) 8, 8, 2, 2, 2, 2 #5
Γ(8; 4, 1, 2) 8, 4, 4, 4, 2, 2 #6

Γ0(12) 12, 4, 3, 3, 1, 1 #7
Γ0(16) 16, 4, 1, 1, 1, 1 #8

Γ(16; 16, 2, 2) 16, 2, 2, 2, 1, 1 #9

�ùRUDyR
Γ(8; 4, 1, 2) := {±

(
1 + 4a 2b

4c 1 + 4d

)
, a ≡ c (mod 2)}

Z\OdÉ
Γ(16; 16, 2, 2) := {±

(
1 + 4a b

8c 1 + 4d

)
, a ≡ c (mod 2)}.
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X[¼�É\BET Z\D K3
IGBEDÃ¿UZSKNRGI
¼\À\RUD

QZ\DyR�Z\TPT�X[¼�É\BET Z\D ��� »E¿ � HdMCRN¼\DyRUX Ç´� ² Z\OdÉ�HdMCRN¼\DyRUX Ç´�º¹�� �
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In
�Suf��ÍÈ�U��}�× � |~Í�wyx�}^�UÌS| ���U|~ÍEz

� | wyxï{ù�CÑ wy| ×CÑ |~�U| wy| z�}"ÌfÒ^}�| �C�S�CÑ~uf�i��ÛµzL�N}L�
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Ï �"ènxCz��S�yÌS�C×�}^ÌfÒJ| ��ÍEzU£
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| �
wyxCz�è©ufÛCÑ z��UÌS�y�yz�}�×µÌS��ÍÈwyÌÈ�Nu\wy| ÌS��ufÑEzLÑ Ñ | ×Ewy|~��{
ÌEÍE�E�Ñ~uf�"}��C��Ò«uS�Uz�}L�^ènxCz�}�zÚ}�| £º�S�yÌS�C×�} � zL�yz_���N}rw*ÒÃÌS�C��ÍºÛ�Óº�*z�uf�C®�| Ñ Ñ z°z Á  �  ¶ � ~ uf��ÍufÑ~}�Ì�Û�Ó�XE�NxCÌ�zL�"z § ¡�¾ ¶b¶ ~ �auf��ÍÈwyxCzL�
�yz�ÍE|~}y�UÌ\®SzL�yz�ÍÁÛ�Ó�X�zLÛCÛ�uf�´z §  a� � m ~ �^ènxCz�}�z�S�yÌS�C×�}'uf�yz�ufÑ~}�Ì�ÍE|~}y�U��}y}�z�Í[| �ïènxCzLÌS�yzL{Î�E� � � xCzL�yz�wyxCzÚ}�zLÑ ÒP�m��ÛµzL�n×C�yÌEÍE���GwN}*ÌfÒwyxCz�}�z*}��C��Ò«uS�Uz�}��au®Sz/�y|~}�z/wyÌ�}�| £Á{
ÌEÍE�CÑ~uf�©�y| �S|~ÍùÐ*ufÑ~ufÛC| êaë'uf�ÚwyxC�yzLzUÒÃÌSÑ~ÍC}�ÍEzK���Cz�ÍÌ\®SzL�

Q
ì«�GÒr��ènxCzLÌS�yzL{ �E� Õ�íG�

��Ì � � z � | Ñ Ñ�}rwNu\wyz�wyxCzÁ{[uf| �Ä�yz�}��CÑ wN}nÌfÒ0j�| ®��CzLÔÁuf��Íºë��C|�z © � ~ �
���D���������Ãª��S» n 9�RU½

Y
ãNRÄ¼\OdRº¼r¿
½ÃMCR[IGFPO�ÅfBET Z\DºRUTPT F ød½¾F«KºX[¼�É\BET Z\D

K3
IGBEDÃ¿UZSKNRGI[FPO½ÃMCR�H�ZSãUT R � 9�RU½ T (Y )

ãNRº½ÃMCRº½¾DyZ\OCILKNRUOdÉSRUO�½YZ\T�T Z\½¾½¾F«KNRï¼r¿
Y � 9�RU½ E ãNRïZ\O RUTPT F ød½¾F«KKUBEDGÀ\R � »�¼\OCIGF«ÉSRUD�½ÃMCR/ødDy¼�É\B�KU½ Y ×E � ]
R�À�F«RUÂ�½ÃM�F~I^ødDy¼�É\B�KU½/ZI�Z'¿UZ\X�FPT �
¼r¿�ZSãNRUT F«Z\OIGBEDÃ¿UZSKNRGI�¼\À\RUDù½ÃMCR�ãNZILRùX[¼�É\BET Z\D
KUBEDGÀ\R

CΓ � HdMCR��*ãNRUD At = AΓ,t
¼\À\RUD
RNZSKNM�ø�¼\FPO�½

t ∈ CΓ
F~IÁ½ÃMCRnødDy¼�É\B�KU½n¼r¿Á½ÃMCR%�*ãNRUD

EΓ,t
Â/FP½ÃM

E �
� Z���HdMCRnødDy¼�É\B�KU½ Y ×E MCZIÁ½ÃMCRP�ù¼�ÉLÅaRùO�BEX[ãNRUDNI
h0,3(Y ×E) = 1, h1,0(Y ×E) = 1 = h2,0(Y ×E)

Z\OdÉ
B3(Y ×E) = 44,IL¼[½ÃMCZ\½

Y ×E F~IÁOd¼\½nZ>»�Z\T ZSãUFPä�AµZ\B?½ÃM�DyRNR«¿U¼\T É �
� ã��>HdMCRÚX[¼\½¾FPÀ\R T (Y ×E) = T (Y )×H1(E)

F~IÚZùIGB�ãUX[¼\½¾FPÀ\RÁ¼r¿
H3(Y ×E) � �Ã¿ãN¼\½ÃM

Y
Z\OdÉ

E
Z\DyR�ÉSRÎ��OdRNÉº¼\À\RUD

Q
b/½ÃM�F~IÁIGB�ãUX[¼\½¾FPÀ\RÈF~IÁX[¼�É\BET Z\DWb�FPO?½ÃMCRÁILRUOCILRÈ½ÃMCZ\½FP½«I

L
WîILRUDGF«RGIÚF~IùZINIL¼�KUF«Z\½YRNÉ�½Y¼ºKUB�I¾ø[¿U¼\DGXùIù¼r¿ÁÂ'RUF ÅM�½

3
Z\OdÉ

2 � HdMCZ\½nF~IWb
L(T (Y ×E), s) = L(gY ⊗ gE , s)Â©MCRUDyR

gY
F~IÁZùÂ'RUF ÅM�½

3
KUB�I¾øù¿U¼\DGX ZINIL¼�KUF«Z\½YRNÉ�½Y¼

T (Y )
Z\OdÉ

gE
F~IÚZùÂ'RUF ÅM�½

2
KUB�I¾ø¿U¼\DGX ZINIL¼�KUF«Z\½YRNÉº½Y¼

E �
��Ì � wNu�=SzùwyxCzC^a�CÌfwy| zL�aw Y × E/ ± 1

� � xCzL�yz � z[ÍE| ®�|~ÍEz
z�uS�Nx8��ÛµzL� At
ÌfÒ
Y ×

E
Û�Ó ±1

uf��Í�wyxCzL� ÛCÑ Ì � �C×)wyxCz>Ñ ÌE�U��}[ÌfÒÚ×µÌS| �awN}[ÌfÒÚÌS�NÍEzL� 2
ìÃ|¾� zS� ��u|!Ú�C{
{
zL��UÌS��}rwy�y���Gwy| ÌS�µíG�0j�zUw

X
ÍEzL�CÌfwyzÁu
}�{
Ì�Ìfwyxï�yz�}�ÌSÑ �Ewy| ÌS�ºÌfÒ

Y ×E/± 1
�

���D���������Ãª��!¼ n Q�¼\DÈZ\TPT�ÅfDy¼\B�øµI
Γ
R>+�KNRîød½µ¿U¼\D

Γ1(7)
¼r¿�FPOdÉSR>+

24
FPOv½ÃMCRºH�ZSãUT R�b�½ÃMCRDyRGIL¼\T BE½¾F«¼\O

X
F~IvZ�IGX[¼�¼\½ÃM »�Z\T ZSãUFPä�AµZ\B ½ÃM�DyRNR«¿U¼\T ÉÇb�Z\OdÉ ½ÃMCRÁ¿U¼\TPT ¼\Â/FPO�Å)ZINILRUDG½¾F«¼\OCIMC¼\T É�¿U¼\D

X
� Z�� X Od¼\O�WYDGF ÅfF«É �
� ã��?HdMCRÚÅfFPÀ\RUO��*ãUDyZ\½¾F«¼\O f : X → CΓ

F~IÚILRUX�FPWîIG½YZSãUT R�b'Â/FP½ÃMïÀ\Z\O�F~IyM�FPO�Å � FP½YRUDyZ\½YRNÉ��Å
¼�ÉSZ\FPDyZ\ä��fø�RUOdKNRUDÈX[Zyø �
� K��?HdMCRÁá�DyZ�QSRUT ¼\À�ä�AµZ\B?R � B�Z\T FP½m�
MC¼\T ÉI'¿U¼\D X b�½ÃMCZ\½*F~IWb�Â'RÚMCZ\À\R

ÉSRîÅ
f∗ωX/P1 = 2 =

1

2

ÉSRîÅ
Ω1

P1(logS)

Â©MCRUDyR
S ⊂ P1 F~IÈ½ÃMCRw��O�FP½YRÁILRU½n¼r¿ÚIGF +Úø�¼\FPO�½«IùZSãN¼\À\RùÂ©M�F«KNM f F~IÁOd¼\O�WîIGX[¼�¼\½ÃM �

� É�� X F~IÁX[¼�É\BET Z\D �
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ª ���¬«���?ª��
��À n
ËS�i?�z �CÌfwyz?wyx�u\w>| �

PSL2(R)
��wyxCz �S�yÌS�C×�}

Γ
ÌfÒ�| ��ÍEzU£

24
�Luf� Ûµz ÍE| ®�|~ÍEz�Í| �awyÌ�ÒÃÌS�C���UÌS���r�C�auS�UÓ��UÑ~uS}y}�z�},F {#1,#5,#8} � {#2,#7} � {#4,#6,#9} �Euf��Í

{#3} �Ï �"ènxCz'�S�yÌS�C×�}
#1,#2,#5

uf��Í
#6
uf�yz'ufÑ Ñ�}��CÛC�S�yÌS�C×�}�ÌfÒ

Γ(2)
�©ènxC|~}��S��uf�Nuf�awyzLz�}wyx�u\w�wyxCz

2
�¾wyÌS�N}�| ÌS�ï×µÌS| �awN}�ÌfÒ/wyxCz���ÛµzL�

At
uf�yz�ÍE|~}rwy| ���Gw�ÒÃÌS�ÚufÑ Ñ

t ∈ XΓ
��uf��Í| w*ÒÃÌSÑ Ñ Ì � }�wyx�u\wnwyxCz�Ñ ÌE�U��}*ÌfÒ 2 �¾wyÌS�N}�| ÌS��×µÌS| �awN}*|~}n}�{
Ì�ÌfwyxÄuf��Í�xCzL���UzÚ}�Ìù|~}'wyxCzÛCÑ Ì � �C× X ���*ÓïwyxCz�ufÛµÌ\®Szù�yzL{[uf�>=d�µwyxC|~}ÁxCÌSÑ~ÍC}�wy�y�Cz�ÒÃÌS�ÁufÑ Ñ^�S�yÌS�C×�}�zU£C�UzL×EwÒÃÌS�

#3 = Γ1(7)
��Ù�Ñ~}�Ì[�CÌfwy|~�UzÚwyx�u\w�ufÑ Ñ�}�| �C�S�CÑ~uf�i��ÛµzL�N}"uf�yzÚÌfÒ©wrÓ�×µz

In, n > 1
� | wyx n zL®SzL�ºÒÃÌS�nwyxCz�}�zÁ�S�yÌS�C×�}*zU£C�UzL×Ew"ÒÃÌS� Γ1(7)

��C�"ènxCz
�S�yÌS�C×
Γ1(7)

|~}Ú�CÌfwùuÄ}��CÛC�S�yÌS�C×�ÌfÒ
Γ(2)

uf��Í?wyxCz
2
�¾wyÌS�N}�| ÌS�?×µÌS| �awN}Ú| �E�wy�yÌEÍE���Uz>}�| �C�S�CÑ~uf�y| wy| z�}L��!
�w���CÑ z,=2}rwy��ÍE| z�Í2wyxCz�}�z>}�| �C�S�CÑ~uf�y| wy| z�}L�;Ù }�{
Ì�Ìfwyx�yz�}�ÌSÑ �Ewy| ÌS�?|~}Á�CÌ>Ñ ÌS�C�SzL�Áu?Ð*ufÑ~ufÛC| êaë'uf�vwyxC�yzLzUÒÃÌSÑ~ÍJ�H��Ì � zL®SzL���J| wN} L �Y}�zL�y| z�}�|~}{
ÌEÍE�CÑ~uf���µ| ��ÍEzLz�Ív| wÚ|~}�uS}y}�ÌE�U|~u\wyz�ÍÄwyÌÄu�{
ÌEÍE�CÑ~uf��ÒÃÌS�y{ ÌfÒ � zL| �Sxaw 3

uf��Í>w � Ì=�| ��ÍC}nÌfÒ^{
ÌEÍE�CÑ~uf�nÒÃÌS�y{[}nÌfÒ � zL| �Sxaw 2
�

® n ½ ½$  ¥?Ê �\¦�� �  G¡��
Ë ���2Ì�Ê-���Ã¶��
� n DCÌS�
zLÑ Ñ | ×Ewy|~�ï�U�C�y®Sz�}�Ì\®SzL�

Q
�iX�xC| {ù�C�Nu��UÌS��}rwy�y���Gwyz�Í2u?{[uf×�ÒÃ�yÌS{wyxCzï}�zUw�ÌfÒ���z��W=Sz�zL| �SzL�EÒÃÌS�y{[}ùÌfÒ � zL| �Sxaw 2 � | wyx��Nu\wy| ÌS��ufÑ�DCÌS�C�y| zL���UÌ�zKu��U| zL�awN}ùÌS�

Γ0(N)
wyÌÚwyxCz�|~}�ÌS�SzL��Óù�UÑ~uS}y}�z�}/ÌfÒJzLÑ Ñ | ×Ewy|~���U�C�y®Sz�}/Ì\®SzL�

Q
�e? x�u\w�? | Ñ z�}�zUw*ufÑ¾�©z�}rwNufÛE�Ñ |~}�xCz�ÍÁ|~}�wyx�u\w�wyxC|~}0X�xC| {ù�C�Nu�{[uf×È|~}�ÌS�awyÌ���wyxCzL�yzLÛ�ÓÚ×C�yÌ\®�| �C�"wyxCzAX�xC| {ù�C�NuêEè©uf�C| Óauf{[u�UÌS���rz��Gwy�C�yzS�

DCÌS�"�y| �S|~ÍïÐ*ufÑ~ufÛC| êaë'uf�ºwyxC�yzLzUÒÃÌSÑ~ÍC}nÌ\®SzL�
Q
�Cu���u\wy�C�NufÑM^a�Cz�}rwy| ÌS�Ä|~},F

]�M�F«KNMF�ùRNKNQSR�RUF ÅaRUO�¿U¼\DGXùI[¼r¿�Â'RUF ÅM�½
4
¼\O

Γ0(N)
KN¼\DGDyRGI¾ø�¼\OdÉÄ½Y¼ºDGF ÅfF«É »�Z\T ZSãUFPäAµZ\Bï½ÃM�DyRNR«¿U¼\T ÉI�¼\À\RUD

Q � ��Y�ºÒ«uS�Gw���wyxC|~}i^a�Cz�}rwy| ÌS�Äx�uS}*ÛµzLzL�Ä�Nuf|~}�z�Í[Û�Ó�}�zL®SzL�NufÑµ×µzLÌS×CÑ zS�EzS� ��� �E���CtvuféL�C����-ù�E®\uf�
Xawy�Nu\wyzL���C���C®\uf�>��zLzL{
zL����!
�.���CÑ z,=d�
Ë ���2Ì�Ê-���Ã¶��W¨ n �Y�N;/£Cuf{
×CÑ z�}ùÌfÒ_j�| ®��CÔïuf��Í ë��C|kz © � ~ �'}�| �C�S�CÑ~uf� K3

}��C��Ò«uS�Uz�}
Y{[uÓvÛµz
�yzL×CÑ~uS�Uz�Í?Û�Ó

K3
}��C��Ò«uS�Uz�} � | wyx }�{[ufÑ Ñ zL�Áñ�|~�Luf�NÍ?���C{ùÛµzL�N}L��}yuÓS� 19

ÌS�
18
��Y�ïwyxC|~}��LuS}�zS�EwyxCzÈ{
ÌEÍE�CÑ~uf�y| wrÓ�ÒÃÌS�"wyxCzÈ×C�yÌEÍE���Gw

Y × E |~}�}rwy| Ñ Ñ�ÌS×µzL���'�îÒ^wyxCzÈñ�|~�Luf�NÍ���C{ùÛµzL��|~}
19
� � zH=��CÌ � wyx�u\w�wyxCzº�Nuf�.= 3

{
Ìfwy| ®Sz
T (Y )

|~}�}�zLÑ ÒP�YÍE��ufÑ*ÌS��wyxCÌS�SÌS��ufÑ®�|~uïwyxCzº�U�C×�×C�yÌEÍE���Gw��>�*Ó?wyxCzº}rwy�y���Gwy�C�yz[wyxCzLÌS�yzL{�ÒÃÌS�
K3

}��C��Ò«uS�Uz�} � | wyx�ñ�|~�Luf�NÍ���C{ùÛµzL�
19
ÍEz�}y�U�y| Ûµz�Í[| �ÄÝ"zL{[uf�>=
Õ�� Ï �SwyxCzL�yz�}�xCÌS�CÑ~Í[ÛµzÚu��U��}�×[ÒÃÌS�y{

h
ÌfÒ � zL| �Sxaw 2ÌS�

GL(2)
}����Nx�wyx�u\w*wyxCzÁ}�Ó�{
{
zUwy�y|~��}>^a��uf�yz X�Ó�{
{ 2h

}�xCÌS�CÑ~Í��yz�ufÑ | éLz
T (Y )

��ènxCzL�
T (Y ×E)

{[uÓ�Ûµz��yz�ufÑ | éLz�Í�Û�Ó
uf��uf�EwyÌS{
ÌS�y×CxC|~�nÒÃÌS�y{ ÌS�
GL(6,Q)

�^�Y�[×�uf��wy|~�U�CÑ~uf���
L(
X�Ó�{
{ 2h⊗ gE, s)

x�uS}*wyxCzÁzU£E×µz��Gwyz�Íïuf��ufÑ Óawy|~��×C�yÌS×µzL��wy| z�}L�
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≥ 3
À

DCÌS�ùuf��Ó
n > 3

�^Ñ zUw
X ⊂ Pn−1 ÛµzÄuf��| �y�yz�ÍE���U| ÛCÑ z[x�Ó�×µzL�N}��C��Ò«uS�Uz[ÌfÒ�ÍEzL�S�yzLz d �

� xCzL�yzÈ| �y�yz�ÍE���U| ÛC| Ñ | wrÓº|~}�xCzL���UzUÒÃÌS��wyxïwNu�=SzL�ïwyÌ�{
z�uf�>�SzLÌS{
zUwy�y|~�Ú| �y�yz�ÍE���U| ÛC| Ñ | wrÓS��ènxCz×C�C�y×µÌa}�znÌfÒµwyxC|~}/�CÌfwyz"|~}©wyÌÈÍE|~}y�U��}y}^�yz��UzL�aw�rÌS| �aw � ÌS�>= � | wyx
ñ��yÌfÒÃz�}y}�ÌS�0��z�u\wyxE�Y�*�yÌ � �z Á � Á ~ �E| � � xC|~�Nx � zÚ| ��®Sz�}rwy| �au\wyz�wyxCzÈuS}�Ó�{
×EwyÌfwy|~��ÛµzLx�u®�| ÌS�C�nÌfÒ©wyxCzJ^a��uf�awy| wrÓ
NU (B) = #{x ∈ U ∩ Pn−1(Q) : H(x) 6 B},uS}

B →∞ ����zL�yz U ⊆ X
|~}�uf�>uf�yÛC| wy�Nuf�yÓ[ÌS×µzL�>}��CÛ�}�zUw�uf��Í

H : Pn−1(Q)→ R>0|~}�wyxCzù��}���ufÑ�×C�yÌ��rz��Gwy| ®SzÁxCzL| �Sxaw��c? xCzL�CzL®SzL�
d = 1

ÌS�
2
wyxC|~}�^a��uf�awy| wrÓÄ|~}�®SzL�yÓ � zLÑ Ñ�C��ÍEzL�N}rwyÌ�ÌEÍJ�Cuf��ÍÄ| w�|~}n�CÌfw�x�uf�NÍ�wyÌ
z�}rwNufÛCÑ |~}�xºwyxCzÁz�}rwy| {[u\wyz

NX(B) = cXB
n−d

(
1 + o(1)

)
,ÒÃÌS��}�ÌS{
z��UÌS��}rwNuf�aw

cX > 0
�^Ù�}^wyxCz�ÍEzL�S�yzLz

d
| ���U�yz�uS}�z�}L�S}�Ì�wyxCz"×C�yÌSÛCÑ zL{ ÌfÒJÍEz�}y�U�y| ÛE�| �C�

NX(B)
Ûµz��UÌS{
z�}^x�uf�NÍEzL����è�Ì�| Ñ Ñ ��}rwy�Nu\wyz'wyxC|~} � zn�UÌS��}�|~ÍEzL�©wyxCz"�LuS}�z d = n = 5

ÌfÒ
^a�C| �awy|~��wyxC�yzLzUÒÃÌSÑ~ÍC}L��| � � xC|~�NxÄ}�zUw�wy| �C��| w"|~}*�CÌfw�u\w"ufÑ ÑJ�UÑ z�uf� � x�u\w*wyÌ�zU£E×µz��Gw NX(B)
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wyÌ[ÛµzLx�u®SzÚÑ | =SzÈuS}
B →∞ ��DCÌS�"zU£Cuf{
×CÑ z � z:=��CÌ � ÌfÒ^ÌS�CÑ ÓºÌS�CzÚ�Nu\wy| ÌS��ufÑJ×µÌS| �aw�ÌS�wyxCzÁ®\uf�y| zUwrÓ

x5
1 + x5

2 + x5
3 + x5

4 = x5
5.ènxC|~}"|~}nwyxCzÈ}�ÌSÑ �Ewy| ÌS�

x = (27, 84, 110, 133, 144)
�fuS}nÒÃÌS�C��ÍÄÛ�Ó�j�uf��ÍEzL��uf��Íºñ/uf�>=�| �

z ©�Ê }b}�~ | �ºuÁ�UÌS{
×C�EwyzL�*}�z�uf�N�Nx����îw*|~}�| �awyzL�yz�}rwy| �C�ÚwyÌÈ�yzL{[uf�>=Èwyx�u\w�wyxC|~}�×C�yÌ\®�|~ÍEz�ÍùwyxCz
���N}rw��UÌS�C�awyzL���îzU£Cuf{
×CÑ z'wyÌÈuÚ�UÌS���rz��Gwy�C�yznÌfÒ�;��CÑ zL�/wyx�u\w��CÌ

k
wyx
×µÌ � zL�/�Luf�
Ûµz � �y| w�wyzL�uS}*wyxCzÈ}��C{ ÌfÒ

k − 1 k
wyxÄ×µÌ � zL�N}L�?�z
�CÌ � �UÌS{
z�wyÌ>ÍE|~}y�U��}y}�wyxCz
×C�y| {[uf�yÓ>{
Ìfwy| ®\u\wy| ÌS� ÌfÒ'wyxC|~} � ÌS�>=d�
ènxC|~}Ú|~}�wyxCzÒÃÌSÑ Ñ Ì � | �C�
�UÌS���rz��Gwy�C�yzÁÌfÒ���z�u\wyxE�Y�*�yÌ � �Uz � Á�� � �dÐ'ÌS���rz��Gwy�C�yz 2
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X ⊂ Pn−1 F~I"Z\O
FPDGDyRNÉ\B�KUF«ãUT R*MZ�yø�RUDNIGBEDÃ¿UZSKNR�¼r¿nÉSRîÅfDyRNR
d > 2 � HdMCRUO?Â'RÚMCZ\À\R

NX(B) = O(Bn−2+ε).
��zL�yzS�Juf��ÍïwyxC�yÌS�C�SxCÌS�Ew�wyxC|~}��CÌfwyzS�µwyxCz�| {
×CÑ | z�Í?�UÌS��}rwNuf�aw�{[uÓ>ÍEzL×µzL��Í?u\w�{
Ìa}rw�C×µÌS�

d, n
uf��ÍÄwyxCz��NxCÌS|~�UzÁÌfÒ

ε
��ð��CzÈ{
| �Sxaw�ufÑ~}�Ì�uS}�=ïufÛµÌS�Ew�ÛµÌS�C��ÍC}�ÌfÒ^wyxCz�}�x�uf×µz

NX(B) = OX (Bn−2+ε)
�©uS}�| � z � Á�� � �/Ð'ÌS���rz��Gwy�C�yz

1
~ � � xCzL�yz�wyxCz[| {
×CÑ | z�Í��UÌS�E�}rwNuf�aw�|~}"ufÑ Ñ Ì � z�Í�wyÌ�ÍEzL×µzL��ÍÄÌS�ÄwyxCzÈ�UÌ�zKu��U| zL�awN}nÌfÒ F �%��Ì � zL®SzL�n| w"wy�Nuf��}�×C| �yz�}'wyx�u\wz�}rwy| {[u\wyz�} � xC|~�Nx�uf�yz
�C�C| ÒÃÌS�y{�| ��ÒÃÌS�y{[}ÚÌfÒ��C£Ez�Í ÍEzL�S�yzLzS�©uf��Í � | wyx�u��C£Ez�Í����C{��ÛµzL��ÌfÒ/®\uf�y|~ufÛCÑ z�}L��uf�yzÁ{ù���Nxï{
ÌS�yzÁ��}�zUÒÃ�CÑ©| �vuf×C×CÑ |~�Lu\wy| ÌS��}L��uf��ÍÄwyx�u\w�| �>{
Ìa}rw��LuS}�z�}�yz�}��CÑ wN} � | wyx � z�u�=SzL�n�C�C| ÒÃÌS�y{
| wrÓºuf×C×µz�uf�nwyÌ
ÛµzÁ�CÌ
z�uS}�| zL�nwyÌ
×C�yÌ\®SzS��îwÈ}�xCÌS�CÑ~ÍvÛµz[�UÑ z�uf��wyx�u\wÚwyxCz
ÛµÌS�C��Í� }ÚzU£E×µÌS�CzL�awÚ| ��Ð'ÌS���rz��Gwy�C�yzÄË�|~}�| ���SzL�CzL�NufÑz�}y}�zL�awy|~ufÑ Ñ Ó?uS}È}�x�uf�y×�uS}Á�Luf� Ûµz�xCÌS×µz�Í�ÒÃÌS���º�Y��ÍEzLz�ÍJ� � xCzL�CzL®SzL�ÚwyxCz�x�Ó�×µzL�N}��C��Ò«uS�Uz

X
|~}"�S| ®SzL�ÄÛ�Óºuf�ïz'^a��u\wy| ÌS�ÄÌfÒ©wyxCzÚÒÃÌS�y{

x1F1(x) = x2F2(x)
�µ}�Ì
wyx�u\w

X
�UÌS�awNuf| ��}wyxCz
×CÑ~uf�Cz

x1 = x2 = 0
� � z[uf�EwyÌS{[u\wy|~�LufÑ Ñ Óïx�u®Sz NX(B) � Bn−2 �[Ð'Ñ z�uf�yÑ ÓÄwyxC|~}�Luf��ÌS�CÑ Ó
x�uf×C×µzL� � xCzL� X |~}nuù}�| �C�S�CÑ~uf��®\uf�y| zUwrÓS��? xCzL�CzL®SzL�

X
|~}*}�{
Ì�Ìfwyxºuf��Í[x�uS}ÍEzL�S�yzLz

d > 3
�JuÄ�UÌS���rz��Gwy�C�yzùÌfÒ*�nu\wrÓ��yzL®ïuf��Í?tvuf�C| �Ìz Á » | � ~ Ñ z�uSÍC}���}�wyÌºzU£E×µz��Gwwyx�u\w"wyxCzÚÒÃÌSÑ Ñ Ì � | �C��ÛµÌS�C��Íï}�xCÌS�CÑ~ÍºxCÌSÑ~ÍJ�

É ��¥43(�-5�§76[���·¨ n �µB�øSø�¼ILR>½ÃMCZ\½
X ⊂ Pn−1 F~I?Z�IGX[¼�¼\½ÃM�MZ�yø�RUDNIGBEDÃ¿UZSKNR�¼r¿vÉSRîÅfDyRNR

d > 3 � HdMCRUO?½ÃMCRUDyR�R>+SF~IG½«I δ > 0
IGB�KNMï½ÃMCZ\½

NX(B) = O(Bn−2−δ).Ý"zUwy�C�y�C| �C�ÚwyÌÚwyxCz�}�zUw�wy| �C�ÁÌfÒJuf�yÛC| wy�Nuf�yÓÈ| �y�yz�ÍE���U| ÛCÑ znx�Ó�×µzL�N}��C��Ò«uS�Uz�}L� � z"x�u®Sz"}�zLzL�ufÛµÌ\®Szºwyx�u\w[wyxCz>ÛµÌS�C��Í2| �$Ð'ÌS���rz��Gwy�C�yz ËïxCÌSÑ~ÍC} � xCzL� d = 2
�*×µÌa}y}�| ÛCÑ Ó � | wyx uf�| {
×CÑ | z�Í>�UÌS��}rwNuf�aw"wyx�u\w�|~}�ufÑ Ñ Ì � z�Í�wyÌ�ÍEzL×µzL��Íï�C×µÌS� X �'�Y�ïÒ«uS�Gw_��z�u\wyxE�Y�*�yÌ � �Äx�uS}ufÑ �yz�uSÍEÓÄz�}rwNufÛCÑ |~}�xCz�Í�Ð'ÌS���rz��Gwy�C�yzÄËù| �vwyxCz
�LuS}�zùÌfÒ%^a��uSÍE�y|~�L}�z � Á�� � �JènxCzLÌS�yzL{ Ï ~ �| �ÄuSÍCÍE| wy| ÌS��wyÌùwyxCzÚ�LuS}�z�}

n = 3
uf��Í

n = 4
ÌfÒ©�U�C�y®Sz�}*uf��Í�}��C��Ò«uS�Uz�}L�SÒÃÌS�"uf��Ó[ÍEzL�S�yzLz

z � Á�� � ��ènxCzLÌS�yzL{[}n�
uf��Íïç ~ �ènx���}ÈÐ'ÌS���rz��Gwy�C�yzÄË�ÌS�CÑ Óv�yzL{[uf| ��}��C���UzL��wNuf| �?ÒÃÌS�Úx�Ó�×µzL�N}��C��Ò«uS�Uz�}�ÌfÒ*ÍEzL�S�yzLz
uf��ÍÍE| {
zL��}�| ÌS�vu\w�Ñ z�uS}rw
3
��?�zÈ�CÌ � ×C�yz�}�zL�aw�u�wNufÛCÑ z � xC|~�Nxv�Nx�uf��wN}*wyxCzù×C�yÌS�S�yz�}y}*{[uSÍEz
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wyÌ � uf�NÍC}"Ð'ÌS���rz��Gwy�C�yz�}ÚËÁuf��Í Ï | �Ä�yz��UzL�aw"ÓSz�uf�N}L��DCÌS���UÌS��®SzL�C| zL���Uz � zÚx�u®Sz�ÒÃÌE�U��}�z�ÍÌS�CÑ Ó��C×µÌS� wyxCzº�LuS}�z
n = 5

ÌfÒnwyxC�yzLzUÒÃÌSÑ~ÍC}L�^ufÑ wyxCÌS�C�Sx�}�zL®SzL�NufÑ�ÌfÒnwyxCzº�U| wyz�Í �yz�}��CÑ wN}x�u®Sz�xC| �SxCzL��ÍE| {
zL��}�| ÌS��ufÑ*uf��ufÑ ÌS�S�Cz�}L�?ènxCz�wNufÛCÑ zº×C�yz�}�zL�awN}È®\ufÑ �Cz�}ÈÌfÒ
θd ∈ R

ÒÃÌS�
� xC|~�Nxïuf�ï�C×C×µzL�"ÛµÌS�C��ÍÄÌfÒ©wyxCzÚÒÃÌS�y{

NX(B) = O(Bθd+ε),xCÌSÑ~ÍC}�ÒÃÌS�º| �y�yz�ÍE���U| ÛCÑ z>wyxC�yzLzUÒÃÌSÑ~ÍC}
X ⊂ P4 ÌfÒùÍEzL�S�yzLz d > 2

� Ù�}ºwyxCzLÓ uf×C×µz�uf�| ��wyxCzïÑ | wyzL�Nu\wy�C�yzS��}�ÌS{
zÄÌfÒ�wyxCzÄz�}rwy| {[u\wyz�}�×C�yz�}�zL�awyz�Í�ÛµzLÑ Ì � uf�yzº×C�yÌ\®Sz�Í � | wyx)uf�uf�yÛC| wy�Nuf�yÓÄÍEzL×µzL��ÍEzL���Uz�ÌfÒ/wyxCzù| {
×CÑ | z�Í?�UÌS��}rwNuf�aw��C×µÌS�
X
����Ì � zL®SzL����| �vz�uS�Nx?�LuS}�zu�}rwy�Nuf| �Sxaw�ÒÃÌS� � uf�NÍ�uf��ufÑ ÓE}�|~}
ÌfÒ�wyxCz>×C�yÌ�ÌfÒÚ�yzL®Sz�ufÑ~}ùwyx�u\w[wyxCzvz�}rwy| {[u\wyz>|~}[uS�Gwy��ufÑ Ñ Ó�C�C| ÒÃÌS�y{Î| �ÄwyxCzÈuf×C×C�yÌS×C�y|~u\wyzÚ�UÑ~uS}y}nÌfÒ�wyxC�yzLzUÒÃÌSÑ~ÍC}nÌfÒe�C£Ez�ÍÄÍEzL�S�yzLzS�

θd
Ý"z�}rwy�y|~�Gwy| ÌS��}WB ? xCÌZB ��Ì � B

3 + 1
2

�CÌS�Cz X�zL�y�yz�z §  a� ¶ |�~ Ñ~uf�y�SzÚ}�| zL®Sz
3 + 2

5 X
}�{
Ì�Ìfwyx DC���r| � uf�Nu"z µ ¨ «�¶ Â ~ zU£E×µÌS�CzL�awy|~ufÑ�}��C{[}

3 + 1
3 X

}�{
Ì�Ìfwyx ��z�u\wyxE�Y�*�yÌ � �Uz � Á | º ~ zU£E×µÌS�CzL�awy|~ufÑ�}��C{[}
3 + 1

d

�CÌS�Cz ñ�| Ñ~u z Ê ª � | Â ~ x�Ó�×µzL�y×CÑ~uf�CzÁ}�z��Gwy| ÌS��}
3− 1

12 X
}�{
Ì�Ìfwyx��

d > 4
�*�yÌ � �C| �C�"z Á �\¦ �b� ~ x�Ó�×µzL�y×CÑ~uf�CzÁ}�z��Gwy| ÌS��}

3 d > 4
�*�yÌSÛµzL�y��:�XEufÑ ÛµzL�y�SzL�kz Á�§[� º ~ x�Ó�×µzL�y×CÑ~uf�CzÁ}�z��Gwy| ÌS��}

�îw/|~}/�UÑ z�uf�^ÒÃ�yÌS{ wyxCznwNufÛCÑ z*wyx�u\w�| w�ÌS�CÑ ÓÁ�yzL{[uf| ��}©wyÌ�wy�yz�u\w^wyxCz"�LuS}�znÌfÒd�U�CÛC|~�'wyxC�yzLzU�ÒÃÌSÑ~ÍC}L�Ú�Y�vwyxCz
}�zUw�wy| �C�ÄÌfÒ*}�{
Ì�Ìfwyx?�U�CÛC|~�ÈwyxC�yzLzUÒÃÌSÑ~ÍC}ÁÐ'ÌS���rz��Gwy�C�yz Ï �Luf�?Ûµz��yzL×CÑ~uS�Uz�ÍÛ�ÓÈwyxCzi���CzL�'�UÌS���rz��Gwy�C�yznÌfÒJtvuf�C| � z µ »ÿ� ¶ |G~ � � xC|~�Nx
×C�yz�ÍE|~�GwN}^wyx�u\w/wyxCz�uS}�Ó�{
×EwyÌfwy|~�ÒÃÌS�y{ù�CÑ~u
NX(B) = cXB

2
(
1 + o(1)

)

}�xCÌS�CÑ~ÍvxCÌSÑ~ÍvÒÃÌS�Ú}�ÌS{
z
�UÌS��}rwNuf�aw
cX > 0

����Ì � zL®SzL� � z
uf�yz�ÓSzUw�wyÌÄz�}rwNufÛCÑ |~}�x?zL®SzL�Ð'ÌS���rz��Gwy�C�yz Ï ÒÃÌS��}�{
Ì�Ìfwyxv�U�CÛC|~�ÚwyxC�yzLzUÒÃÌSÑ~ÍC}L��}�Ì
wyxCzÈ�yz�}�ÌSÑ �Ewy| ÌS�ÄÌfÒ�tvuf�C| �M� }��UÌS���rz��G�wy�C�yzÚ|~}�}rwy| Ñ Ñ�u
ÍE|~}rwNuf�aw"×C�yÌa}�×µz��Gw��
��zL®SzL��wyxCzLÑ z�}y}ºÌS�C�H���N}rwï�yz�}��CÑ w���Ñ Ñ~}ïu��auf×$| �;wyxCz�wNufÛCÑ z ÍEz�}y�U�y| Ûµz�Í$ufÛµÌ\®SzS��Û�Óz�}rwNufÛCÑ |~}�xC| �C�ºÐ'ÌS���rz��Gwy�C�yz
ËÚ| �ÄwyxCzÈ�LuS}�z

d = n− 2 = 3
z Á � Áº�CènxCzLÌS�yzL{ � ~ �

���D���������Ç² n 9�RU½
X ⊂ P4 ãNR�Z\O?FPDGDyRNÉ\B�KUF«ãUT R
KUB�ãUF«KÈ½ÃM�DyRNR«¿U¼\T É � HdMCRUO�Â'RÚMCZ\À\R

NX(B) = O(B3+ε).ènxCzÈ{[uf| �ïwyÌ�ÌSÑ�| �>wyxCzÈ×C�yÌ�ÌfÒ/ÌfÒ�ènxCzLÌS�yzL{ �[|~}�u[®SzL�N}yu\wy| Ñ zÁ�yz�}��CÑ w�®\ufÑ |~ÍÄÒÃÌS��| �y�yzU�ÍE���U| ÛCÑ zÚx�Ó�×µzL�N}��C��Ò«uS�Uz�}�ÌfÒ^uf��Ó[ÍE| {
zL��}�| ÌS��� � xC|~�NxÄ}�xCÌ � }'wyx�u\wnzL®SzL�yÓ
×µÌS| �aw��UÌS�C�awyz�ÍÛ�Ó
NX(B)

{ù��}rw[Ñ | zÄÌS��ÌS�CzÄÌfÒ�u�}�{[ufÑ Ñ*���C{ùÛµzL�
ÌfÒ�Ñ | �Cz�uf�[}��CÛ�}�×�uS�Uz�}ù�UÌS�awNuf| �Cz�Í| �
X
��ènxCz��UÌS�awy�y| ÛC�Ewy| ÌS�ïÒÃ�yÌS{ wyxCzù×µÌS| �awN}�Ñ Ó�| �C�ºÌS�>Ñ | �Cz�uf��}�×�uS�Uz�}�ÌfÒ'ÍE| {
zL��}�| ÌS�

0ìPwyx�u\wù|~}ÚwyÌv}yuÓS��ÒÃ�yÌS{�| ��ÍE| ®�|~ÍE��ufÑ�×µÌS| �awN}Ní�wy�C�y��}ÁÌS�EwÁwyÌ>Ûµzº}yu\wy|~}rÒ«uS�GwyÌS�yÓïÒÃ�yÌS{ wyxCz×µÌS| �aw�ÌfÒ/®�| z � ÌfÒ^wyxCz
Ð'ÌS���rz��Gwy�C�yz�ËS� � xC| Ñ zÁwyxCÌa}�zÁÑ Ó�| �C��ÌS�ïÑ | �Cz�uf��}�×�uS�Uz�}"ÌfÒ^xC| �SxCzL�
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ÍE| {
zL��}�| ÌS� �Luf��}�zù{
Ìa}rwÁÌfÒ'wyxCz
×C�yÌSÛCÑ zL{ï�
ð��C�Á}�z��UÌS��Ív�yz�}��CÑ w¼z Á � Á���ènxCzLÌS�yzL{ Ï ~| Ñ Ñ ��}rwy�Nu\wyz�}*wyxC|~}"×CxCzL�CÌS{
zL�CÌS���
���D���������¦¤ n 9�RU½

X ⊂ Pn−1 ãNR�Z\O FPDGDyRNÉ\B�KUF«ãUT RùMZ�yø�RUDNIGBEDÃ¿UZSKNRº¼r¿
ÉSRîÅfDyRNR d � HdMCRUOÂ'RÚMCZ\À\R
NU (B) = O(Bn−2+ε),Â©MCRUDyR

U ⊆ X F~IÁ½ÃMCR�¼yø�RUOvIGB�ãGILRU½µ¿U¼\DGX[RNÉÄãK�ºÉSRUT RU½¾FPO�Åº½ÃMCRÁT FPOdRGI'¿NDy¼\X
X �

? | wyx>Ñ | w�wyÑ zÈzU£�wy�Nu � ÌS�>=d��wyxC|~}��yz�}��CÑ w��Luf�ïÛµzÈ��}�z�ÍºwyÌ�ÍEz�ÍE���UzÁwyxCzÚÒÃÌSÑ Ñ Ì � | �C�[�UÌS�E�}�z'^a�CzL���UzS�/ènxC|~}"z�}rwNufÛCÑ |~}�xCz�}�Ð'ÌS���rz��Gwy�C�yz
Ë�ÒÃÌS��u � |~ÍEzÈ�UÑ~uS}y}*ÌfÒ^x�Ó�×µzL�N}��C��Ò«uS�Uz�}L�
É �����bÊ�Ê-«���ËÌÆ n 9�RU½

X ⊂ Pn−1 ãNRùZ\OvFPDGDyRNÉ\B�KUF«ãUT RÚMZ�yø�RUDNIGBEDÃ¿UZSKNR
¼r¿ÈÉSRîÅfDyRNR d b�Â©M�F«KNMF~IÁOd¼\½nZ�BEO�F«¼\O�¼r¿ÁT FPOdRGI � HdMCRUO?Â'RÚMCZ\À\R
NX(B) = O(Bn−2+ε).

�îwÈ|~}È�CÌ � wy| {
z[wyÌv}rwNu\wyz
wyxCz��yz�}��CÑ wÁwyx�u\wÈÒÃÌS�y{[}ÚwyxCz�Û�uS�W=�ÛµÌS�Cz
ÌfÒ�ènxCzLÌS�yzL{[}Á�uf��ÍºÕ���ènxC|~}n|~}�u
}�×µz��U|~ufÑ��LuS}�zÚÌfÒ�z Á � Áº��ènxCzLÌS�yzL{ØÕ ~ �
���D���������Ãª n 9�RU½

X ⊂ Pn−1 ãNR�Z\O FPDGDyRNÉ\B�KUF«ãUT RùMZ�yø�RUDNIGBEDÃ¿UZSKNRº¼r¿
ÉSRîÅfDyRNR d � HdMCRUO½ÃMCRUDyR�R>+SF~IG½�T FPOdRNZ\D*I¾ø�ZSKNRGI
M1, . . . ,MJ ⊆ X

ÉSRÎ��OdRNÉÈ¼\À\RUD
Q
bJÂ/FP½ÃM

J = O(Bn−2+ε)
bIGB�KNMï½ÃMCZ\½

0 6 dimMj 6 n− 2
¿U¼\D

1 6 j 6 J
Z\OdÉ

{x ∈ X ∩ Pn−1(Q) : H(x) 6 B} ⊆
J⋃

j=1

{x ∈Mj ∩ Pn−1(Q) : H(x) 6 B}.

?�zù�UÌS{
×CÑ zUwyzÁwyxC|~}��CÌfwyzÈÛ�ÓºÛC�y| zK��Óï�UÌS{
{
zL�awy| �C�[�C×µÌS�>xCÌ � ènxCzLÌS�yzL{ Ü��Luf�ïÛµz��}�z�Í
wyÌ�ÍEz�ÍE���Uz�wyxCz�×C�yzL®�| ÌS��}��yz�}��CÑ wN}L�^�*zL�S| �C�C| �C� � | wyx�wyxCz�ÍEz�ÍE���Gwy| ÌS�ºÌfÒ�ènxCzLÌS�yzL{Õ � zÈ}�| {
×CÑ Ó��CÌfwyzÚwyx�u\w�| Ò x ∈ X Ñ | z�}"ÌS�ï}�ÌS{
zÚÑ | �Cz�uf��}�×�uS�Uz
M ⊆ X ÌfÒ/ÍE| {
zL��}�| ÌS�u\wnÑ z�uS}rw

1
�awyxCzL�º| wnwy�y| ®�|~ufÑ Ñ Ó
Ñ | z�}*ÌS�Ä}�ÌS{
z�×C�yÌ��rz��Gwy| ®Sz�Ñ | �CzÚ�UÌS�awNuf| �Cz�Í[| �

X
�/ènx���}'| w

� | Ñ ÑJ�CÌfwnÛµzÈ�UÌS�C�awyz�Í�Û�Ó NU (B)
�%X�| ���UzÁuùÑ | �Cz�uf�"}�×�uS�Uz�ÌfÒ©ÍE| {
zL��}�| ÌS�ÄéLzL�yÌù|~}e�r��}rw�u×µÌS| �aw�� � zÁ�UÑ z�uf�yÑ Ó[ÌSÛEwNuf| �

NU (B)�
∑

16j6J

1� Bn−2+ε.

ènxCzÈÍEz�ÍE���Gwy| ÌS�>ÌfÒ�ènxCzLÌS�yzL{ �
|~}��UÌS��}�|~ÍEzL�NufÛCÑ Ó�x�uf�NÍEzL����uf��ÍÄwyxCzÈ{[uf| �ï×C�yÌSÛCÑ zL{uf�y|~}�z�}�ÒÃ�yÌS{4wyxCz�Ò«uS�Gw*wyx�u\w�u�}�| �C�S�CÑ~uf�n�U�CÛC|~��wyxC�yzLzUÒÃÌSÑ~ÍÄ�Luf�Ä�UÌS�awNuf| �ºuùÑ~uf�y�Sz����C{ùÛµzL�ÌfÒ�Ñ | �Cz�}©uf��ÍÁ×CÑ~uf�Cz�}L�^ènx�u\w�wyxCz*Ñ | �Cz�uf�^}�×�uS�Uz�}��UÌS�awNuf| �Cz�ÍÁ| �
X
uf�yz'ÌfÒ��UzL�awy�NufÑ��UÌS���UzL�y�|~}�ufÑ �yz�uSÍEÓ[| {
{
z�ÍE|~u\wyzÚÒÃ�yÌS{ØwyxCzÈ}rwNu\wyzL{
zL�aw"ÌfÒ/ènxCzLÌS�yzL{ ÜC�0��zL�yz � zÁ}�x�ufÑ Ñ��UÌS�awyzL�awÌS�C�N}�zLÑ ®Sz�} � | wyxï{
zL�yzLÑ Ó�| ��ÍE|~�Lu\wy| �C�
xCÌ � Û�uSÍ�wyxCzÈ}�| wy��u\wy| ÌS�>�Luf�ÄÛµz��UÌS{
zS�
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j�zUw
G(1, 4)

ÍEzL�CÌfwyzïwyxCz����NuS}y}�{[uf�C�C|~uf�2×�uf�Nuf{
zUwyzL�y|~}�| �C��Ñ | �Cz�}[| �
P4 �"uf��Í2Ñ zUw

F1(X) = {L ∈ G(1, 4) : L ⊂ X} ÍEzL�CÌfwyz�wyxCzÚ�UÌS�y�yz�}�×µÌS��ÍE| �C�JD�uf�CÌù®\uf�y| zUwrÓ�ÌfÒ�Ñ | �Cz�}�UÌS�awNuf| �Cz�ÍÈ| �
X
�^ènxCzL�
u�}�| {
×CÑ zn| ���U|~ÍEzL���Uz"�UÌS�y�yz�}�×µÌS��ÍEzL���Uz*uf�y�S�C{
zL�aw©�yzL®Sz�ufÑ~}�wyx�u\w
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A) � zÍEzL�CÌfwyz/wyxCz'ÛµÌS�C��ÍEz�ÍÈÍEzL�y| ®Sz�ÍÁ�Lu\wyzL�SÌS�yÓ�ÌfÒC{
ÌEÍ��
A
�©t>ÌS�yzLÌ\®SzL���UÒÃÌS�©u"×µÌa}�| wy| ®Sz�| �awyzL�SzL�

n � z � �y| wyz Cn
uf��Í

Σn
ÒÃÌS�'wyxCz��UÓE�UÑ |~���S�yÌS�C×
ÌfÒ�ÌS�NÍEzL�

n
uf��Í
wyxCz�}�Ó�{
{
zUwy�y|~���S�yÌS�C×ÌS�

n
Ñ zUw�wyzL�N}L�E�yz�}�×µz��Gwy| ®SzLÑ ÓS�0D©| ��ufÑ Ñ ÓS� |G| {
z�uf��}*wyxCzÁÌS�NÍEzL�nÌfÒ G �

�^n �  �½©�( ���  ¥ �� E��ª«¦ ¥ �
¦b�
G
¦ �  a�

CÙ�}�|~} � zLÑ Ñ �~=��CÌ � ���d| �?×C�y| ���U| ×CÑ zS�����C| wyzU�YÍE| {
zL��}�| ÌS��ufÑ^�yzL×C�yz�}�zL�awNu\wy| ÌS��}"ÌfÒ G Ì\®SzL�
C
uf�yz"�UÌS{
×CÑ zUwyzLÑ ÓÈ�C��ÍEzL�N}rwNuf��ÍCufÛCÑ znÛ�ÓÁwyxCznÒÃÌSÑ Ñ Ì � | �C��wyxCzLÌS�yzL{ ÍE�CznwyÌ ?�z�ÍCÍEzL�yÛC�C�y���

�^n>mbnÖ� ¾l �¦��( G¡ n ìÎ���.�È��t��.?�z�ÍCÍEzL�yÛC�C�y����Ë�çS���fí�ènxCzL�yzÚ|~}�uf�Ä|~}�ÌS{
ÌS�y×CxC|~}�{

CG ∼= tvu\w d1(C)× · · · × tvu\w dm(C) =




tvu\w
d1(C) 0� � �
0

tvu\w
dm(C)




ÌfÒ
C
�YufÑ �SzLÛC�NuS}�ÒÃÌS�"×µÌa}�| wy| ®SzÚ| �awyzL�SzL�N}

m, d1, · · · , dm
�/�Y�ï×�uf��wy|~�U�CÑ~uf����| w�xCÌSÑ~ÍC}*wyx�u\w

ìrËí |G| = dimC(CG) =
∑m

i=1 di
2 uf��Í
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ì Ï í
G
|~}�ufÛµzLÑ |~uf�>| Ò'uf��ÍïÌS�CÑ ÓÄ| Ò

CG
|~}�u��UÌS{
{ù�EwNu\wy| ®SzÈ�y| �C�[| Ò'uf��Í>ÌS�CÑ ÓÄ| Ò

d1 =
· · · = dm = 1

�
�^n2�^n ® �� v¡¬½ �  �� nìrËí*�îÒ

G
|~}"ufÛµzLÑ |~uf����wyxCzL�

CG ∼= |G|−→ C× · · · × C =




C 0� � �
0 C


 .

ì Ï í
CΣ3

∼= C× C× tvu\w 2(C) =




C 0 0
0 C 0
0 0

tvu\w
2(C)


 �

� n �  �½©�( ���  ¥ �� E��ª«¦ ¥ ��¦b�
G
¦ �  a�Ä %c+  � §

k e ªÃ��¾ ½©�\ª>¡  ï¡�¾© E�\ C¡f�� a�\ª«�L��ª«¡ p� n>mbn � ¦��� E��ª«¦ ¥ n �Y�ºwyxCzÁ�yz�}rw�ÌfÒ�wyxC|~}"�CÌfwyzS�CÑ zUw
k
ÛµzÈuf�ïufÑ �SzLÛC�Nuf|~�LufÑ Ñ Ó��UÑ Ìa}�z�Í���zLÑ~ÍÌfÒJ�Nx�uf�NuS�GwyzL�y|~}rwy|~�

p > 0
�^ènxCzL��� � z"x�u®Szn�yzL×C�yz�}�zL�awNu\wy| ÌS��}©ÌfÒ G Ì\®SzL� k uf��Í�{
ÌEÍE�CÑ z�}Ì\®SzL�

kG
uS}"| � X�z��Gwy| ÌS��ËS�A��Ì � zL®SzL��� � zùÍEÌ��CÌfw�x�u®SzÚwyxCz�?�z�ÍCÍEzL�yÛC�C�y�M� }nwyxCzLÌS�yzL{Ï � Ë�uf��Ó
{
ÌS�yzS����zL®SzL��wyxCzLÑ z�}y}L�a| ��}rwyz�uSÍ � z�ÍEÌ�x�u®Sz"wyxCz�ÒÃÌSÑ Ñ Ì � | �C�ÁwyxCzLÌS�yzL{ � xC|~�Nxº|~}ÍE�CzÚwyÌ[tvuS}y�Nx.=SzS�

� n2�^nÖ� ¾l �¦��( G¡ n ìÎ�È��tvuS}y�Nx.=SzS�dË ò ç ò í'ènxCz�ÒÃÌSÑ Ñ Ì � | �C�[uS}y}�zL��wy| ÌS��}�ìrËínuf��Í�ì Ï ínuf�yzz'^a�C| ®\ufÑ zL�aw��
ìrËíÄènxCzL�yzÚ|~}"uf�Ä|~}�ÌS{
ÌS�y×CxC|~}�{

kG ∼= tvu\w d1(k)× · · · ×
tvu\w

dm(k) =




tvu\w
d1(k) 0� � �
0

tvu\w
dm(k)




ÌfÒ
k
�YufÑ �SzLÛC�NuS}�ÒÃÌS�"×µÌa}�| wy| ®SzÚ| �awyzL�SzL�N}

m, d1, · · · , dm
�ì Ï í

p - |G| �C��uf{
zLÑ ÓS�Cu�X�Ó�Ñ Ì � p
�Y}��CÛC�S�yÌS�C×

P
ÌfÒ
G
|~}*wy�y| ®�|~ufÑ¾�

� n � n §D� ¦´�µ  ¥ n Ù X�Ó�Ñ Ì � p
�Y}��CÛC�S�yÌS�C×

P
ÌfÒ
G
ÍEzUwyzL�y{
| �Cz�}
ì«�UÌS�awy�yÌSÑ~}Ní"{
Ìa}rwÚÌfÒ*ufÑ Ñ�yzL×C�yz�}�zL�awNu\wy| ÌS��}'ÌfÒ

G
Ì\®SzL�

k
Û�Ó�Ñ Ì�Ì�=�| �C�[u\w�ènxCzLÌS�yzL{ �C� Ï �

� n º[n �  #c ¥ ªÃ��ª«¦ ¥ n ?�zº�Luf��ÍEz��UÌS{
×µÌa}�z
kG

| �awyÌvu>ÍE| �yz��Gwù×C�yÌEÍE���GwÈÌfÒn| ��ÍEz��UÌS{��×µÌa}yufÛCÑ z
k
�YufÑ �SzLÛC�NuS}�ìPw � Ìf�Y}�|~ÍEz�Í�|~ÍEz�ufÑ~}"ÌfÒ kG íG�w��uf{
zLÑ ÓS� � zÁ�Luf� � �y| wyz

kGkGkG = A1 × · · · ×AmÒÃÌS�ùu>×µÌa}�| wy| ®Sz[| �awyzL�SzL�
m � xCzL�yz[z�uS�Nx Ai

|~}ùuf� | ��ÍEz��UÌS{
×µÌa}yufÛCÑ z
w � Ìf�Y}�|~ÍEz�Í�|~ÍEz�ufÑÌfÒ
kG
� ;'uS�Nx

Ai
|~}��LufÑ Ñ z�Í�ugf�h�i�j7k ìÃÌS��ugf�h�i�j7kl[�h m4]�f�n�[SíÚÌfÒ

kG
���Y��×�uf��wy|~�U�CÑ~uf���
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M���4wh��y��4w

Ñ zUw
A1
ÛµzïuvÛCÑ ÌE�W=�ÌfÒ

kG
}����Nx�wyx�u\w

A1
x�uS}�u?�y| �Sxaw�|~ÍEz�ufÑ � xC|~�Nx�|~}�|~}�ÌS{
ÌS�y×CxC|~�wyÌ�wyxCzÄwy�y| ®�|~ufÑ

kG
�î{
ÌEÍE�CÑ z

kG
�'wyx�u\w[|~}L��wyxCzï{
ÌEÍE�CÑ z

kG
|~}��S| ®SzL��Û�Ó�wyxCzÄwy�y| ®�|~ufÑ�yzL×C�yz�}�zL�awNu\wy| ÌS�

T : G → GL1(k) = k×, g 7→ 1
�_X����Nx

A1
|~}��LufÑ Ñ z�ÍÄwyxCz�o;nqp r2jqp o�[�h

f�h�i�j7k�ÌS�'o;nqp r2jqp o�[�h�f�h�i�j7ks[�h m4]�f�n�[ÈÌfÒ
kG
�

j�zUw
R
uf��Í

S
Ûµz'w � Ì��y| �C�a}L�©Ù�} � z*x�u®Sz*ufÑ �yz�uSÍEÓ�Ñ Ì�Ì�=Sz�ÍÈu\w/| �ºËS� Õ�� � z*}yuÓÚwyx�u\w Ruf��Í

S
uf�yzLtui-nqpwv�[�]�x�y)pwzF[�h�]Ur;v�| ÒdwyxCz��Lu\wyzL�SÌS�y| z�}^{
ÌEÍ��

A
uf��Í�{
ÌEÍ��

B
uf�yz"z'^a�C| ®\ufÑ zL�awìPwyxC|~}[|~}[Ûµz��Luf��}�zïÌfÒ�wyxCzv�Nx�uf�NuS�GwyzL�y| é�u\wy| ÌS��Û�Ó�!
�'t>ÌS�y| wNuÌz � µs® º ~ �`_ ÏSÏ �$ð���wyxCzÌfwyxCzL�nx�uf��ÍJ�CÑ zUw

R
uf��Í

S
ÛµzÈuJ���C| wyzÈÍE| {
zL��}�| ÌS��ufÑ

k
�YufÑ �SzLÛC�NuS}L�^ènxCzL��� � zÁ}yuÓ�wyx�u\w

R
uf��Í

S
uf�yz�ÍEzL�y| ®Sz�Í)ì«Ý"|~�W=\uf�NÍ�íÚz'^a�C| ®\ufÑ zL�awù| Ò

Db(
{
ÌEÍ��

R)
uf��Í

Db(
{
ÌEÍ��

S)
uf�yzz'^a�C| ®\ufÑ zL�aw�uS}nwy�y|~uf�C�S�CÑ~u\wyz�Íï�Lu\wyzL�SÌS�y| z�}L�nènxCzÈ�yz�uS}�ÌS� � x�ÓºwyxC|~}�|~}��LufÑ Ñ z�Í>uH{|p}j7k)[�n+~]�x�y)pwzF[�h�]Ur2jF]�|~}"wyx�u\w�wyxCzL�yzÁ|~}�u � ÌS��ÍEzL��ÒÃ�CÑ��Nx�uf�NuS�GwyzL�y| é�u\wy| ÌS�ºÌfÒ^wyxCzùz'^a�C| ®\ufÑ zL���UzÁÛ�Ó�SzL�yzL{ùÓ Ý"|~�W=\uf�NÍJ� � xC|~�Nx�|~}ù�UÌS{
×CÑ zUwyzLÑ Ó�uv�SzL�CzL�NufÑ | é�u\wy| ÌS� ÌfÒ�t>ÌS�y| wNu>z'^a�C| ®\ufÑ zL���Uz�}z � ª«¡�| m ~ �

� n2Â^n �  G¡� E�-��� n Ð'ÌS��}�|~ÍEzL�*wyxC�yzLzÈ}rwNu\wyzL{
zL�awN}ÁìrËí¾êJì«�aíG�
ìrËí

A
uf��Í

B
uf�yz�|~}�ÌS{
ÌS�y×CxC|~�ÚuS}

k
�YufÑ �SzLÛC�NuS}L�ì Ï í

A
uf��Í

B
uf�yzÚt>ÌS�y| wNu�z'^a�C| ®\ufÑ zL�aw��ì«�aí

A
uf��Í

B
uf�yzÚÍEzL�y| ®Sz�Í�ì«Ý"|~�W=\uf�NÍ�í'z'^a�C| ®\ufÑ zL�aw��

ènxCzL��� � zÚx�u®Sz
ìrËí ⇒ ì Ï í ⇒ ì«�aíG�
� n } n ® �� v¡¬½ �  �� nìrËí

kCp
∼= k[X ]/(Xp)

uS}
k
�YufÑ �SzLÛC�NuS}L� � xCzL�yz k[X ]

|~}^wyxCz"×µÌSÑ Ó��CÌS{
|~ufÑCufÑ �SzLÛC�Nu�Ì\®SzL�
k � | wyx>ÌS�CzÚ®\uf�y|~ufÛCÑ zS�ì Ï íij�zUw

p = 2
�/ènxCzL���

kΣ3 = A1 ×A2
∼= k[X ]/(X2)×Mat2(k)

��uS}
k
�YufÑ �SzLÛC�NuS}L�

� n ® n §  a��¨[½ n j�zUw
p
�
k
uf��Í

G
ÛµzÚuS}'ÛµzUÒÃÌS�yzS��Ñ zUw

P
ÛµzÁu�X�Ó�Ñ Ì � p �Y}��CÛC�S�yÌS�C×[ÌfÒ G �uf��ÍºÑ zUw

H = NG(P )
�'ènxCzL���CuS}n| �>�C� Õ � zÚx�u®SzÚÍEz��UÌS{
×µÌa}�| wy| ÌS��}

kGkGkG = A1 × · · · ×Am
uf��Í

kHkHkH = B1 × · · · ×BnÌfÒ
kG
uf��Í

kH
�S�yz�}�×µz��Gwy| ®SzLÑ ÓS�\ÒÃÌS��×µÌa}�| wy| ®Sz"| �awyzL�SzL�N}

m
uf��Í

n
� � xCzL�yz Ai

uf��Í
Bj
uf�yzÛCÑ ÌE�W=E}�ÌfÒ

kG
uf��Í

kH
�µ�yz�}�×µz��Gwy| ®SzLÑ ÓºÒÃÌS��z�uS�Nx

i
uf��Í

j
�_j�zUw

A = A1
uf��Í

B = B1Ûµz�wyxCzÁ×C�y| ���U| ×�ufÑdÛCÑ ÌE�W=E}*ÌfÒ
kG

uf��Í
kH
�E�yz�}�×µz��Gwy| ®SzLÑ ÓS�^�Y�ºwyxCzÁ�yz�}rwnÌfÒ�wyxC|~}n�CÌfwyz � z}�x�ufÑ Ñ=SzLzL×ºwyxCzÁ�CÌfwNu\wy| ÌS�ÄxCzL�yzS�

� n ¶ n �  G¡� E�-� n �îwÈ|~} =��CÌ � �?wyx�u\w B ∼= k[P o E]
uS}
k
�YufÑ �SzLÛC�NuS}L� � xCzL�yz E |~}Áu

p′
�î�S�yÌS�C×Äuf��Í

P oE
|~}"u
}�zL{
| �YÍE| �yz��Gw"×C�yÌEÍE���Gw�ÌfÒ

P
Û�Ó

E
ìÃxCzL�yz

P C P oE
íG�

� n | nH� ¨l ��L��ª«¦ ¥ba � ¦ ¥+«  �¡f��¨��(  n ì«ÝÁ�µ�*�Nuf�CzL�Gí'�Y�ÄwyxCzù}�| wy��u\wy| ÌS�ï| �>�C� ���Cuf�yz
A
uf��Í

B
Y�p \�p h�[�n�B2�îÒ*}�Ì��dxCÌ � ÍEÌºwyxCzLÓ>�yz�}�zL{ùÛCÑ zùz�uS�NxvÌfwyxCzL��B)t>ÌS�yzù×C�yz��U|~}�zLÑ Ó>}�×µz�u�=�| �C���uf�yz�wyxCzLÓºÍEzL�y| ®Sz�Í�ì«Ý"|~�W=\uf�NÍ�í'z'^a�C| ®\ufÑ zL�aw�ÌS�nzL®SzL�ït>ÌS�y| wNu�z'^a�C| ®\ufÑ zL�aw�B
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� n>m � n ® �� v¡¬½ �  �� nìrËí*�îÒ
G
|~}
p
�Y}�ÌSÑ ®\ufÛCÑ zÚuf��Í

P
|~}�ufÛµzLÑ |~uf����wyxCz

A ∼= B
uS}
k
�YufÑ �SzLÛC�NuS}L�ì Ï ílj�zUw

p = 2
�*uf��Í2Ñ zUw

G = A5
�'wyxCzvufÑ wyzL�y��u\wy| �C� �S�yÌS�C×�ÌS�

5
Ñ zUw�wyzL�N}L�;ènxCzL���

P ∼= C2 × C2
uf��Í

H ∼= A4
� � xCzL�yz A4

|~}ÈwyxCzÄufÑ wyzL�y��u\wy| �C�v�S�yÌS�C×�ÌS�
4
Ñ zUw�wyzL�N}L�ènxCzL���©wyxCz�w � Ì>×C�y| ���U| ×�ufÑ'ÛCÑ ÌE�W=E} A uf��Í B ÌfÒ

kG
uf��Í

kH
�yz�}�×µz��Gwy| ®SzLÑ Ó�uf�yzHr;i>vt>ÌS�y| wNu�z'^a�C| ®\ufÑ zL�aw"ÛC�Ew�ÍEzL�y| ®Sz�Í�ì«Ý"|~�W=\uf�NÍ�í'z'^a�C| ®\ufÑ zL�aw��

º[n Á �\¦µ¨l±´³ �� E�$  � ª«  ¥ §l G�¯ �¡f�s���\¦µ¨[½ ¡S¦ ¥+«  �¡f��¨��( 
º[n>mbn Á �\¦µ¨l±´³ �Ú E�$  � ª«  ¥ §l G�¯ �¡f�7���\¦µ¨[½�¡S¦ ¥+«  �¡f��¨��( n�r� � Ä �   n �îÒ

P
|~}�ufÛµzLÑ |~uf���wyxCzL�

A
uf��Í

B
}�xCÌS�CÑ~Í�Ûµz�ÍEzL�y| ®Sz�Í>ì«Ý"|~�W=\uf�NÍ�í©z'^a�C| ®\ufÑ zL�aw��a��uf{
zLÑ ÓS�

Db(
{
ÌEÍ��

A)
uf��Í

Db(
{
ÌEÍ��

B)
}�xCÌS�CÑ~ÍºÛµzÁz'^a�C| ®\ufÑ zL�aw�uS}*wy�y|~uf�C�S�CÑ~u\wyz�ÍÄ�Lu\wyzL�SÌS�y| z�}L�

º[n2�^nÖ� ¾l �¦��( G¡ n ìÎ����Ý"|~�W=\uf�NÍÌz � ª«¡ ¶ |C�D~ �$z � ª«¡�| m ~ íÁÙ�}y}��C{
z
wyx�u\w
A
uf��Í

B
uf�yzÍEzL�y| ®Sz�Í�ì«Ý"|~�W=\uf�NÍ�í'z'^a�C| ®\ufÑ zL�aw���ènxCzL����wyxCzÚÒÃÌSÑ Ñ Ì � | �C�
xCÌSÑ~ÍC},FìrËí

A
uf��Í

B
x�u®Sz�wyxCzÈ}yuf{
zÚ���C{ùÛµzL�"ÌfÒ/}�| {
×CÑ zÁ{
ÌEÍE�CÑ z�}L�ì Ï í

Z(A) ∼= Z(B)
uS}
k
�YufÑ �SzLÛC�NuS}L� � xCzL�yz Z(A)

|~}*wyxCzÁ�UzL�awyzL�nÌfÒ
A
��uf��Í�xCzL���Uz

Auf��Í
B
x�u®Sz�wyxCzÈ}yuf{
zÚ���C{ùÛµzL�"ÌfÒ^ÌS�NÍE| ��uf�yÓ[| �y�yz�ÍE���U| ÛCÑ zÁ�Nx�uf�NuS�GwyzL�N}L�ì«�aíÄènxCzL�yzÈ|~}Úu�{[u\wy�y| £

X ∈ GL`(Z)
}����Nx>wyx�u\w

CB = XCA
tX
� � xCzL�yz ` |~}�wyxCz���C{ùÛµzL�Ú| �)ìrËíG�

CA
|~}�wyxCzºÐ*uf��wNuf�v{[u\wy�y| £?ÌfÒ

A
uf��Í tX

|~}�wyxCz�wy�Nuf��}�×µÌa}�z�Í{[u\wy�y| £ºÌfÒ
X
�

º[n � n �  ���¨ � ���"�î¦�� Á �\¦µ¨l±´³ �Ä� � Ä � º[n>mgn �*�yÌS�CÔ�� }�ufÛµzLÑ |~uf� ÍEzUÒÃz��GwÁ�S�yÌS�C×?�UÌS�E�
�rz��Gwy�C�yzÁÕ�� Ë�xCÌSÑ~ÍC}"| Ò
ìrËí

P
|~}��UÓE�UÑ |~�ÁÛ�ÓïÝ"|~�W=\uf�NÍ z � ª«¡ ¶ |� G~ ìÃ�CÌfwyzÈwyx�u\w�xCzù×C�yÌ\®Sz�}n| w��CÌfw�ÌS�CÑ ÓºÒÃÌS��wyxCz×C�y| ���U| ×�ufÑJÛCÑ ÌE�W=E}nÛC�Ew�ufÑ~}�Ì
uf��Ó�ÛCÑ ÌE�W=�ÌfÒ

kG
íG�ì Ï í

G
|~}�wyxCzï}�Ó�{
{
zUwy�y|~�º�S�yÌS�C×

Σn
Û�Ó2Ð'x���uf�C��uf��Í2Ý"ÌS��^a�C| zL�"z � �"� º ~ ìÃ�CÌfwyzwyx�u\wnwyxCzLÓº×C�yÌ\®Sz�| w��CÌfw�ÌS�CÑ Ó
ÒÃÌS�nwyxCzÁ×C�y| ���U| ×�ufÑJÛCÑ ÌE�W=E}*ÛC�Ew�ufÑ~}�Ì
uf��Ó�ÛCÑ ÌE�W=�ÌfÒ

kG
íG�ì«�aí

G
|~}
p
�Y}�ÌSÑ ®\ufÛCÑ z�Û�Ó�-�uSÍEzS�ìÃÕ�í
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a1⊗· · ·⊗aq

��ènxCz��S�yÌS�C×
Hq(k, µ⊗q

m )
|~}dwyxCz*�ÚufÑ ÌS|~}��UÌSxCÌS{
ÌSÑ ÌS�SÓ"| �ÈÍEzL�S�yzLz

q
ÌfÒ�wyxCzÚ×C�yÌ����C| wyzÚ�S�yÌS�C×

Γk � | wyxï�UÌ�zKu��U| zL�awN}n| � µ⊗q
m = µm(ks)⊗Z · · · ⊗Z µm(ks)ì

q
wy| {
z�}NíG�
!Ú�C{
{
zL�"wyxCzLÌS�yÓ�Ó�| zLÑ~ÍC}�uf�ï|~}�ÌS{
ÌS�y×CxC|~}�{

k×/(k×)m ∼−→ H1(k, µm)
�
a 7→ (a)

�uf��Í�wyxCzù�ÚufÑ ÌS|~}"}�Ó�{ùÛµÌSÑJ|~}*wyxCzL�vÍEzK���Cz�ÍÄuS}*wyxCzÈ�U�C×E�î×C�yÌEÍE���Gw
hq

m,k

(
{a1, ..., aq}) = (a1) ∪ · · · ∪ (aq) ∈ Hq(k, µ⊗q

l ).

j�zUw
l
ÛµzÄu��C£Ez�Í ×C�y| {
z�| ��®SzL��wy| ÛCÑ z[| �

k
�\?�zºÍEzL�CÌfwyz�Û�Ó

Ql/Zl(q)
wyxCzï�ÚufÑ ÌS|~}

{
ÌEÍE�CÑ z
=
Ñ | {
−→µ

⊗q
ln
�l?�z[uf�yz
| �awyzL�yz�}rwyz�Ív| ��wyxCz
ÒÃÌSÑ Ñ Ì � | �C�Äz'^a�C| ®\ufÑ zL�awÚÒÃÌS�y{ù�CÑ~u\wy| ÌS�ÌfÒ�wyxCz[�*Ñ ÌE�Nx�ê�!Áu\wyÌ�� }��UÌS���rz��Gwy�C�yzS�ºìÎDCÌS�

l = 2
��uÄÍE| <dzL�yzL�awÚ×C�yÌ�ÌfÒ*�Luf�vÛµz�ÒÃÌS�C��Ív| �

z »  a��|b}G~ � í
���D����������� n � z §^� �b� ~ ��ènxCzLÌS�yzL{ ËSËS� Õ�íºHdMCR*¿U¼\TPT ¼\Â/FPO�Å>Z\DyR�R � BEFPÀ\Z\T RUO�½Y]
|Pí?½ÃMCR�ÅfDy¼\B�ø

Hq(F,Ql/Zl(q))
F~IùÉ\FPÀ�F~IGF«ãUT Rn¿U¼\D�Z\O��c�*RUT É

F/k
b

| |Pí�¿U¼\DºZ\O��J�*RUT É
F/k

b�½ÃMCR���Z\T ¼\F~I[I��\X[ãN¼\T
h : KM

q (F )/l → Hq(F, µ⊗q
l )

F~IºZ\OF~IL¼\X[¼\D¾ø�M�F~IGX�b| | |Pí�¿U¼\DnZ\O��4�*RUT ÉÚR>+S½YRUOCIGF«¼\O
F/k

bd½ÃMCR_��Z\T ¼\F~I'I��\X[ãN¼\T
h : KM

q (F )/l → Hq(F, µ⊗q
l )F~IÚIGBED2ÈLRNKU½¾FPÀ\R �

�Y�2×�uf��wy|~�U�CÑ~uf���^wyxCz>}��C�Î�rz��Gwy| ®�| wrÓ�ÌfÒ�wyxCzv�ÚufÑ ÌS|~}
}�Ó�{ùÛµÌSÑn| {
×CÑ | z�}
| wN}
| ���rz��Gwy| ®�| wrÓS�ènxCz�×C�yÌ�ÌfÒ�ÌfÒ�wyxC|~}*�yz�}��CÑ wn|~}*xC| �SxCÑ Ó
wyz��NxC�C|~�LufÑ¾��{[u�=�| �C����}�z�ÌfÒ�{
Ìfwy| ®�|~��wyxCzLÌS�y| z�}*uf��Í}�| {
×CÑ |~�U|~ufÑ^}y�NxCzL{
z�}L�Èð��C���SÌaufÑ©|~}�wyÌº�S| ®Sz�u�{ù���Nx?}�| {
×CÑ zL��×C�yÌ�ÌfÒ�Û�uS}�z�Í>ÌS���ÚufÑ ÌS|~}�UÌSxCÌS{
ÌSÑ ÌS�SÓS� DCÌSÑ Ñ Ì � | �C��è©u\wyz�ì
z �  E� ® }v~ �cX�z��Gwy| ÌS� Ï íG�*wyxCz\���N}rwÄuS}y}�zL��wy| ÌS�2ÌfÒ�wyxCzènxCzLÌS�yzL{ �Luf�ÄÛµzÈ}rwNu\wyz�Íº| �ÄwyzL�y{[}nÌfÒ
l
êEuSÍE|~���UÌSxCÌS{
ÌSÑ ÌS�SÓS�a|¾� zS� �

i′) Hq+1(F,Zl(q))tors = 0
ÒÃÌS��uf��Ó[zU£�wyzL��}�| ÌS�

F/k.

ð��ºwyxCzÁÌfwyxCzL�"x�uf��ÍJ�EwyxCz:=SzLÓº}rwyzL×ÄÌfÒ©wyxCzÈt>zL�>=��C�Î�rzL®Sê.X���}�Ñ | ��wyxCzLÌS�yzL{Î|~},F
�>ª � �$ a��

90
�î¦��

K2

z » §[¶ � ~ 9�RU½
L/k

ãNR�ZºKK�SKUT F«K
R>+S½YRUOCIGF«¼\O ¼r¿ÈÉSRîÅfDyRNR
l � 9�RU½ σãNR�ZùÅaRUOdRUDyZ\½Y¼\Dù¼r¿

G al(L/k) � HdMCRUO?½ÃMCR�KN¼\X�ødT R>+

KM
2 (L)

(1−σ)−→ KM
2 (L)

NL/k−→ KM
2 (k),

F~IùR>+�ZSKU½ � �ùRUDyR NL/k
F~IÁ½ÃMCRÈOd¼\DGX X[Zyø[¿U¼\D:G>FPT Od¼\D

K
WY½ÃMCRN¼\D�� �



1y4x�
^w)�J	�
^�
 q 
^x�
�1 � y�� t �����\�����x�wh������
�G��
 t � W2� �����.
{�� q ¢ Í

�Y��®�| z � ÌfÒ'wyxCz[ufÛµÌ\®SzS�J| wù}�zLzL{[}Ú��u\wy�C�NufÑ©wyÌïÑ Ì�Ì�=ïÒÃÌS�ÁxC| �SxCzL�Áuf��ufÑ ÌS�S�Cz�}�ÌfÒ'wyxC|~}��| Ñ ÛµzL��w�çS�
}rwNu\wyzL{
zL�awnwyx�u\w�uf�yzÚz'^a�C| ®\ufÑ zL�awnwyÌ
wyxCzù�*Ñ ÌE�NxE�"!Áu\wyÌ�� }*�UÌS���rz��Gwy�C�yzS�'ènxC|~}|~}nzU£CuS�GwyÑ Ó � x�u\w � zÚ×C�yÌS×µÌa}�z�wyÌ�ÍEÌ��
� ¦��� E��ª«¦ ¥ n
• DCÌS��ufÑ Ñ i > 0

uf��Í
m > 1

� � zÁ}�zUw
Z/lmZ(i) = µ⊗i

lm ,
uf��Í

Z/lmZ(−i) = Homks−gr(µ
⊗i
lm ,Z/l

mZ).Ù�}"ÛµzUÒÃÌS�yzS�
Ql/Zl(i) =

Ñ | {
−→µ

⊗i
ln
�

• DCÌS�'uf��ufÛµzLÑ |~uf�
�S�yÌS�C× A uf��Í
uÚ×µÌa}�| wy| ®Sz�| �awyzL�SzL� n � z�Ñ zUw nA
uf��Í

A/n
ÍEzL�CÌfwyz

wyxCz:=SzL�y�CzLÑ�uf��ÍÄ�UÌ�=SzL�y�CzLÑd�yz�}�×µz��Gwy| ®SzLÑ Ó�ÌfÒ�wyxCzÁ{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�
A
×n−→ A

�
• Ators

|~}"wyxCzù{[u\£E| {[ufÑ�wyÌS�N}�| ÌS�>}��CÛC�S�yÌS�C×ïÌfÒ
A
uf��Í

A{l} wyxCz l ê�×C�y| {[uf�yÓ�×�uf��w
Ators

�
• A N

b

|~}nwyxCzÈufÛµzLÑ |~uf�ï�Lu\wyzL�SÌS�yÓ
ÌfÒ^×C�yÌ��rz��Gwy| ®SzÚ}�ÓE}rwyzL{[}
· · · → An → An−1 → · · · → A1 → A0.

?�z>ÍEzL�CÌfwyzïÛ�Ó�Ñ | {
←−

n

1 wyxCz����N}rw�ÍEzL�y| ®Sz�Í�ÒÃ�C���GwyÌS�[ÌfÒ�wyxCzïÒÃ�C���GwyÌS�
Ñ | {
←−

n

: A N
b → AbìÃxC| �SxCzL��ÍEzL�y| ®Sz�Í�ÒÃ�C���GwyÌS�N}"uf�yz�wy�y| ®�|~ufÑPíG�

�^n�� ¦ ¥ ��ª ¥ ¨©¦µ¨©�ÃÄÄ  � ¦µª«�
¡S¦b¾©¦b¡�¦ � ¦´���
j�zUw

G
Ûµz�uÚ×C�yÌ����C| wyz"�S�yÌS�C×��©�îÒ

M
|~}'u

Zl
ê�{
ÌEÍE�CÑ z"ÌfÒ����C| wyz"wrÓ�×µz � | wyx�uÁ�UÌS�awy| �E��CÌS��}�uS�Gwy| ÌS�ïÌfÒ

G
� � | wyx>�yz�}�×µz��Gw�wyÌ
wyxCz l �YuSÍE|~��wyÌS×µÌSÑ ÌS�SÓS� � zÈÍEzL�CÌfwyzÈÛ�Ó H i(G,M)wyxCz

l
�YuSÍE|~���UÌSxCÌS{
ÌSÑ ÌS�SÓ��S�yÌS�C×�}JÌfÒ�è©u\wyzsz �  E� ® }v~ ÍEzK���Cz�Í � | wyx��UÌS�awy| ���CÌS��}��UÌE�Nx�uf| ��}L�ènxCzÚÑ | �.= � | wyxºwyxCzÁ�UÑ~uS}y}�|~�LufÑ�wyxCzLÌS�yÓ[|~}*�S| ®SzL�ºÛ�Ó
wyxCzÁt>| Ñ �CÌS�'� }'zU£CuS�Gw"}�z'^a�CzL���Uz
ìrT ¼�K �KUFP½ � �Cñ��yÌS×µÌa}�| wy| ÌS� Ï � Ï íìrËí

0→ Ñ | {←−
n

1Hq−1(G,M/ln)→ Hq(G,M)→ Ñ | {
←−

n

Hq(G,M/ln)→ 0.

X�| ���Uz/wyxCz��S�yÌS�C×�}
H0(G,M/ln)

uf�yz����C| wyz'uf��Í�wyxCz'}�ÓE}rwyzL{ (
H0(G,M/ln)

) }yu\wy|~}���z�}wyxCzÈt>| w�wNuf�f�"j�zF�[zL�'� }n�UÌS��ÍE| wy| ÌS��� � zÁx�u®Sz
H1(G,M) =

Ñ | {
←−

n

H1(G,M/ln).

�Y�ï×�uf��wy|~�U�CÑ~uf���
H1(G,Zl) =

Ñ | {
←−

n

H1(G,Z/lnZ)

=
Ñ | {
←−

n

Homgr(G,Z/l
nZ) = Homgr,cont(G,Zl),



¢<° 8�� r 1^wyx�x��

wyxCz[Ñ~uS}rwÈ|~}ÚwyxCz[�S�yÌS�C×�ÌfÒn�UÌS�awy| ���CÌS��}ÚxCÌS{
ÌS{
ÌS�y×CxC|~}�{[}�ÒÃ�yÌS{
G
wyÌ

Zl
�ºènxC|~}ÚwyxCzU�ÌS�yÓ>�Luf�y�y| z�}��U�C×E�î×C�yÌEÍE���GwN}L�d�yz�}rwy�y|~�Gwy| ÌS�v{[uf×�}ÚÝ"z�} i : H i(G,M) → H i(H,M)

uf��Í�UÌS�yz�}rwy�y|~�Gwy| ÌS�º{[uf×�}�Ð'ÌS� i : H i(H,M)→ H i(G,M)
ÒÃÌS�

H
ÌS×µzL�ï| �

G
�

?�zÈuS}y}��C{
z�wyx�u\w
M
|~}nwyÌS�N}�| ÌS��ÒÃ�yzLzS��ènxCzÁzU£CuS�Gw�}�z'^a�CzL���Uz

0→M
×lm−→ M →M/lm → 0| ��ÍE���Uz�}nwyxCzÁzU£CuS�Gw�}�z'^a�CzL���Uz

ì Ï í
0→ Hq(G,M)/lm → Hq(G,M/lm)

δ−→ lmH
q+1(G,M)→ 0.ñ/uS}y}�| �C�ùwyÌ
wyxCzÁÑ | {
| w�| �

m
Ó�| zLÑ~ÍC}*wyxCzÁzU£CuS�Gw�}�z'^a�CzL���Uz[ì
z �  E� ® }v~ ��X�z��Gwy| ÌS� Ï í

ì«�aí
0→ Hq(G,M)⊗Zl

Ql/Zl → Hq(G,M ⊗Ql/Zl)
δ−→ Hq+1(G,M)tors → 0.t>ÌS�yzLÌ\®SzL���\wyxCz��S�yÌS�C×

Hq(G,M)⊗Zl
Ql/Zl

|~}�wyxCz�{[u\£E| {[ufÑdÍE| ®�|~}�| ÛCÑ zÚ}��CÛC�S�yÌS�C×[ÌfÒ
Hq(G,M ⊗Ql/Zl)

�
j�zUw

H
Ûµz�uf�[ÌS×µzL���CÌS�y{[ufÑ�}��CÛC�S�yÌS�C×[ÌfÒ

G
}����Nx[wyx�u\w'wyxCz�^a�CÌfwy| zL�aw

G/H = Γ
|~}�UÓE�UÑ |~�"ÌfÒdÌS�NÍEzL�

l
��D©| £[uÁ�SzL�CzL�Nu\wyÌS�

σ
ÌfÒ

Γ
uf��Í[}�zUw

N = 1+σ+ · · ·+σn−1 ∈ Zl[Γ]
�

?�zï}�x�ufÑ Ñ*��}�zºwyxCzÄ�CÌS�y{ {
ÌS�y×CxC|~}�{
N : Zl → Zl[Γ]

{[uf×C×C| �C�
1
wyÌ
N
uf��Í wyxCzuf�C�S{
zL�awNu\wy| ÌS��{[uf×

ε : Zl[Γ] → Zl
ÍEzK���Cz�Í�Û�Ó

ε(
∑

i aiσ
i) =

∑
i ai
� ?�zºx�u®Sz

ε ◦N = ×l uf��ÍºwyxCzÁzU£CuS�Gw�}�z'^a�CzL���Uz
0→ Zl

N−−→ Zl[Γ]
1−σ−−→ Zl[Γ]

ε−−→ Zl → 0.
?�z>}�zUw

I =
!ÚzL� (

ε)
�
J = Coker(N)

uf��Í2�UÌS��}�|~ÍEzL��wyxCz>�yz�}��CÑ wy| �C��|~}�ÌS{
ÌS�y×CxC|~}�{
(1− σ) : J

∼−→ I
��Ù"ÒPwyzL�"wyzL��}�ÌS�y| �C�ùwyxCzÈ}�xCÌS��w"zU£CuS�Gw�}�z'^a�CzL���Uz�}

0→ I → Zl[Γ]→ Zl → 0uf��Í
0→ Zl → Zl[Γ]→ J → 0

� | wyx ⊗Zl
M
� � zÚ{[uÓ���}�zJX�x�uf×C| �yÌ�� }nÑ zL{
{[uùwyÌ[ÌSÛEwNuf| �ºwyxCzÈ�UÌS{
{ù�EwNu\wy| ®SzÁÍE|~uf�S�Nuf{

Hq(G, M) �#�}� q // Hq(H, M) // Hq(G, M ⊗Zl
J) //

(1−σ)

��

Hq+1(G, M) �#�}� q+1
// Hq+1(H, M)

Hq−1(G, M)  P¡£¢ q−1
// Hq−1(G, M)

δ // Hq(G, M ⊗Zl
I) // Hq(H, M)  P¡£¢ q // Hq(G, M).ènxCz�{[uf×

Hq(H,M)→ Hq(H,M)
|~}'�S| ®SzL��Û�Ó

1−σ ��Ù$ÍE|~uf�S�Nuf{4�Nx�uS}�z�Ó�| zLÑ~ÍC}wyxCzÁzU£CuS�Gw�}�z'^a�CzL���Uz
ìÃÕ�í

Hq(G,M)→ Hq(H,M)1−σ → Hq−1(G,M)/
Ð'ÌS� q−1

(
Hq−1(H,M)

)

ϕ−→ !ÚzL�
(
Ý"z�} q+1)→ !ÚzL�

(
Ð'ÌS� q)/(1− σ)Hq(H,M)→ 0.
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^�
 q 
^x�
�1 � y�� t �����\�����x�wh������
�G��
 t � W2� �����.
{�� q ¢<µ

?�zÈ�CÌ � ÒÃÌE�U��}�ÌS�ïwyxCzù�LuS}�zÁÌfÒ G = Γk
� � | wyx l �YuSÍE|~��{
ÌEÍE�CÑ z�} Zl(i) :=

Ñ | {
←−µ

⊗i
ln
�

?�zÁx�u®Sz
H1(k,Zl(1)) =

Ñ | {
←−

n

H1(k, µln) =
Ñ | {
←−

n

k×/k×ln .

�Y�
ÌfwyxCzL� � ÌS�NÍC}L�wyxCz��S�yÌS�C× H1(k,Zl(1))
|~}^wyxCz

l
êEuSÍE|~�n�UÌS{
×CÑ zUwy| ÌS�
ÌfÒ

k×
��?�znwyxCzL�x�u®Sz�uº�Luf�CÌS�C|~�LufÑ�{[uf×

h1 : k× → H1(k,Zl(1))
�Èè©u\wyz
ÍEzK���Cz�Í>wyxCz

l
�YuSÍE|~���ÚufÑ ÌS|~}}�Ó�{ùÛµÌSÑ�ì
z �  E� ® }v~ ��ènxCzLÌS�yzL{Î�C� Ëí'Û�Ó

hq
k : KM

q (k)→ Hq(k,Zl(q)), {a1, · · · , aq} 7→ h(a1) ∪ · · · ∪ h(aq).ènxC|~}�}�Ó�{ùÛµÌSÑJÑ | ÒPwN}nwyxCzÁ��}���ufÑ��ÚufÑ ÌS|~}"}�Ó�{ùÛµÌSÑ
hq

lm,k : KM
q (k)/lm → Hq(k, µ⊗m

lm ).
��ÌfwyzÚwyx�u\w � zÁx�u®Sz�wyxCzÚÒÃÌSÑ Ñ Ì � | �C�
�UÌS{
{ù�EwNu\wy| ®SzÁÍE|~uf�S�Nuf{ØÌfÒ/�UÌS{
×CÑ zU£Ez�}

KM
q (L)

(1−σ)
//

hq
L

��

KM
q (L)

NL/k
//

hq
L

��

KM
q (k)

hq
k

��

Hq(L,Zl(q))
(1−σ)

// Hq(L,Zl(q))

Ð'ÌS� L
k // Hq(k,Zl(q)),uf��Í�wyxCzÁÑ | �.= � | wyxÄwyxCzÁ×C�yÌSÛCÑ zL{ÎÌfÒ0��| Ñ ÛµzL��w�çS�ÈÒÃÌS��t>| Ñ �CÌS�'� } K êawyxCzLÌS�yÓ
wyxCzL�yzLÌfÒr�

� n
l �  C§©ª«¡"�î¦��(¡�¨ �  E��ª«¦ ¥ ��¦b�"��¾l  Á°� ¦�¡�¾ � {  E��¦ ¡S¦ ¥+«  �¡f��¨��( 

?�zÈ�UÌS��}�|~ÍEzL�*wyxCzÚÒÃÌSÑ Ñ Ì � | �C�ùw � Ì[uS}y}�zL��wy| ÌS��},F
¤
l �  C§©ª«¡��>ª � �$ a���| � ª ¥ §l +���( G  q¥ n Q�¼\DÈZ\O��ºR>+S½YRUOCIGF«¼\O F/k Z\OdÉ�¿U¼\DùZ\O��ºKK�SKUT F«KR>+S½YRUOCIGF«¼\O

E/F
¼r¿ùÉSRîÅfDyRNR

l
Â/FP½ÃM���Z\T ¼\F~I�ÅfDy¼\B�ø

Z/lZ = 〈σ〉 b'½ÃMCR�KN¼\X�ødT R>+
Hq(L,Zl(q))

(1−σ)−→ Hq(L,Zl(q))

Ð'ÌS� L
k−→ Hq(k,Zl(q))F~IùR>+�ZSKU½ �

¤
l �  C§©ª«¡¿�>ª � �$ a���| � �î¦��[�!�D¡?�'¦ � �ùª ¥ §l +���( G  q¥ n 9�RU½ F/k ãNRùZA�*RUT É�R>+S½YRUOCIGF«¼\OZ\OdÉ

E/F
ZÄKK�SKUT F«K
R>+S½YRUOCIGF«¼\O�¼r¿ùÉSRîÅfDyRNR

l
Â/FP½ÃM|��Z\T ¼\F~I�ÅfDy¼\B�ø

Z/lZ = 〈σ〉 � �Ã¿
β ∈ �Y{ (KM

q (E)→ Hq(E,Zl(q))
)
,

F~IÚIGB�KNMï½ÃMCZ\½*½ÃMCRUDyRùR>+SF~IG½«I
β0 ∈ Hq(F,Zl(q))

ILZ\½¾F~IÃ¿W�\FPO�Å
Ð'ÌS� E

F (β) = lβ0,½ÃMCRUO
β − Ý"z�} EF (β0) ∈ (1− σ) ·Hq(E,Zl(q)).
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?�zÈ�Luf�Ä�CÌ � }rwNu\wyzÚÌS�C�"{[uf| �ï�yz�}��CÑ w��
���D��������� ¨ n HdMCR*¿U¼\TPT ¼\Â/FPO�Å>Z\DyR�R � BEFPÀ\Z\T RUO�½Y]|Pí HdMCR�ÅfDy¼\B�ø

Hq(F,Ql/Zl(q))
F~IùÉ\FPÀ�F~IGF«ãUT Rn¿U¼\D�Z\O��c�*RUT É

F/k
b| |Pí

l
W�ZSÉ\F«KP�ÁFPT ãNRUDG½

90
FPO ÉSRîÅfDyRNR

q
b| | |Pí

l
W�ZSÉ\F«KP�ÁFPT ãNRUDG½

90
¿U¼\DÁI��\X[ãN¼\T IÁFPO ÉSRîÅfDyRNR

q
b| ®Cí\Q�¼\D�Z\O��%�*RUT É�R>+S½YRUOCIGF«¼\O

F/k
b�½ÃMCR���Z\T ¼\F~I�I��\X[ãN¼\T

hl,F : KM
q (F )/l → Hq(F )F~IùZ\O?F~IL¼\X[¼\D¾ø�M�F~IGX�b®Cí\Q�¼\D�Z\O��%�*RUT É�R>+S½YRUOCIGF«¼\O

F/k
b�½ÃMCR���Z\T ¼\F~I�I��\X[ãN¼\T

hl,F : KM
q (F )/l → Hq(F )F~IÚIGBED2ÈLRNKU½¾FPÀ\R �

j�zUwÁ��}Á}�=SzUwN�NxvwyxCz
×C�yÌ�ÌfÒ � xC|~�Nx��SÌ�z�}�Û�Óv| ��ÍE���Gwy| ÌS��ÌS� q > 1
��Ù =SzLÓ>×µÌS| �awÁ|~}wyÌ[��}�zÚwyxCzÈzU£CuS�Gw�}�z'^a�CzL���Uz[ìÃÕ�í*ÒÃÌS��u
�S| ®SzL�>�UÓE�UÑ |~�ÚzU£�wyzL��}�| ÌS�

L/k
ÌfÒ^×C�y| {
zÈÍEzL�S�yzLz

l
�\?�zº�CzLz�Í wyxCzL��uv�Nx�uf�NuS�GwyzL�

χ ∈ H1(k,Z/lZ)
ÍEzK���C| �C�

L/k
uf��Í�u>�SzL�CzL�Nu\wyÌS�

σ ∈ G al(L/k)
��ènxCz�}�zÚÓ�| zLÑ~Í�wyxCzÚÒÃÌSÑ Ñ Ì � | �C�
zU£CuS�Gw�}�z'^a�CzL���Uz

ì¾�Sí
Hq−1(k,Zl(q))

∪δ(χ)−−−→ !ÚzL� [
Hq+1(k,Zl(q))→ Hq+1(L,Zl(q))

] ρ−−→
!ÚzL� [

Hq(L,Zl(q))

Ð'ÌS� L
k−−−→ Hq(k,Zl(q))

]
/(1− σ)Hn(L,Zl(q)) → 0.

|Pí
=⇒ | |Pí�F0?�zÁx�u®Sz

Hq+1(k,Zl(q))tors = 0
uf��Íº| �ï×�uf��wy|~�U�CÑ~uf�

!ÚzL� (
Hq+1(k,Zl(q))→ Hq+1(L,Zl(q))

)
= 0.ènxCzÁzU£CuS�Gw�}�z'^a�CzL���Uz[ì¾�Sí'| {
×CÑ | z�}nwyxCzL�Äwyx�u\w"wyxCzÈ�UÌS{
×CÑ zU£

Hq(L,Zl(q))
(1−σ)−→ Hq(L,Zl(q))

Ð'ÌS�
L

k−→ Hq(k,Zl(q))|~}nzU£CuS�Gw��
| |Pí

=⇒ | | |Pí�F�ÌSÛ�®�| ÌS��}L�
| | |Pí

=⇒ | ®Cí�F�ènxC|~}È|~}ÚwyxCz��CÌS�E�¾wy�y| ®�|~ufÑ�×�uf��wÈÌfÒ*wyxCzºuf�y�S�C{
zL�aw��Ä�*ÓvwyxCzº�nuS}y}YêEè©u\wyz
Ñ zL{
{[uC� � z"{[uÓ � ÌS�>=ùÌS�CÑ Ó � | wyxºuf�
zLÑ zL{
zL�aw β = h

(∑
i {ci, bi}

)
∈ Hq(L,Zl(q)))

� | wyx ci ∈ L× uf��Í bi ∈ KM−1
q (k)

�i?�zÈ{[uÓÄuS}y}��C{
zÚwyx�u\w
k
�UÌS�awNuf| ��}�u
×C�y| {
| wy| ®Sz

l
�î�yÌ�ÌfwnÌfÒ©�C�C| wrÓ

ζ
���*Óºx�Ó�×µÌfwyxCz�}�|~}L� � zÚx�u®Sz
l β0 = NL/k(β) = h

(∑

i

{NL/k(ci), bi}
)
.

Ù*w'wyxC|~}*×µÌS| �aw � z�ÌSÛ�}�zL�y®SznÒÃÌS�'ÒÃ�Ewy�C�yz��yzUÒÃzL�yzL���Uz"wyx�u\w'wyxCz�×C�yÌSÛCÑ zL{ ÌfÒ l �YuSÍE|~�c��| Ñ ÛµzL��wçS��ÒÃÌS��}�Ó�{ùÛµÌSÑ~}�uSÍE{
| wN}�uJ�r®SzL�N}yufÑ£¦��LuS}�z�ì«uf��ufÑ ÌS�SÌS��}*wyÌ[wyx�u\w�ÌfÒ^wyxCzÈ®SzL�N}yufÑJwyÌS�N}�ÌS�N}L�



1y4x�
^w)�J	�
^�
 q 
^x�
�1 � y�� t �����\�����x�wh������
�G��
 t � W2� �����.
{�� q ¸ �

X�zLzÈì
z Ä » §[�b� ~ �ZX�z��Gwy| ÌS���E� ËíG�e?�z"{[uÓ�uS}y}��C{
z*wyx�u\w
L = k( l

√
s)
ÒÃÌS�'}�ÌS{
z

s ∈ k× �ènxC|~}*ufÑ Ñ Ì � }���}�wyxCzL�[wyÌÈwyxC| �.=[ÌfÒJwyxCz�zU£�wyzL��}�| ÌS� L/k uS}/wyxCzÚ}�×µz��U|~ufÑ | é�u\wy| ÌS��u\w t = sÌfÒ�wyxCz
zU£�wyzL��}�| ÌS�
k(t′)/k(t) � xCzL�yz (t′)l = t

��DCÌS�Úz�uS�Nx
ci
uS}ÚufÛµÌ\®SzS� � z
�UÌS��}�|~ÍEzL�wyxCz�X�zL®SzL�y| êE�*�Nuf�CzL�'®\uf�y| zUwrÓ�ÌfÒ©wyxCzÁ�UÓE�UÑ |~�

k(t)
�YufÑ �SzLÛC�NuS}'ÌfÒ/ÍEzL�S�yzLz

l

Aζ

(
NL/k(ci), t

)
,ÌfÒÁ×C�yz�}�zL�awNu\wy| ÌS�

X l = NL/k(ci)
�
Y l = t

��uf��Í
XY = ζY X

� j�zUw
F/k(t)

Ûµz
wyxCzù�UÌS{
×µÌa}�| wy�C{ ÌfÒ^wyxCzÁÒÃ�C���Gwy| ÌS����zLÑ~ÍC}�ÌfÒ©wyxCz�}�zÈ®\uf�y| zUwy| z�} (1) �"ènxCzL�yzÁzU£E|~}rwN}�}�ÌS{
zÒÃ�C���Gwy| ÌS��}

gi ∈ F ′ = F.k(t′) � | wyx t′ = l
√
t
}yu\wy|~}rÒÃÓ�| �C�

NL/k(ci) = NF ′/F (gi)
�i?�z

{[uÓ��NxCz��W=�wyx�u\w
hL

(∑
i {ci, bi}

)
− Ý"z�} Lk (β0)

|~}�z�}y}�zL�awy|~ufÑ Ñ Ó�u�}�×µz��U|~ufÑ | é�u\wy| ÌS��u\w
t = s

ÌfÒ©wyxCz_�r®SzL�N}yufÑ ��zLÑ zL{
zL�aw
hF ′

(∑

i

{gi, bi}
)
− Ý"z�} F ′k (β0) ∈

!ÚzL� (
Hq(F ′,Zl(q))

Ð'ÌS� F ′
F−→ Hq(F,Zl(q))

)
.

ènxCzÚ×C�yÌ�ÌfÒ©|~}"�CÌ � ���C|~}�xCz�ÍÄÛ�Óºu
}�xCÌS��w�uf�y�S�C{
zL�awn��}�| �C���auf�C��}�zL�M� }*wyxCzLÌS�yÓ�ÌfÒ©ÔUwNufÑ z�UÌSxCÌS{
ÌSÑ ÌS�SÓ z ¾�  ¥+¶b¶ ~ ì«}�zLz¼z ÄÄª � ~ ÒÃÌS��ÍEzUwNuf| Ñ~}NíG�
| ®Cí

=⇒ ®Cí�F/ÌSÛ�®�| ÌS��}L�
®Cí

=⇒ |Pí�F�X�| ���UzºwyxCz>�ÚufÑ ÌS|~}�}�Ó�{ùÛµÌSÑ
KM

q (k)/l → Hq(k, µ⊗q
l )

|~}�}��C�Î�rz��Gwy| ®SzS��}�Ì
|~}�wyxCz
{[uf×

Hq(k,Zl(q)))/l → Hq(k, µ⊗q
l )
�ù�îwÁÒÃÌSÑ Ñ Ì � }�ÒÃ�yÌS{ wyxCz
zU£CuS�GwÁ}�z'^a�CzL���Uz

(2.1.2)
wyx�u\w

lH
q+1(k,Zl(q)) = 0

�^ènx���}
Hq+1(k,Zl(q))tors = 0

uf��Í � z��UÌS���UÑ ��ÍEzwyx�u\w
Hq(k,Ql/Zl(q))

|~}�ÍE| ®�|~}�| ÛCÑ zS�
�
¡�� ¥ ¦ e �  �§g�b¡   ¥ � n � � ÌS�CÑ~Í)Ñ | =Sz>wyÌ�wyx�uf�.=)Ù���wy�C�yÌ�ñ�|~uf�CéLÌSÑ~u ÒÃÌS��xC|~}ºxCzLÑ × | �| {
×C�yÌ\®�| �C�ùwyxCzÁzU£E×µÌa}�| wy| ÌS�ÄÌfÒ©wyxC|~}�}�xCÌS��wn�CÌfwyzS�

�  G�¯ a�(  ¥ ¡� ��
Î #�� � Ò ßfÕ^�/× ã�ã�Ø æ " '�%c��è�� �Å��&!� è�� 	�� ���

l
íW&���� Û(ê��Å���·é�è���G¯��é��
ê��
�¬��� Ï � è(é�ì�æ�1M&��
è�þï��
��ï��
� �(�Mþ>�! � )��ÿ�þ�@�@�@[<y5�9�?!8�:C5�9�?�6U,l<2E�FG6(H�IG6!:(;�:��(:(;!=D<>=(:�ïF§�í�î�ï��

Î # Ð "  )��Ò�,^Õb�kå�Ù�× þ�å�ã<Ò�×$ÑqØ�Õ+â·Ø�Ù&e´ÐvÙ�@�Ø�Ù ÞWç�Õ ã�ßfÕ�,vØ�Ù�Ù�Ø°æè9:��ú��!,7��1 �!�!0�8
.�1^0yô�õ!.���02*.!ô�÷���0yôg¨�.�1 �!0º�¨8!��ú��!,7��1 �!��5,þ�ÿ���� �����
	�� �W'â%���é��
ê��
� " ���
� ��	Wþl��è����l��>�þq/$%/���
� éC&!�Ð &��
ì���%�&��
� éC&!� " è(é�� ���W'�þ+\^�
è���� ������é��'þ»ý%û�þG�! � )���
Î ^�&!�+>)>�Òª©�Õ�ç�å�ÝvÝvÚCØ�Ýfæfçlè��(�
� ��ê�è�ê�	�<���&!� �[é�è�ì�è�%/è�� è��!'.þ(ù�.!÷yú�ø�f�ô�ôvø�üGý�=�þ¯�C�)>)>�ÿ�þ���è��!��þï����! �Ñ�æ��H×�k��

(1) « ` l = 2
Â ÏWYÇÊ Í Ê Í ÏWY ¾�ÃÇÌ>_ T ¾
] ÏmÊ Ë ¾c]
_ ÉÇÊ ]s_�`e¾!y V a ÏmÊ _ É

x2 − aiy2 = tz2 Ê É
P

2
k(t)

h Y ¾�ÌÎ¾ ai =

NL/k(ci)
À



¸ p 8�� r 1^wyx�x��

Î 1M&���>� �Ò M�Õ2Mkå�ÛvÜ�æ0/Ì����������&!� � ëC&��
� è��¼è!ò^� è(éC&!�bé�� &!	�	�ÜG��� ���
ì���è!��'��('�ê�	�� ���
K
í>�!�
è�ê�ï�	R�

û"û�þ�3�ø�Eb.<8�ø´4&8�0>ø���ô�0yõ�ø��&�F�H5<�74vöS8�÷WøbóSf ù�.!÷yú�ø�ü&ú�þ¯�C�)>� �ÿ�þG��è��+��þGï����� )�Cæ��)>)���
Î Ð ��������Ò Ø�ÕY,^Õ�â·Ø�Ù&e´ÐvÙ ′ Ø�Ù/æP@��c�
ì��+��è!�
% �
��	�� ��ê��gì�è�%/è�%/è!�
ï�ì�� 	�% òyè!�:ÜG��� ��	Wþ Ð &��
ì�í��%�&��
� é�	D� � " �B�<\4���
���
	���ê��
��þ�/$%/���B� Ð &��
ì�� " è(é)� Î ��&!��	���� " ���B�(��þ���è�������ÑH×�þ�/$%/���B�Ð &��
ì�� " è(é)� þ&\^�
è���� ������é��'þ»ý%û�þv�C������þGï���×��Cæ�Ñ(�)�
Î Ð " >��CÒ Ø�ÕA,^ÕMâ·Ø�Ù&e´ÐvÙ ′ Ø�Ù Þ	Ø�ÕJØ�ÕA,YÐvÚCã�× ÝÅæ K

í>é�è�ì�è�%/è�� è��!' è!ò " �������
� í Ï ��&!ê������&��
� ���
� ��	l&!�G�M�
ì��g��è!�
% �
��	�� ��ê���ì�è�%/è�%/è!�
ï�ì�� 	�%lþ�ó�C�õ�ø�fb��.<�(ø#�f.����(4�4�4�ZÚ4vö��Cøù�.!÷Wø�j4="þ¯�C�)>���ÿ�þ���è��&k�þ�ï��v�C �����æG�C �×���þD���B�<k�æG���B�����
Î ý$è�	
 ��CÒ â¬Õ(-fÜbÚ�Û¿æF'�è!�
%¹��&��
� ���
� ��	�&!�G�U&!� ��������&!� é¼é�è���è!����� 	�%lþ�Þg�S�B8�ö
öS�!0yô�������
°÷yú�öó
ô�÷Wö���ô�.!÷20��!ô�.�1&9:�!ô����
ö��!�q��
Dù�.!÷yú�ö�,/.!÷20�8�0-.!ô��7¬����1 ø�ób��A�ö�0 Q�0yô��+¬�P®-®F��$þ Ï ��� G¯� ���(ÿ�þ��� ��ì�����T[�Y��\^�
��	�	Wþv�! � ���þ�ï�����×����
Î " #´ � �Ò Ø�Õ�,YÐvÚCã�× Ý Þ�c°Õ.csÜbØ�ÙvÜ´Ò�ÚBeYÔ�æ Ï � è(é�ì�í$1M&��
èké�è���G¯��é��
ê��
�M&!�G��%/è!�
� ��� é´é�è�ì�è!í%/è�� è��!'¼î�� �
ìsÜG��� �
�sé�è(�q¯/é�� ���(�
	Wþ Î ì��k&��
� �
ì�%/���
� ék&!�G�¼����è�%/������'¼è!òg&!� ��������&!� éé�'�é�� ��	°þ Ï &!�P°þq/ Ï þ+�C���)>�ÿ�þq'_/ Î @ " é���� " ���B�[ç Ð &��
ì���\Dì('�	R� " é���� þl��è����:kH×<>�þ

1f� ê(î+����/géC&��Y��\Dê������ þ � è!�����
��é�ì(��þG�! � � �þ�ï��v����Ñ�æG�B>����
Î Î &���Ñ!��Ò ç�ÕEÓlå�ÛvØ¼æ�ý$��� &��
� è���	s�����Wî+�����

K2
&!�G�·#´&!� è�� 	ké�è�ì�è�%/è�� è��!'.þ+ó
ô�õ�ö�ô�÷Wølù�.!÷yú�ø

;>="þ¯�C��Ñ!��ÿ�þGï����)k�Ñ�æ���ÑH×��
Î #[è(��Ò c°ÕYcsÜbØ�ÙvÜ´Ò�ÚBeYÔ�æ7@��/%/è!�
� ��� é�é�è�ì�è�%/è�� è��!'kî�� �
ì

Z/lZ
é�è(�q¯/é�� ���(�
	Wþ�ï��
��ï��
� �(�þ>�! � )��ÿ�þ�@�@�@[<y5�9�?!8l<2EG6�EG7b<W:�=!E�ïF±GHC?!8�:�(!A<v�ï��



¡J¢�£ ¤'¥�¦i¢�£h§ ¨"©�¤'¥�¨eª~«�¨~£h§ £h¬'£ �®�¥�¦�§ «�¢�¯"¨
° ±�²�³w´�µ�¶�· ¸�¹»º'¼'½�¾�¿»À Á~Â�Ã»À�����Å���Õ
È4ÉÇÊ Ë ¾�ÌÎÍ Ê Ï~Ð>Ï0ÑeÒWÏÎÏmÊ ÉÇÓ ¾ É Â�Ô�Õ�ÕWÖ

Ú0ÝJ Câ�ÜNÚ0Þ�Ù�í|ÝNã_ä8Üaâlã_ãcÞ- HÛCÞ�× ×HÝ�Ü:å|âCÚèä Ù�ñ æoä%² ÞÇæoä ã
G\ÝNälÛCâ�Ü|Ù�Þ�Ø�Ù�Þ�× Ø\Ü ñ�â�ÜNÚ

³ ó)æôó�×Hõ�úP´%ø�µ'"
Ð &��
ì���%�&��
� 	�é�ì���	�ûW��	¯�
� �
ê��^�����[#���è!�
�!í÷/$ê���ê�	¯�ÿ���� �����
	�� ����D#�`!���
� ��������þ Ï ê���	�����	¯���B�2��í
k�þ+��Ñ! �Ñ���#�`!���
� ��������þ�#����
%�&!�('

•
)+*-,/.!02143�7!:�A<ë�6�F#(�B�E�FG6(H�5�9�?!8l<>J�@(=�JD<>=(:

KML!N�O-P�Q�R!O�S T ¾ Ó�Ê Ë ¾ca É ¾£¶'Ã�\ Ê ] Ê Ï�Ë ¾�ÌÎÍ Ê _ É _�` ÏWY ¾|·÷�e¾ V Ì Ê ÉÇÓ ]
_�ÌÎÌÎ¾�ÍmÃ�_ É ¿Ç¾ É ]�¾�¸0{�¾ Ï h ¾�¾ É Í V Ã�¾�Ì �Í Ê ÉÇÓCV \ aWÌe¾
\ \ Ê Ã ÏmÊ ]�] V Ì Ë ¾�Í$a É ¿/ZMaq¶ Ê ZMa�\�y V a Ï ¾�Ì ÉÇÊ _ ÉÇÊ ]´_�ÌÎ¿Ç¾�ÌÎÍ�Â�{�X:ÃÇÌÎ¾�Ím¾ ÉKÏmÊ ÉÇÓ aA¿Ç¾ Ï ¾�Ì>Z Ê ÉÇÊ Í ÏmÊ ]�a É ¿
¾£¶'Ã�\ Ê ] Ê Ï a�\ Ó _�Ì Ê ÏWY Z Ï _f]
_CZAÃ V'Ï ¾ Ê Ï À

mbn ¤U¥ �L�\¦�§©¨©¡f��ª«¦ ¥
�Y�ùwyxC|~}^�CÌfwyz"ufÑ ÑZ��zLÑ~ÍC}^ÌfÒµ×µÌa}�| wy| ®Sz"�Nx�uf�NuS�GwyzL�y|~}rwy|~� � | Ñ ÑEÛµznzL| wyxCzL�����C| wyz"ÌS�©ÒÃ�C���Gwy| ÌS���zLÑ~ÍC}ÁÌfÒ��U�C�y®Sz�}ÁÍEzK���Cz�Í Ì\®SzL�Áu����C| wyzºufÑ �SzLÛC�Nuf|~��zU£�wyzL��}�| ÌS��ÌfÒ

Fp
�H;�Ñ Ñ | ×Ewy|~�º�U�C�y®Sz{
z�uf��}�ÌfÒPwyzL�v|~}�ÌS{
ÌS�y×Cx�Óï�UÑ~uS}y}"ÌfÒ�zLÑ Ñ | ×Ewy|~���U�C�y®Sz�}L��Ù�Ñ Ñ�^a��uSÍE�Nu\wy|~�ÚÒÃÌS�y{[}�x�u®SzÈ| �awyzU��S�NufÑJ�UÌ�zKu��U| zL�awN}L�wDCÌS��ÍEzUwNuf| Ñ~}"}�zLz�z � ¥ ~ �

j�zUw
k
Ûµz�u����C| wyz:��zLÑ~ÍïÌfÒ��Nx�uf�NuS�GwyzL�y|~}rwy|~�

p � | wyx\�C£Ez�Í>ufÑ �SzLÛC�Nuf|~�Ú�UÑ Ìa}��C�yz k̄ �Aj�zUw
E
Ûµz�uf�ºzLÑ Ñ | ×Ewy|~���U�C�y®Sz�Ì\®SzL�

k
uf��Í

k(E)
| wN}'ÒÃ�C���Gwy| ÌS�C��zLÑ~ÍJ�wX����Nxºuù�U�C�y®Sz�|~}*�LufÑ Ñ z�Í

Y+y�o�]UnUY�p r�m�y)h�[�nn| Ò^ÌS�CzS�Cuf��ÍÄxCzL���UzÁufÑ Ñ¾�CÌfÒ�wyxCzÚÒÃÌSÑ Ñ Ì � | �C��z'^a�C| ®\ufÑ zL���Uz�}"uf�yzÁ}yu\wy|~}���z�ÍFËS�
E(k)

x�uS}n�CÌ
p
wyÌS�N}�| ÌS� ±Ï �

Endk(E)
|~}"u

4
�YÍE| {
zL��}�| ÌS��ufÑ

Z
�îÑ~u\w�wy|~�Uz ±

¹ a
X_Ö ÏWY Â�Ô�Õ�ÕWÖÇÀ



¸ ¢ º!r qsr 	.��{(�^w�»


�C�
k(E)

x�uS}n�CÌ[�UÓE�UÑ |~�
ì«}�zL×�uf�NufÛCÑ zÁuf��Íº�C�C�Nuf{
| ��z�Í�í
p
�îzU£�wyzL��}�| ÌS��}L�

Ù��yÌS�C��ÍÁwyxCz"�S�.� }���zLÑ {ù�Eww��uS}y}�z*×C�yÌ\®Sz�ÍÁwyxCz"Ý"| zL{[uf�C��x�Ó�×µÌfwyxCz�}�|~}�ÒÃÌS�^éLzUwNu�ÒÃ�C���G�wy| ÌS��}�ÌfÒCzLÑ Ñ | ×Ewy|~�'�U�C�y®Sz�}L�4��z � uS}�ufÑ~}�ÌnwyxCzw���N}rw�wyÌ�ÌSÛ�}�zL�y®SzS�Uwyx�u\w©Ûµz�}�|~ÍEz�}JwyxCz�w � Ì � zLÑ Ñ=��CÌ � ���LuS}�z�}�ÌfÒ*zL��ÍEÌS{
ÌS�y×CxC|~}�{ �y| �C�a}�ÌfÒ*zLÑ Ñ | ×Ewy|~�
�U�C�y®Sz�}�����uf{
zLÑ Ó Z
ÌS�Áuf�?ÌS�NÍEzL�| ��uf��| {[uf�S| ��uf�yÓ ^a��uSÍE�Nu\wy|~����zLÑ~Í zU£�wyzL��}�| ÌS��ÌfÒ

Q
��wyxCzÄ}�Ìv�LufÑ Ñ z�Í¼jFi-\�o;h�]q½¾\^y)hwv}p�¿

o;h p}j�[�v}p�i-r?�LuS}�zÈ�N�d| w � uS}�ufÑ~}�Ìº×µÌa}y}�| ÛCÑ zÈwyÌÄx�u®Szùuf�vÌS�NÍEzL��ÌfÒ'uÄÍEzK���C| wyzl^a��u\wyzL�y�C| ÌS�ufÑ �SzLÛC�Nu � xCzL�ºwyxCzÁÛ�uS}�z_��zLÑ~ÍÄx�uSÍº×µÌa}�| wy| ®SzÚ�Nx�uf�NuS�GwyzL�y|~}rwy|~�f�^tvu\£H-�zL�C�y| �C� � uS}nufÛCÑ zwyÌï�UÌS{
×C�Ewyz�wyxCz[ÍE|~}y�U�y| {
| ��uf�awÚÌfÒ'wyxC|~}ÚÍEzK���C| wyz�ufÑ �SzLÛC�NuC�Á�Y�Ìz �  �¨ º[m �[~ xCz�×C�yÌ\®Sz�Íwyx�u\w�wyxCzùufÑ �SzLÛC�Nu��Nuf{
| ��z�}�u\w
p
uf��Í>u\w ∞ �ADC�C��wyxCzL�y{
ÌS�yzÁ| �¬z �  �¨ º[m  G~ xCzÈ×C�yÌ\®Sz�Íwyx�u\w©wyxCz'zL��ÍEÌS{
ÌS�y×CxC|~}�{ �y| �C�a}�ÌfÒCzLÑ Ñ | ×Ewy|~�*�U�C�y®Sz�}�Ì\®SzL��uA���C| wyz%��zLÑ~ÍÈÌfÒ��Nx�uf�NuS�GwyzL�y|~}rwy|~�

p
uf�yz�{[u\£E| {[ufÑJÌS�NÍEzL�N}'| �ÄwyxCz:^a��u\wyzL�y�C| ÌS�ïufÑ �SzLÛC�Nu

Q∞,p
ìPwyxCzÈ}��CÛC| ��ÍEzU£Ä}�xCÌ � }'wyxCz�Nuf{
| �µ�Lu\wy| ÌS�>×CÑ~uS�Uz�}�ÌfÒ/wyxCz
ufÑ �SzLÛC�NuaíG�µuf��Íïwyx�u\wÁufÑ Ñ©{[u\£E| {[ufÑ�ÌS�NÍEzL�N}"wrÓ�×µz�}�ÌfÒ/wyx�u\wufÑ �SzLÛC�NuÈuf×C×µz�uf�nuS}'zL��ÍEÌS{
ÌS�y×CxC|~}�{4�y| �C�a}'ÌfÒ©}��C×µzL�N}�| �C�S�CÑ~uf�'zLÑ Ñ | ×Ewy|~�Ú�U�C�y®Sz�}�Ì\®SzL�

Fp
�

�Y�?wyxC|~}Ú�CÌfwyzS� � z
�yz��LufÑ Ñ©wyxC|~}Á�UÌS�y�yz�}�×µÌS��ÍEzL���UzS�JÍEz�}y�U�y| Ûµz[uf�?zU£E×CÑ |~�U| wÈuf��Í�ÍEzUwyzL���{
| �C|~}rwy|~�ïufÑ �SÌS�y| wyxC{ wyÌ��UÌS{
×C�Ewyzï| w�uf��Í�| Ñ Ñ ��}rwy�Nu\wyzºwyxC|~}[ufÑ �SÌS�y| wyxC{�| �)u �UÌS���U�yzUwyzzU£Cuf{
×CÑ zS�

�^n �  �¨��\ª ¥ � ¡S¦���( ��!½'¦ ¥ §l  ¥ ¡� 
�Y�>wyxCzù| �awy�yÌEÍE���Gwy| ÌS� � z�}yuf|~ÍÄwyx�u\w -�zL�C�y| �C�º×C�yÌ\®Sz�Íºwyx�u\w�zL®SzL�yÓÄ{[u\£E| {[ufÑ�ÌS�NÍEzL�wrÓ�×µzùìÃ|~}�ÌS{
ÌS�y×Cx�Óù�UÑ~uS}y}Ní©ÌfÒdwyxCz_^a��u\wyzL�y�C| ÌS�[ufÑ �SzLÛC�Nu

Q∞,p
uf×C×µz�uf�N}�uS}�uf�
zL��ÍEÌS{
ÌS���

×CxC|~}�{ �y| �C�ºÌfÒ'uº}��C×µzL�N}�| �C�S�CÑ~uf��zLÑ Ñ | ×Ewy|~���U�C�y®SzÈÌ\®SzL�
Fp
�Á�*�EwÁu�ÛC| �rz��Gwy| ÌS��ÍEÌ�z�}��CÌfwxCÌSÑ~Í�| �ºwyxC|~}n×C|~�Gwy�C�yzS�/�Y�ºÌS�NÍEzL�*wyÌ�zU£E×CÑ~uf| �Äu�ÛC| �rz��Gwy| ÌS��� � z���}�z�wyxCzÚ×C�yÌS×µzL��wrÓ?ì«�aí'ÌfÒ}��C×µzL�N}�| �C�S�CÑ~uf�nzLÑ Ñ | ×Ewy|~�Á�U�C�y®Sz�}L�

�Y� z � ��� }G~ ��uS}y}�z
uf��Í8? | w�wÈ}rwy��ÍEÓ?�C��ÍEzL� � xC|~�Nx �UÌS��ÍE| wy| ÌS��}Áu�ÒÃ�C���Gwy| ÌS�8��zLÑ~ÍÌfÒÁ�Nx�uf�NuS�GwyzL�y|~}rwy|~�
p
×µÌa}y}�z�}y}�z�}
�UÓE�UÑ |~�ï�C�C�Nuf{
| ��z�Í

p
�îzU£�wyzL��}�| ÌS��}L��DCÌS�
wyxCz?�LuS}�zïÌfÒzLÑ Ñ | ×Ewy|~��ÒÃ�C���Gwy| ÌS�C��zLÑ~ÍC}'wyxCzLÓ[�S| ®Sz�uf�º| ��®\uf�y|~uf�aw

A
ÍEzL×µzL��ÍE| �C��ÌS��wyxCz

j
| ��®\uf�y|~uf�aw*ÌfÒwyxCz
zLÑ Ñ | ×Ewy|~��ÒÃ�C���Gwy| ÌS� ��zLÑ~ÍJ��}����Nx?wyx�u\w

A = 0
| Ònuf��Í?ÌS�CÑ Óv| Ò'wyxCz[zLÑ Ñ | ×Ewy|~�ùÒÃ�C���Gwy| ÌS�

��zLÑ~Í x�uS}È�CÌv�UÓE�UÑ |~�[�C�C�Nuf{
| ��z�Í
p
�îzU£�wyzL��}�| ÌS��}L�©uf��Í�wyxCzL�yzUÒÃÌS�yz[Û�Ó ì«�aíG�^| Ò�uf��Í ÌS�CÑ Ó| Ò*wyxCz
zLÑ Ñ | ×Ewy|~�[�U�C�y®Sz�|~}Á}��C×µzL�N}�| �C�S�CÑ~uf���ùènxC|~}

A
| ��®\uf�y|~uf�aw����LufÑ Ñ z�Í>wyxCzHÀÁ[)YqY�]F¿�ÂÃpwv�v

p r;zF[�nqp�[�r;v�ÌfÒnwyxCz�ÒÃ�C���Gwy| ÌS����zLÑ~ÍJ�/|~}�uS�Gwy��ufÑ Ñ Ó u>×µÌSÑ Ó��CÌS{
|~ufÑ'| �
j
� � xC|~�Nx � uS}:���N}rw�UÌS{
×C�Ewyz�Íº| �Åz �  �¨ º[m   �E×�uf�Sz Ï �CË ~ �e? | wyxÄwyxC|~}nz�uS}�| Ñ Ó��UÌS{
×C�EwNufÛCÑ z�×µÌSÑ Ó��CÌS{
|~ufÑ � z�Luf�H����ÍºwyxCzÚzU£E×CÑ |~�U| w�z'^a��u\wy| ÌS��}'ÒÃÌS��ufÑ ÑdwyxCzÈ}��C×µzL�N}�| �C�S�CÑ~uf�*zLÑ Ñ | ×Ewy|~�Á�U�C�y®Sz�}*Ì\®SzL�

Fp
�t>ÌS�yzLÌ\®SzL���fwyxC|~}i��uS}y}�zU�~? | w�wn×µÌSÑ Ó��CÌS{
|~ufÑµÒ«uS�GwyÌS�N}'Ì\®SzL�

Fp[j] � | wyxºÒ«uS�GwyÌS�N}'ÌfÒ©ÍEzL�S�yzLzu\w"{
Ìa}rw
2
�0��Ì � � zÈ}rwNu\wyz�wyxCz�Ä�]-y)nqp r�m	jFi-nqnF]�Y�o�i-r2~�]Ur2jF]ÇF

���D��������� ¨D�
� n z �  �¨ º[m  G~ 9�RU½
p
ãNRÁZ�ødDGFPX[R�b'Z\OdÉ�T RU½

A(T ) ∈ Fp[T ]
ãNR�½ÃMCRÈKNMCZ\DGW

ZSKU½YRUDGF~IG½¾F«K
p
�ùZINILRUW�]ÄFP½¾½�ø�¼\T �\Od¼\X�F«Z\T � Q�¼\D�Z\O�� j0 ∈ Fp

ÉSRUOd¼\½YR�ãK�
E(j0)

Z\O��



���;8���{���wh�21^�4x�y�{���x�x�w�8���w)	�	v��{(��.� ¸�¸
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FPO ½ÃMCR
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×CÑ zU£E| wrÓ
ÌfÒJÌS�C�*ufÑ �SÌS�y| wyxC{ |~} O(p5/2)

��{ù���Nx[ÛµzUw��wyzL�nwyx�uf�ÄwyxCzÈ�UÌS{
×CÑ zU£E| wrÓ�ÌfÒ�wyxCzÈufÑ �yz�uSÍEÓ[| {
×CÑ zL{
zL�awyz�ÍÄ®SzL�N}�| ÌS�º| �ïñJÙ�Ý"�G� � xC|~�Nxï|~}{
ÌS�yz"ÌS�/Ñ z�}y}
O(p4)

�'ð�Û�}�zL�y®Sz*wyx�u\w/wyxC|~}'ufÑ �SÌS�y| wyxC{¢�S| ®Sz�}�[�h hEwyxCz�Û�uS}�z�}/ÌfÒdzL��ÍEÌS{
ÌS���×CxC|~}�{ �y| �C�a}�ÌfÒ*}��C×µzL�N}�| �C�S�CÑ~uf��zLÑ Ñ | ×Ewy|~�
�U�C�y®Sz�}�Ì\®SzL�
Fp
uf��Í8!�ÌSxCzLÑm� }�{
ÌS�yz���zU£E| ÛCÑ zwyxCzLÌS�yzUwy|~�LufÑ©ufÑ �SÌS�y| wyxC{ � ÌS�>=E}nÒÃÌS��ÌS�Czù�U�C�y®SzÈu\wÚu
wy| {
zS�Ju\w�wyxCzùzU£E×µzL��}�zÈÌfÒ�Ñ Ì�Ìa}�| �C��UzL��wNuf| �awrÓS�dÌS� � xCzUwyxCzL�ÚÌS�CzùÌSÛEwNuf| ��}ÚuºÛ�uS}�zùÌfÒ�wyxCz
{[u\£E| {[ufÑ©ÌS�NÍEzL��ÌS�ÚuºÛ�uS}�zùÌfÒ*u���C| wyzÁ| ��ÍEzU£ï}��CÛE�îÌS�NÍEzL���

�^n>mbn Á �\  ¥ §�� � § ¦b¾ ¥ ¡S¦���( ��!½'¦ ¥ §l  ¥ ¡�  n ?�z � uf�awnwyÌ[zU£E×CÑ~uf| �ÄÛC�y| zK��Óºu[�UÌS�C�Cz��G�wy| ÌS�
ÛµzUw � zLzL��{[u\£E| {[ufÑEÌS�NÍEzL�^wrÓ�×µz�}^ÌfÒµwyxCzc^a��u\wyzL�y�C| ÌS��ufÑ �SzLÛC�NuS} Q∞,p
uf��ÍÈwyzL�y��uf�yÓ

^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}ÈÌfÒ�ÍE|~}y�U�y| {
| ��uf�aw −p �>�Y�ñz Á �\  º � ~ �*�Nuf��Í�w��UÌS��}rwy�y���GwN}Á{[u\£E| {[ufÑÌS�NÍEzL�N}�ÌfÒA^a��u\wyzL�y�C| ÌS��ufÑ �SzLÛC�NuS}�ÒÃ�yÌS{ wyzL�y��uf�yÓvÑ~u\w�wy|~�Uz�}�z-p�[>Ð'Ñ | <dÌS�NÍ ufÑ �SzLÛC�NuS}L�l��|~}|~ÍEz�u � uS}'wyxCzL�ÄzU£E×CÑ ÌS| wyz�ÍºÛ�ÓCDC�y| z�ÍExCzLÑ {�X�ÌSxC�Ä| �ÄxC|~}A-�|~}y}�zL��wNu\wy| ÌS�Uz § ¦b¾ Â ® ~ � � xCzL�yzxCzÁ×C�yÌ\®Sz�}�wyxCzÚÒÃÌSÑ Ñ Ì � | �C��F
���D��������� ¨D��² n HdMCRUDyRÚR>+SF~IG½«I�Z\OïR>+GødT F«KUFP½/ãUF ÈLRNKU½¾F«¼\O>ãNRU½¾Â'RNRUOº½ÃMCR�KUT ZINILRGI�¼r¿n½YRUDGOdZ\D��
� B�ZSÉ\DyZ\½¾F«K/¿U¼\DGXùIÚ¼r¿ÚÉ\F~ILKUDGFPX�FPOdZ\O�½ −p Z\OdÉ�½ÃMCR�X[Z,+SFPX[Z\TJ¼\DyÉSRUD�½m�yø�RGIÚ¼r¿�½ÃMCR � B�Z\½YRUDGWO�F«¼\O Z\T ÅaR�ãUDyZ

Q∞,p ��Y��ÍEzLz�ÍJ�E�S| ®SzL�ïuf��Ó[wyzL�y��uf�yÓC^a��uSÍE�Nu\wy|~��ÒÃÌS�y{
f = a11x

2
1 + a22x

2
2 + a33x

2
3 + a12x1x2 + a13x1x3 + a23x2x3

� | wyx aij ∈ Z � zÁuS}y}�ÌE�U|~u\wyz�wyxCz Z
�îÌS�NÍEzL� � | wyxïÛ�uS}�|~} 1, e1, e2, e3 � xCzL�yz�F

e2i = ajkei − ajjakk ,

eiej = akk(aij − ek),

ejei = a1ke1 + a2ke2 + a3ke3 − aikajk ,

ìrËí

� | wyx (i, j, k)
uf��Ó>zL®SzL��×µzL�y{ù�EwNu\wy| ÌS��ÌfÒ {1, 2, 3} ì«}�zLz z Á ����| Â ~ íG��ènxCzL�yzUÒÃÌS�yz�ÌS���Uz

� z�=��CÌ � u��UÌS{
×CÑ zUwyzÚ}�zUwnÌfÒ©�yzL×C�yz�}�zL�awNu\wy| ®Sz�}�ÌfÒ�wyxCzÚz'^a�C| ®\ufÑ zL���UzÚ�UÑ~uS}y}�z�}'ÌfÒ�wyzL�y��uf�yÓ
(1) � ¾�¾ . Y ¾
_�ÌÎ¾
ZÉVWÖs\ _!]�À ] Ê Ï Àg` _�Ìl]
_ É ¿ Ê ÏmÊ _ É Í h Y ¾ É:ÏWY ¾´a�\ Ó _�Ì Ê ÏWY Z Ó�Ê Ë ¾�Í�a({(aWÍm¾�_�` ÏWY ¾i¾ É ¿�_CZf_�Ì �Ã YÇÊ ÍWZ�Ì Ê ÉÇÓ a É ¿c]
_CZfZA¾ ÉKÏÏWY ¾�ÌÎ¾�a�` Ï ¾�Ì�À
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^a��uSÍE�Nu\wy|~�
ÒÃÌS�y{[}ÈÌfÒ�ÍE|~}y�U�y| {
| ��uf�aw −p � � zº�Luf��ÍE| �yz��GwyÑ Ó��UÌS{
×C�Ewyz�wyxCz Z
�îÛ�uS}�z�}ÈÌfÒufÑ Ñ'{[u\£E| {[ufÑ'ÌS�NÍEzL�ÚwrÓ�×µz�}ùÌfÒ

Q∞,p
����Ì � �^}�| ���UzºufÑ Ñ�wyxCz�^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}ÈÌfÒ�ÍE|~}r��U�y| {
| ��uf�aw −p ÛµzLÑ ÌS�C�?wyÌvwyxCzï}yuf{
zÄ�SzL����}L� � zÄ�Luf����}�zïuf��ufÑ �SÌS�y| wyxC{ ÌfÒ�Ý�uf| �CzL�XE�Nx��CÑ éLzU�îñ�| Ñ Ñ Ìfw�z §�Ê | m ~ Û�uS}�z�ÍÄÌS�ïwyxCz
`
¿�r;]Up m#È2f�i-nUY"�UÌS���UzL×Ew�| �awy�yÌEÍE���Uz�ÍÄÛ�Óïtvuf��wy| �

!Ú�Cz�}�zL�nwyÌº�UÌS{
×C�EwyzÈu
�yzL×C�yz�}�zL�awNu\wy| ®Sz�ÒÃÌS��z�uS�NxÄz'^a�C| ®\ufÑ zL���UzÈ�UÑ~uS}y}L�EwyxCzL�yzUÒÃÌS�yzÁ�S| ®SzL�uf��Ó?×C�y| {
z����C{ùÛµzL�
p � z��Luf���UÌS{
×C�Ewyz
wyxCzºÛ�uS}�z�}ÚÌfÒ"�yzL×C�yz�}�zL�awNu\wy| ®Sz�}�ÒÃÌS�ùufÑ Ñ/wyxCz{[u\£E| {[ufÑJÌS�NÍEzL�*wrÓ�×µz�}"ÌfÒ

Q∞,p
�

� n�� ¾l v  � �µ¦��\ªÃ��¾l¡
?�zÁ�CÌ � }rwNu\wyzÈu�=SzLÓ[wyxCzLÌS�yzL{ uS}y}��C�y| �C�ùwyx�u\w"wyxCzÈufÑ �SÌS�y| wyxC{ � ÌS�>=E}L�

���D���������Ç²4�
� n z § ¡�¾+| ® ~ HdMCR�½ÃMCRU½YZ[ILRUDGF«RGI�ÉSRU½YRUDGX�FPOdR�½ÃMCR
R � BEFPÀ\Z\T RUOdKNR
KUT ZINILRGI
¼r¿ÉSRÎ��O�FP½YR?½YRUDGOdZ\D�� � B�ZSÉ\DyZ\½¾F«K�¿U¼\DGXùI ¼\À\RUD Q � HdM�F~I?X[RNZ\OCIv½ÃMCZ\½�Z\O���½¾Â'¼�ÉSRÎ��O�FP½YR½YRUDGOdZ\D�� � B�ZSÉ\DyZ\½¾F«K�¿U¼\DGXùI�¼\À\RUD Q
Z\DyR?FPO�½YRîÅfDyZ\TPT �2R � BEFPÀ\Z\T RUO�½�F ¿�Z\OdÉ�¼\O�T ��F ¿>½ÃMCRK�MCZ\À\Rù½ÃMCRÁILZ\X[RÈDyRîødDyRGILRUO�½YZ\½¾F«¼\O?O�BEX[ãNRUDNI �

Ý"z��LufÑ Ñ¾�^wyx�u\w�wyxCzÄ�yzL×C�yz�}�zL�awNu\wy| ÌS�����C{ùÛµzL�N}ùÌfÒ�u�ÍEzK���C| wyz�^a��uSÍE�Nu\wy|~�
ÒÃÌS�y{
f
ÌfÒÍE| {
zL��}�| ÌS�

d
uf�yz�wyxCz�F

r(f, n) := #{x ∈ Zd | f(x) = n}; n ∈ Z;uf��Í�wyxCzL�ÄwyxCzÚwyxCzUwNu[}�zL�y| z�}*ÒÃÌS�
f
|~},F

ϑ(z) :=
∑

n∈Z

exp(2πir(f, n)z); z ∈ H.

�îwï|~}ïu��UÑ~uS}y}�|~�LufÑ��yz�}��CÑ wºwyx�u\wÄwyxCz�}�z?wyxCzUwNu2}�zL�y| z�}Äuf�yzv| �;Ò«uS�Gwï{
ÌEÍE�CÑ~uf�ÄÒÃÌS�y{[}ºÌfÒ
� zL| �Sxaw d/2 uf��Í>Ñ zL®SzLÑ�wyxCzùÑ zL®SzLÑ©ÌfÒ/wyxCz�^a��uSÍE�Nu\wy|~�ÚÒÃÌS�y{ ± }�zLz�z §�Ê�¶ º ~ | �v×�uf��wy|~�U�CÑ~uf�ÒÃÌS��wyxCz[�LuS}�z

d = 3
�JX�| ���UzùwyxCzL�yz�|~}�ÌS�CÑ ÓïÌS�Cz��SzL����}�ÒÃÌS�ÚÍE|~}y�U�y| {
| ��uf�aw −p ��ufÑ Ñ�wyxCzwyxCzUwNuÚ}�zL�y| z�}^�UÌS�y�yz�}�×µÌS��ÍE| �C��wyÌ:^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}©ÌfÒdÍE|~}y�U�y| {
| ��uf�aw −p x�u®Sz'wyxCz"}yuf{
z;�|~}�zL��}rwyzL| �?×�uf��w���uf��Í>wyxCzL�yzUÒÃÌS�yzÈwyxCzLÓvÍE| <dzL���J| Ò*u\wÁufÑ Ñ¾�J| �vwyxCz
�U��}�×C|~ÍCufÑ^×�uf��w���Ð�� j��

X�| zL�SzLÑJ| �ÄxC|~}n×�uf×µzL�N}*ÌS�ºwyxCzÈuf��ufÑ Óawy|~��wyxCzLÌS�yÓ[ÌfÒ�^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}n�S| ®Sz�}nuf�ºzU£E×CÑ |~�U| wÛµÌS�C��ÍÚwyÌ�ÍEz��U|~ÍEz � xCzUwyxCzL�^u��U��}�×ÁÒÃÌS�y{ |~}�éLzL�yÌ�ÌS���CÌfw��©ènxC|~}�ÛµÌS�C��ÍÁ�S�yÌ � }JÑ | =Sz p/12
�

t>ÌS�yzLÌ\®SzL��XE�NxC| zL{[uf�C�2�S| ®Sz�}[ufÑ~}�Ì u�ÛµÌS�C��Í
b(p)

� � xC|~�Nx)| �)ÌS�C���LuS}�zïÍEzL×µzL��ÍC}ÌS�CÑ Ó
ÌS�[wyxCzÚÍE|~}y�U�y| {
| ��uf�aw���}����Nx[wyx�u\w'ÒÃÌS�nuf��Ó�w � ÌùÍEzK���C| wyz ^a��uSÍE�Nu\wy|~�nÒÃÌS�y{[} f, g ÌfÒÍE|~}y�U�y| {
| ��uf�aw −p xCÌSÑ~ÍC},F
r(f, n) = r(g, n) ∀n ∈ Z � | wyx |n| 6 b(p)⇒ f

uf��Í
g
uf�yzÚ| �awyzL�S�NufÑ Ñ Ó[z'^a�C| ®\ufÑ zL�aw��

DCÌS�*�UÌS{
×C�EwNu\wy| ÌS��ufÑ�×C�C�y×µÌa}�z�}�X�| zL�SzLÑm� }�ÛµÌS�C��Í[|~}�ÛµzUw�wyzL�'ÒÃÌS�'��}*uf��Í � z���}�z�| w*| �[wyxCz| {
×CÑ zL{
zL�awNu\wy| ÌS� ± ÛC�Ew�uS}�Ó�{
×EwyÌfwy|~�LufÑ Ñ Ó
wyxCzLÓÄuf�yz�wyxCzÈ}yuf{
zS�
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��Ì � Ñ zUw"��}*�SÌ�Û�uS�W=�wyÌ�ÌS�C�n×C�yÌSÛCÑ zL{ï�/Ù"ÒPwyzL�Áì«�C� ËíG� � zÚ�Luf�ÄÍE|~}rwy| �C�S�C|~}�xºÛµzUw � zLzL�uf��Ó?w � Ìv�CÌS�E�îz'^a�C| ®\ufÑ zL�aw
ÍEzK���C| wyz�wyzL�y��uf�yÓ|^a��uSÍE�Nu\wy|~�
ÒÃÌS�y{[}ùuf��Í�xCzL���UzºÛ�Ó;ì Ï � �aíG�ÛµzUw � zLzL�ºuf��Óùw � ÌÈ{[u\£E| {[ufÑ�ÌS�NÍEzL�/wrÓ�×µz�}*uf��Í�����ufÑ Ñ Ó
Û�Ól-�zL�C�y| �C��� }*�UÌS�y�yz�}�×µÌS��ÍEzL���Uzì Ï � ËínÛµzUw � zLzL�Äw � Ìº}��C×µzL�N}�| �C�S�CÑ~uf�"zLÑ Ñ | ×Ewy|~�È�U�C�y®Sz�}L��uf��Í>ufÑ Ñ�wyxC|~}�Û�Óº{
z�uf��}�ÌfÒ/Ñ Ì�Ì�=a�| �C��u\w"wyxCzÈ�yzL×C�yz�}�zL�awNu\wy| ÌS�º���C{ùÛµzL�N}"�C×ïwyÌ�u��C£Ez�ÍÄÛµÌS�C��Íï�S| ®SzL�ÄÛ�ÓS�µ}yuÓ�X�| zL�SzLÑ¾�CÌfÒuv}�zUwùÌfÒ��yzL×C�yz�}�zL�awNu\wy| ®Sz�}ÚÌfÒnwyxCzºz'^a�C| ®\ufÑ zL���Uzº�UÑ~uS}y}�z�}ÁÌfÒnwyzL�y��uf�yÓ ^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}ÌfÒ�ÍE|~}y�U�y| {
| ��uf�aw −p ìÃÛ�Ó��yz�ÍE���Gwy| ÌS��wyxCzLÌS�yÓS��wyxCzL�yzºuf�yz[�Luf�CÌS�C|~�LufÑ��yzL×C�yz�}�zL�awNu\wy| ®Sz�}L�
� xC|~�Nxïuf�yzÁ�LufÑ Ñ z�Í^nF]�~�y�jF]�~	v£]Unqr�[�n7Ê%x�y#[>~Pn�[�v}p}j�Ëwi-nq\9YNíG�
X�Ì�| �;ÌS�NÍEzL�[wyÌ��UÌS{
Ñ zUwyzvÌS�C�ÄufÑ �SÌS�y| wyxC{ï� � zv{ù��}rwºÛµz�ufÛCÑ z>wyÌ�×C| �E�î×µÌS| �aw�wyxCz}��C×µzL�N}�| �C�S�CÑ~uf�/zLÑ Ñ | ×Ewy|~���U�C�y®Sz�}/��}�| �C�ÚwyxCz�ÍCu\wNu�ÒÃ�yÌS{ wyxCz��yzL×C�yz�}�zL�awNu\wy| ÌS�����C{ùÛµzL�N}�ÌfÒwyxCz'�yz�ÍE���Uz�Í�wyzL�y��uf�yÓ ^a��uSÍE�Nu\wy|~�©ÒÃÌS�y{[}L�ej�zUw©��}�}rwNu\wyz�wyxC|~}�| �ÈÌS�C�©�UÌS���U�yzUwyz/zU£Cuf{
×CÑ z�}L�

?�z � �y| wyznu�wyzL�y��uf�yÓJ^a��uSÍE�Nu\wy|~�/ÒÃÌS�y{ Ñ | =Szn| �Äì«uf��ÍÈÒÃ�yÌS{�í�wyxCz'wNufÛCÑ znÌfÒµ�*�Nuf��Í�w��î�Y�awy�Nuf�z Á�¤ Â ¶ ~ �E��uf{
zLÑ Ó
f =

(
a11 a22 a33

a23 a13 a12

)
.

�A� «����gÊ-� ²4�W¨ � � ¦ ¥ ��ª ¥ ¨l �§   n »�ZILR
p = 29

]
]
RÁKN¼\X�ødBE½YRÚ½ÃMCRÁ½ÃM�DyRNRÚDyRNÉ\B�KNRNÉ�½YRUDGOdZ\D�� � B�ZSÉ\DyZ\½¾F«K�¿U¼\DGXùIÈ¼r¿ÚÉ\F~ILKUDGFPX�FPOdZ\O�½ −29

]
f1 =

(
1 3 3
2 0 1

)
, f2 =

(
1 2 4
1 1 0

)
f3 =

(
1 1 10
0 1 1

)
;
Â©M�F«KNM2KN¼\DGDyRGI¾ø�¼\OdÉv½Y¼

½ÃMCRÈX[Z,+SFPX[Z\T©¼\DyÉSRUDNI
O1,O2

Z\OdÉ
O3 �

»�ZILR
p = 37

]
HdMCR*½¾Â'¼�DyRNÉ\B�KNRNÉ�¼\OdRGI'FPO�½ÃM�F~InKNZILRnZ\DyR�]

f1 =

(
2 2 3
0 2 1

) Z\OdÉ
f2 =

(
1 2 5
1 1 0

)
.

Èù¼\Â�¼\BED^ødDy¼SãUT RUX4F~I�½Y¼�ZINIGF ÅfOÄ½Y¼ùRNZSKNM[IGB�ø�RUDNIGFPO�ÅfBET Z\D�RUTPT F ød½¾F«KÈKUBEDGÀ\R�¼r¿nV0+�Z\X�ødT Rì Ï � Ï íÈ¼\OdR�¼r¿Á½ÃMCRGILRÈ½YRUDGOdZ\D�� � B�ZSÉ\DyZ\½¾F«K'¿U¼\DGXùI �è�ÌvuS�UÌS{
×CÑ |~}�x�wyxC|~}L� � z[{ù��}rwù×�uS}y}ÚwyxCz�| �EÒÃÌS�y{[u\wy| ÌS� ÌS��wyxCzÄ}�|~ÍEz[ÌfÒc^a��uSÍE�Nu\wy|~�ÒÃÌS�y{[}Úuf��ÍvwyxCzL| �Ú�yzL×C�yz�}�zL�awNu\wy| ÌS�v���C{ùÛµzL�N}�wyÌÄwyxCz[}�|~ÍEz
ÌfÒ'zLÑ Ñ | ×Ewy|~�[�U�C�y®Sz�}�uf��Í?|~}�Ìf��SzL�C| z�}L�/�*zUÒÃÌS�yz � z�{[u�=Sz�wyxC|~}nzU£E×CÑ |~�U| w"| ��wyxCzÚÒÃÌSÑ Ñ Ì � | �C�ù×C�yÌS×µÌa}�| wy| ÌS��� � z�| �awy�yÌEÍE���Uz}�ÌS{
zÚ�CÌfwNu\wy| ÌS���
j�zUw

f
ÛµzÁuf��ÓH^a��uSÍE�Nu\wy|~��ÒÃÌS�y{ uf��ÍïÍEzL�CÌfwyzÚÛ�Ó

Of
| w'� }�uS}y}�ÌE�U|~u\wyz�Í�ÌS�NÍEzL�"uS�L�UÌS�NÍE| �C�wyÌvì Ï � �aíG�%DCÌS��uf��Ó�ÌS�NÍEzL�

O
| �

Q∞,p
ÍEzK���Cz�F

Γb(O) := {(tr(α), nr(α)) ∈ Z2 | α ∈
O
uf��Í

nr(α) 6 b}, � xCzL�yz tr uf��Í nr uf�yzùwyxCz
�yz�ÍE���Uz�Í>wy�NuS�Uz
uf��Ív�yz�ÍE���Uz�Ív�CÌS�y{ÌfÒ©wyxCz:^a��u\wyzL�y�C| ÌS�ïufÑ �SzLÛC�NuC�0X�zUw
Γ(O) = ΓbS (O)

� � xCzL�yz bS |~}*wyxCz�X�| zL�SzLÑJÛµÌS�C��ÍJ�
Ë �����D��Ì(¦
§
¦���¥ ²4��² n 9�RU½ {f1, . . . , ft}

ãNR�Z>KN¼\X�ødT RU½YR
ILRU½�¼r¿�DyRîødDyRGILRUO�½YZ\½¾FPÀ\RGI[¼r¿�DyRUWÉ\B�KNRNÉ[½YRUDGOdZ\D�� � B�ZSÉ\DyZ\½¾F«K*¿U¼\DGXùIù¼r¿ùÉ\F~ILKUDGFPX�FPOdZ\O�½ −p � HdMCRUO?½ÃMCRÁILRU½«I Γ(Ofi) ⊂ Z2
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¿U¼\D
i = 1, . . . , t

Z\DyR�Z\TPT'É\F Í�RUDyRUO�½Îb"F � R � b�½ÃMCRGILR�IGB�ãGILRU½«I[KNMCZ\DyZSKU½YRUDGF Ç�R[BEO�FPÀ\¼�KNZ\TPT �ï½ÃMCRX[Z,+SFPX[Z\T©¼\DyÉSRUDÈ½m�yø�RGIÁFPO
Q∞,p �

��Ì � � zÚ{[u�=Sz�wyxCzÈ}�| {
×CÑ zÚÌSÛ�}�zL�y®\u\wy| ÌS�MF
É �����bÊ�Ê-«���ËÌ²4��¤ n �µFPOdKNR�½ÃMCR�½¾DyZSKNR�Z\OdÉùOd¼\DGXØ¼\O>RUT RUX[RUO�½«I�¼r¿"½ÃMCRÚ¼\DyÉSRUDÚKN¼\DGDyRGI¾ø�¼\OdÉ½Y¼�½ÃMCRÚ½¾DyZSKNRÁZ\OdÉ � ILRîø�Z\DyZSãUT R��ºÉSRîÅfDyRNRÈ¼r¿�½ÃMCRÈRUOdÉS¼\X[¼\D¾ø�M�F~IGXùIù¼r¿�½ÃMCRÁRUTPT F ød½¾F«K�KUBEDGÀ\RGIWbÂ'R�KN¼\OdKUT B�ÉSR�b'½ÃMCZ\½'½ÃMCRÁILRU½«IL]

∆(E) := {(trace(ϕ), deg(ϕ)) ∈ Z2 | ϕ ∈ EndFp
(E)

Z\OdÉ
deg(ϕ) 6 bS},

KNMCZ\DyZSKU½YRUDGF Ç�Rù½ÃMCRÁIGB�ø�RUDNIGFPO�ÅfBET Z\DùRUTPT F ød½¾F«K[KUBEDGÀ\RGIù¼r¿ÈKNMCZ\DyZSKU½YRUDGF~IG½¾F«K
p �

Ð'ÌS��}�z'^a�CzL�awyÑ ÓS� � zÈ{ù��}rw�ÌS�CÑ ÓÄx�u®SzÁwyÌº�UÌS{
×C�EwyzÁwyxCz�}�zUwN} Γ(Of )
uf��Í

∆(E)
ÒÃÌS�

f
�y�C�C�C| �C�ùwyxC�yÌS�C�SxïufÑ ÑdwyxCzÚ�yz�ÍE���Uz�Í�wyzL�y��uf�yÓ�^a��uSÍE�Nu\wy|~��ÒÃÌS�y{[}nÌfÒ^ÍE|~}y�U�y| {
| ��uf�aw −puf��Í
E
Ì\®SzL�ùufÑ Ñ�wyxCzÄ}��C×µzL�N}�| �C�S�CÑ~uf�ÈzLÑ Ñ | ×Ewy|~�º�U�C�y®Sz�}ÈÌfÒ��Nx�uf�NuS�GwyzL�y|~}rwy|~�

p
�/uf��Í�wyxCzL�z�}rwNufÛCÑ |~}�x
wyxCz�ÛC| �rz��Gwy| ÌS�:�r��}rw*Û�Ó��UÌS{
×�uf�y| �C�ÚwyxCz�}�z�}�zUwN}L��?�z�{[u�=SznwyxC|~}*�UÑ z�uf��| �[ÌS�C�'F

�A� «����gÊ-� ²4��Æ � � ¦ ¥ ��ª ¥ ¨l �§   n »�ZILR
p = 29

]
Γ[3](Of1) = {(−1, 3); (1, 3); (0, 3)};
Γ[3](Of2) = {(2, 3); (−2, 3)};
Γ[3](Of3) = {(−3, 3); (3, 3); (0; 3)}; Â©MCRUDyRÄ½ÃMCRºIGB�ãGILKUDGF ød½ [3]

ÉSRUOd¼\½YRGI[IGFPX�ødT �?½ÃMCRIGB�ãGILRU½ù¼r¿ÄOd¼\DGX
3
RUT RUX[RUO�½«I>¼r¿

Γ � 1nO)½ÃMCRvRUTPT F ød½¾F«K�KUBEDGÀ\RïIGF«ÉSR�bùÂ'RïIGFPX�ødT ��KN¼\O�WIG½¾DGB�KU½nZ\TPT � B�¼\½¾F«RUO�½«IÈ¼r¿Á½ÃMCRÁIGB�ø�RUDNIGFPO�ÅfBET Z\D�RUTPT F ød½¾F«K
KUBEDGÀ\RGIù¼r¿ùÉSRîÅfDyRNR 3
B�IGFPO�ÅÃz �ÏÎ® m ~Z\OdÉ�¿U¼\DÈ½ÃMCRù½¾DyZSKNR�¼\OdR
KNZ\O�Z\À\¼\F«ÉïRNZIGFPT �º½ÃMCRnø�¼\T �\Od¼\X�F«Z\T^DGBEO�O�FPO�Å�½¾FPX[R�Z\T Åa¼\DGFP½ÃM�XùI½Y¼$ÉS¼$FP½Îb>IGFPOdKNR2¼\OdR�Q\Od¼\Â^I�½ÃMCR>ø�¼INIGF«ãUT R2½¾DyZSKNRGIWbïIL¼ ãK�;½YRGIG½¾FPO�Å ¼\OdR ÅaRU½«I�½ÃMCZ\½Y]

Γ[3](Of1) = ∆[3](E(2))
b
Γ[3](Of2) = ∆[3](E(25))

Z\OdÉ
Γ[3](Of3 ) = ∆[3](E(0)).

»�ZILR
p = 37

]
�ùRUDyR�½ÃMCR�ILRU½«I

Γ[3](Of1 )
Z\OdÉ

Γ[3](Of2 )
Z\DyRÁZ\T IL¼
É\F Í�RUDyRUO�½Îb�ãUBE½^Â'RÁÉS¼ùFP½^Â/FP½ÃMÄÉSRUWÅfDyRNR

5
F~IL¼yÅaRUO�F«RGI
Z\OdÉ�ÅaRU½Y]

Γ[5](Of1) = {(0, 5)} Z\OdÉ Γ[5](Of2) = {(−1, 5); (1, 5)} �[A��KN¼\X�ø�Z\DGFPO�ÅùÂ/FP½ÃM[½ÃMCR
∆ Ð I�¼r¿"½ÃMCRÚRUTPT F ød½¾F«KÁKUBEDGÀ\RGI"Â'R*ÅaRU½Y] Γ[5](Of1 ) = ∆[5](E(3±

10
√

2))
Z\OdÉ

Γ[5](Of2) = ∆[5](E(8)).

ènx���} � z�uf�yz�ufÛCÑ z?wyÌ�z�}rwNufÛCÑ |~}�x;wyxCz �UÌS�y�yz�}�×µÌS��ÍEzL���UzvÛµzUw � zLzL�$}��C×µzL�N}�| �C�S�CÑ~uf�zLÑ Ñ | ×Ewy|~�>�U�C�y®Sz�}[uf��Í2�yz�ÍE���Uz�Í�wyzL�y��uf�yÓ�^a��uSÍE�Nu\wy|~�ºÒÃÌS�y{[}L�nuf��Í�wyxCzL�yzUÒÃÌS�yzÄÛ�Ó���}�| �C�ÒÃÌS�y{ù�CÑ~u;ìrËí � z��UÌS{
×C�Ewyz�ÍE| �yz��GwyÑ Ó)wyxCz?Û�uS}�z�}ºÌfÒÁwyxCz�zL��ÍEÌS{
ÌS�y×CxC|~}�{%�y| �C�a}Äuf��Í
���C|~}�xïÌS�C��ufÑ �SÌS�y| wyxC{ï�
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j�zUw
(V, q)

ÛµzÈu�^a��uSÍE�Nu\wy|~�Ú}�×�uS�UzÚÌ\®SzL�
F
ÌfÒ^�Nuf�.=

m
�C|¾� zS� �EwyxCzL�yzÁ|~}"�S| ®SzL�>u��CÌS�E�}�| �C�S�CÑ~uf��^a��uSÍE�Nu\wy|~�ÚÒÃÌS�y{

q : V → F � | wyx m = dimV
�Èð�Û�}�zL�y®SzÚwyx�u\wÚzU£�wyzL��ÍE| �C�wyxCz�}y�LufÑ~uf�N} � z��SzUw�wyxCz�^a��uSÍE�Nu\wy|~��}�×�uS�Uz (VE , qE)

Ì\®SzL�
E
ìÃxCzL�yz

VE = V ⊗F E
uf��Í
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DCÌS�*uf��Ó����C| wyz_��zLÑ~Í[zU£�wyzL��}�| ÌS�
E/F � z�ÍEzL�CÌfwyz�Û�Ó Dq(E)

wyxCz��S�yÌS�C×[�SzL�CzL�Nu\wyz�ÍÛ�Ó
wyxCz��CÌS�E�îéLzL�yÌÈzLÑ zL{
zL�awN}*ÌfÒ
E
�yzL×C�yz�}�zL�awyz�Í[Û�Ó�wyxCz�ÒÃÌS�y{
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�*ð�Û�}�zL�y®Sz"wyx�u\w*wyxCzL�yzuf�yz�ÌSÛ�®�| ÌS��}'| ���UÑ ��}�| ÌS��}
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Dq : fields/F → abelian groupsènxCzù�yz�}��CÑ w�ÌfÒ%!Ú�CzLÛC��}y�Nxv}yuÓE}"wyx�u\w

Dq
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F ∗

NE
F (Dq(E)) ⊂ Dq(F ).
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ãNR�Z � B�ZSÉ\DyZ\½¾F«K
I¾ø�ZSKNR�¼\À\RUD R ¼r¿�DyZ\OEQ

m � 9�RU½ (VS , qS)ãNR
½ÃMCR[ãNZILRºKNMCZ\O�ÅaR�¼r¿
(V, q)

À�F«ZÄ½ÃMCR�R>+S½YRUOCIGF«¼\O
S/R � 9�RU½ Dq(R) � DyRGI¾ø � Dq(S)

�ãNRÚ½ÃMCR�ÅfDy¼\B�ø>ÅaRUOdRUDyZ\½YRNÉ[ãK�
½ÃMCRÁFPO�À\RUDG½¾F«ãUT RùRUT RUX[RUO�½«IÁ¼r¿
R � DyRGI¾ø � S ��DyRîødDyRGILRUO�½YRNÉ[ãK�½ÃMCR'¿U¼\DGX

q �HdMCRUO?½ÃMCRUDyRÈF~IùZ\O?FPOdKUT B�IGF«¼\O ãNRU½¾Â'RNRUOv½ÃMCRÁIGB�ãîÅfDy¼\B�øµIÈ¼r¿
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NS
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zL�awN}L�*ènxCz�}�zùuf�yzS��}�Ì��LufÑ Ñ z�ÍJ�Z�r�SzL�CzL�NufÑJ×µÌa}�| wy| ÌS�vuf����S�C{
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DyRNÉ\B�KU½¾FPÀ\R>ÅfDy¼\B�ø ILKNMCRUX[R�¼\À\RUD Z�ILRUX�FPWYT ¼�KNZ\TDyRîÅfBET Z\DÁDGFPO�Å

R � 9�RU½ K ãNRÈ½ÃMCR � B�¼\½¾F«RUO�½��*RUT ÉÄ¼r¿ R � HdMCRUO?½ÃMCRÈFPOdÉ\B�KNRNÉ[X[Zyø
H1

et(R,G)→ H1
et(K,G)MCZI
½¾DGFPÀ�F«Z\T^QSRUDGOdRUT � �GO2¼\½ÃMCRUD
Â'¼\DyÉIWbÚZ\O�� G W�ãUBEOdÉ�T R[Â©M�F«KNM F~I
DyZ\½¾F«¼\OdZ\TPT �>½¾DGFPÀ�F«Z\T�F~I

� 6^Z\DGF~IyQ\F ��T ¼�KNZ\TPT ��½¾DGFPÀ�F«Z\T �ð��CzÚÌfÒ©ÌS�C�"{[uf| �ï�yz�}��CÑ wN}"}yuÓE}
���D��������� ¨D�W¨ n HdMCR�»�¼\O!ÈLRNKU½¾BEDyRvF~Iï½¾DGB�RÈ¿U¼\D>½ÃMCR?KNZILR

G = Spinq
F~I?Z I¾ødFPOd¼\DÅfDy¼\B�ø ¼r¿ºZ � B�ZSÉ\DyZ\½¾F«K�¿U¼\DGX q

Z\OdÉ
R
F~I�ZïILRUX�FPWYT ¼�KNZ\T�DyRîÅfBET Z\D
DGFPO�Å�KN¼\O�½YZ\FPO�FPO�Å�Z\OFPO'��O�FP½YRA�*RUT É � �ùRUOdKNR�b�X[¼�É\BET ¼ï½ÃMCR�ødDyRUÀ�F«¼\B�IùQ\Od¼\Â/O2KNZILRGIWb�½ÃMCRºKN¼\O!ÈLRNKU½¾BEDyR
F~I
½¾DGB�R¿U¼\D[Z\TPT/Z\T ÅaR�ãUDyZ\F«KùÅfDy¼\B�øµI
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KUT ZINIGF«KNZ\T^½m�yø�R[R>+�KUT B�É\FPO�Å>Z�I¾ødFPOd¼\DÁÅfDy¼\B�ø

Spin(A,σ)
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zU£CuS�Gw�}�z'^a�CzL���UzÁuS}y}�ÌE�U|~u\wyz�Í � | wyx Spinq

SOq(R)
SN−−→ H1

et(R, µ2)→ H1
et(R,Spinq)→ H1

et(R,SOq),

� xCzL�yz SN |~}ÈwyxCzº}�×C| �CÌS�ù�CÌS�y{ï��ð�Û�}�zL�y®Sz
wyx�u\wùwyxCzÄ�UÌS���rz��Gwy�C�yz�|~}Áwy�y�Cz�ÒÃÌS�
SOq
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coker(SN)
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ufÑ �SzLÛC�Nuf|~}y�NxCzL���dufxCÑ zL�awyxCzLÌS�y| z�éL�C���S�Nx�}rw
ÍE| z���Ì�<d���C�C����zL| �CzzL�awN}�×C�yz��NxCzL��ÍEzS�CufÛµzL��®�| zLÑ Ñ zL|~�Nxaw��auf�CéÚ�CzL��uf��wy| �Szc�r�C|~�Nxaw��~=SÌS{
{ù�EwNu\wy| ®Sz��ÚènxCzLÌS�y| z�Òt�C�

XE�NxC| zUÒt=S�S�y×µzL�^éL��zL�aw � |~�W=SzLÑ ���4;'}/}rwyzLÑ Ñ wyz"}�|~�Nx_�rz�ÍEÌE�Nx�Û�ufÑ~ÍùxCzL�Nuf��}L�fÍCu)ïÚÍCuS}wXawy��ÍE| �C{ÍEzL�ÁzL��ÍEÑ |~�NxCzL�NXE�NxC| zUÒt=S�S�y×µzL�yzL� � zL| wyzL�y�C�C�SzL�v®SÌS� Q
=SzL| �Cz
�S�yÌPïSzL�uð�ÛµzL�y�NuS}y�Nx��C�C�SzL�ÛµzL�yzL| wyxC| zLÑ w��

¹ a
XÁ� ÏWY Â�Ô�Õ�ÕWÖÇÀ
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}/ÌS�nzUw � uÈé � uf�CéL| ���aufxC�yzL� � uf�fwyzL�HDC�y| wyéÈ���y�C�Cz � ufÑ~Í��C��Í�-�uf��X�zL�aufÑdzL| �CzL�Ä®�| zLÑ
� zL| wyzL�yzL��XE�NxC�y| w�w*| ��}i��|~�Nxaw��~=SÌS{
{ù�EwNu\wy| ®SzS�S| ��ÍEzL{Î}�| z�ÛµzL�auf�C�CzL���azL��ÍEÑ |~�NxºzL�yéLzL�C�fwyzS��C| Ñ ×µÌfwyzL�awyzÁ���y�C×C×µzL�ïuf�EÒ�| xC�yzÚuf�y| wyxC{
zUwy|~}y�NxCzL�C;�| �SzL��}y�Nx�u\ÒPwyzL�ºxC| �ºéL�º�C�awyzL�N}����NxCzL���
;�| � éLzL�awy�NufÑ z�}Èð�Û��rz,=awÈ| � ÍEzL�ùufÑ �SzLÛC�Nuf|~}y�NxCzL�|�dufxCÑ zL�awyxCzLÌS�y| z�|~}rwÈÍE| zC-�z�ÍEz,=�| ��ÍC}y�NxCz
�µzUwNu\ÒÃ�C�.=awy| ÌS������uS�Nx
| xC�yzL{ }/ÌS�yÛC| Ñ~Í�Ñº�)ïfw�}�|~�Nx�Òt�C��rz�ÍEz"zL��ÍEÑ |~�Nx
zL�yéLzL�C�fwyz����y�C×C×µz

GÍE| z�ÒÃÌS�y{[ufÑ z�-�| �y|~�NxCÑ zUwy�yzL| xCz
ζG(s) :=

∑
H6f G |G : H |−s ÛC| Ñ~ÍEzL���wD�ufÑ Ñ~} G �C|~�Nxaww�réL�®�| zLÑ z��l@��awyzL�y�S�y�C×C×µzL�v®SÌS�?zL��ÍEÑ |~�NxCzL{ �Y��ÍEzU£?Ûµz�}�| wyéUw��=SÌS��®SzL�y�S| zL��w

ζG(s)
uf�EÒ'zL| �CzL��yz��NxawyzL�|=SÌS{
×CÑ zU£EzL�|��ufÑ ÛµzLÛµzL�Cz {s ∈ C | Ý"z (s) > α} � α ∈ R

�©�C��Í�ÍEzK���C| zL��wù}�ÌzL| �Cz�uf��ufÑ Óawy|~}y�NxCz�DC�C�.=awy| ÌS���HDe�C�ùÍE| zC!ÚÑ~uS}y}�z[ÍEzL�ÈzL��ÍEÑ |~�Nx zL�yéLzL�C�fwyzL�����C| Ñ ×µÌfwyzL�awyzL����y�C×C×µzL� � �C�NÍEzL���S�y�C��ÍEÑ zL�SzL��ÍEzC;�| �SzL��}y�Nx�u\ÒPwyzL��ÍE| z�}�zL���µzUwNu\ÒÃ�C�.=awy| ÌS�CzL��zL�N}rwy{[ufÑ~}| ��ÍEzL��uS�NxawyéL| �SzL�J�aufxC�yzL��uf�EÒÃ�Sz�ÍEz��W=awÃz Ä §g§[¶b¶ ~ ��X�zL| wNÍEzL{ x�u\wùz�}L�/uf���Nx�uf�EÒ�ÍEzL{zL�C��ÛµzL��uS�Nx�Û�uf��wyzL�$��zLÛC| zUw�@��awyzL�y�S�y�C×C×µzL� � uS�Nx�}rwy�C{ï�"zL| �Cz?�NuS}yuf�awyz\;��aw � |~�W=�Ñ �C�C��SzL�SzLÛµzL� ± ÍCu®SÌS��éLzL�C�fwùÍE| z�=Z�C�yéLÑ |~�Nx�zL�N}y�NxC| zL�CzL�Cz[t>ÌS�CÌS�S�Nuf×CxC| z"z ©_§[�b� ~ ��!ÚÑ~uS}y}�|~}r��NxCzN�µzUwNu\ÒÃ�C�.=awy| ÌS�CzL����ÍE| z�ufÑ �SzLÛC�Nuf|~}y�NxCzL�;���y�C×C×µzL� éL�C�SzLÌS�NÍE�CzUwï}�| ��ÍJ��zL�N}y�NxCzL| �CzL����C�C{
zLxC�º| �;zL| �CzL{%�CzL�CzL� j�|~�NxawUz § §�© |b}�~ �"�C��Í zL�N}rwC=Z�C�yéLÑ |~�Nx � �C�NÍEzvzL�awNÍEz��W=aw��ÍCu)ï�ÍE| z��µzUwNu\ÒÃ�C�.=awy| ÌS�
ζG(s)

zL| �CzL�nzL��ÍEÑ |~�NxºzL�yéLzL�C�fwyzL�����C| Ñ ×µÌfwyzL�awyzL�ï���y�C×C×µz
G
zL�C�éL��}yuf{
{
zL�Cx��f�C�fw�{
| w[ÍEzL{ë�.�fxCÑ zL��®SÌS��ñ��C�.=awyzL�2uf�EÒ��Sz � |~}y}�zL� G éL�C�SzLÌS�NÍE�CzUwyzL�

}�uf�y| zUwR�\wyzL�Åz § § Ä �b� ~ ��Y{�ÒÃÌSÑ �SzL��ÍEzL�2{
�E�Nxawyzï|~�Nx��*�C|~�Nxaw[éL�CÑ zUwyéUwºuf�Cx�uf��Í�®SÌS��=SÌS�.=��yzUwyzL�2�*zL|~}�×C| zLÑ zL���zL| �CzL�8;�| ��ÍE�y���W=?ÍCu®SÌS�>®SzL�y{
| w�wyzLÑ ��� � uS}ÚÍE| zl��uf�C×EwyzL�y�SzLÛC�C|~}y}�zù�C��Í�ÍE| z
uf��}rwyzLxCzL�E�ÍEzL� ��zL�Nuf��}rÒÃÌS�NÍEzL�y�C�C�SzL��uf�EÒÚÍE| z�}�zL{ê�r�C�C�SzL� DCÌS�N}y�Nx��C�C�a}��SzLÛC| zUw
}�| ��ÍJ� -�ufÛµzL|�zL���Ñ~uf�CÛµz�|~�Nx;{
| ����uf���Nx;zL| �C| �Sz � zL�C| �SzL�Ä�Sz � |~�Nxawy| �SzvzL| �SzL�Cz�Ý"z�}��CÑ wNu\wyz�{
| wyéL�EwyzL| Ñ zL���ènxCzL{[u\wy|~}y�Nx��fxC�CÑ |~�Nx
uf��}��SzL�y|~�NxawyzUw/�C��ÍùwyzL| Ñ � zL|~}�z�uf��}rÒt�CxC�yÑ |~�NxCzL�/�Sz�}y�NxC�y| zLÛµzL��|~}rw'ÍCuS}!Áuf×C| wyzLÑ��W�µzUwNulDC�C���Gwy| ÌS��}"ÌfÒ/���yÌS�C×�}"��| � z § §g§g§[�b� ~ �

�^n Á  +���\ª�ñ'�L�^ª � §©¨ ¥ �?¨ ¥ §ñ a�\�L�� ¿¡� E�-�C  ¥ ��  Á  �ª«�!½^ª>  �  
X�zL|

G
zL| �Czù���y�C×C×µzS�wDe�C�

n ∈ N
}y�NxC�yzL| ÛµzL� � | �

an(G) := #{H 6 G | |G : H | = n} �C��Í
sn(G) :=

n∑

k=1

ak(G).

? | � � ÌSÑ Ñ zL�È®SÌS�Nuf��}y}�zUwyéLzL����ÍCu)ï an(G)
Òt�C���rz�ÍEz'��u\w>�C�yÑ |~�NxCzA�dufxCÑ

n
zL��ÍEÑ |~�NxÈ|~}rw��*ìÎ-�| z�}|~}rwÄ}�|~�NxCzL�yÑ |~�Nx)ÍEzL�HD�ufÑ Ñ¾� � zL�C� G zL��ÍEÑ |~�Nx)zL�yéLzL�C�fw�|~}rw�� íè@���}�| �awyzL�yz�}y}�| zL�yzL�)ÍCuf�C�ÍE| z
uf�y| wyxC{
zUwy|~}y�NxCzL�8;�| �SzL��}y�Nx�u\ÒPwyzL�?ÍEzL�:DCÌSÑ �Sz

an(G)
�
n ∈ N

�J�C��Í�uS}�Ó�{
×EwyÌfwy|~}y�NxCzÙ�Û�}y�Nx��\wyéL�C�C�SzL�>Òt�C�ÁÍCuS}�? uS�Nx�}rwy�C{ ÍEzL�:DCÌSÑ �Sz
sn(G)

�
n ∈ N

���µ��ÍE| z�}�zL{ � � z��W=ÛC| Ñ~ÍEzL� � | ��ÍE| zÚÒÃÌS�y{[ufÑ z:-�| �y|~�NxCÑ zUwy�yzL| xCz
ζG(s) :=

∑

H6f G

|G : H |−s =
∞∑

n=1

an(G)n−s.
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Ù��C�SzL��}y�NxCzL| �CÑ |~�Nx;�Sz�}y�NxC| zLxawÄÍE| z�}º| � Ù���ufÑ ÌS�S| z?éL�C��-�z�ÍEz,=�| ��ÍC}y�NxCzL� �µzUwNu\ÒÃ�C�.=awy| ÌS�zL| �Cz�}i�dufxCÑ =S�S�y×µzL�N}L�SÍE| z�uf�EÒ��SÑ zL|~�NxCzc?�zL|~}�z�ÍE�C�N�Nx�ÍCuS}i�.�fxCÑ zL�[®SÌS�[�rÍEz�ufÑ zL��| {4éL�C�SzU�xC�S�y| �SzL�ï�Úuf�CéLxCzL| wN}��y| �C�
zL�awN}rwyzLxaw��w-�| zÁ�Y��®\uf�y|~uf�awyz

α(G) := inf{β ∈ R | sn(G) = O(nβ)} = lim sup
log sn(G)

logn
∈ [0,∞]

{
| ïfw^ÍEzL�ºìÃ×µÌSÑ Ó��CÌS{
| zLÑ Ñ zL�µí����NuSÍÁÍEz�}e@��awyzL�y�S�y�C×C×µzL� � uS�Nx�}rwy�C{[}J®SÌS� G �©�r}rw α(G) <
∞ �^}�Ì>Ûµz�}�| wyéUw
ÍE| zÄ���y�C×C×µz G ×µÌSÑ Ó��CÌS{
| zLÑ Ñ z�}J@��awyzL�y�S�y�C×C×µzL� � uS�Nx�}rwy�C{�ìÃÌEÍEzL�ùufÛE�
=Z�C�yéLzL��Íºñ�XC� Òt�C��ÍEzL�ïzL�C�SÑ |~}y�NxCzL�ïÙ���}yÍE�y���W=��r×µÌSÑ Ó��CÌS{
|~ufÑJ}��CÛC�S�yÌS�C×º�S�yÌ � wyxZ��íG��r}rw

G
zL| �Czïñ�XC�����y�C×C×µzS�'}�Ì =SÌS��®SzL�y�S| zL��w

ζG(s)
×C�C�.=aw � zL|~}�zÄufÛ�}�ÌSÑ �Ew[uf�EÒ�ÍEzL��yz��NxawyzL�H��ufÑ ÛµzLÛµzL�Cz {s ∈ C | Ý"z (s) > α(G)} �C��ÍÄÍEzK���C| zL��w"ÍEÌS��wnzL| �Cz�xCÌSÑ ÌS{
ÌS�y×CxCzDC�C�.=awy| ÌS���r@��awyzL�[ÍEzL�vì«}y�Nx � uS�NxCzL�µíl�µ��}yu\wyéLÛµz�ÍE| �C�S�C�C� α(G) 6= 0

ÍE| ®SzL�y�S| zL��w[ÍE| zÝ"zL| xCz
ζG(s)

Òt�C�
s = α(G)

���C��Í
α(G)

}rwy| {
{Èw%�CÛµzL�yzL| �[{
| w*ÍEzL�*}�ÌS�SzL��uf�C�awyzL�l!�ÌS�E�®SzL�y�SzL�Cé�ufÛCéL|~}y}�z/®SÌS�
ζG(s)

��@���}�zL�%�µ| zLÑaÛµz�}rwyzLxaw^���C��ÍCuf�y| ���fÍE| z*uf��ufÑ Óawy|~}y�NxCzL�J;�| �SzL�E�}y�Nx�u\ÒPwyzL�ïÍEzL� �µzUwNu\ÒÃ�C�.=awy| ÌS�
ζG(s)

Ûµz�}y}�zL�"éL�ï®SzL�N}rwyzLxCzL�Ä�C��ÍïÍE| z�}�zÈuf��}y�NxCÑ | z+ïSzL��Í�| �
}/zL�yÛC| ��ÍE�C�C�[éL�ï}�zUwyéLzL�ï{
| w�ÍEzL�>ufÑ �SzLÛC�Nuf|~}y�NxCzL�C;�| �SzL��}y�Nx�u\ÒPwyzL�ïÍEzL�����y�C×C×µz

G
�

? | �*}y�NxCÑ | z+ïSzL��ÍE| z�}�zL�ºÙ�Û�}y�NxC�C| w�w*{
| wné � zL| � zL� � zL|~}�zL��ÍEzL���*zL|~}�×C| zLÑ zL����ÍE| z�}y�NxCÌS�}�zL| w����C�C{
zLxC�"é � uf�CéL| �l�aufxC�yzL�ÄzL| �CzL�Ä�Sz � |~}y}�zL��}/ÌS�yéLzL| �Sz�}rwNu\wy��}*Ûµz�}�| wyéLzL���
ò ��¦£ÌB�+¦���Ê´¨D�
� n �JRUF

G := Zd É\F«R�¿NDyRUF«RùZSãNRUT ILKNMCR��nDGB�øSø�RÚÀ\¼\X�S�Z\O�Å d � V*FPO¿�GOdÉ\BaQ\W½¾F«¼\OCILZ\D¾ÅfBEX[RUO�½/Ç�RUF Åf½Îb*ÉSZ7ó
ζG(s) = ζ(s)ζ(s − 1) · · · ζ(s− d+ 1)

F~IG½Îb^Â'¼SãNRUF
ζ(s) =

∑∞
n=1 n

−s É\F«RcS�F«RUX[Z\O�OCILKNMCR�6^RU½YZr¿NBEOEQ\½¾F«¼\OvãNRNÇ�RUF«KNM�OdRU½ � ]ÄFPDÁRUDGWMCZ\T ½YRUO
α(G) = d

BEOdÉ�X�FP½¾½YRUT I"RUFPOdRGI"RUFPO�¿UZSKNMCRUO H�Z\B�ãNRUDNILKNMCRUO��JZ\½ÃÇ�RGIJødDqô�ÇUF~ILR�ZI��\X�ødW½Y¼\½¾F~ILKNMCRÚáÚãGILKNM4ô\½ÃÇUBEO�ÅaRUO�¿UõED
sn(G)

]
sn(G) ∼ d−1ζ(d)ζ(d − 1) · · · ζ(2)nd ¿UõED

n→∞ �
�GX RUFPO�¿UZSKNMaIG½YRUO?O�F«KNM�½¾WY½¾DGFPÀ�F«Z\T RUO�Q�Z\TPT

d = 2
ÅfFPT ½*Â'RîÅaRUO

ζ(2) = π2/6
ãNRUF~I¾ødF«RUT IGÂ'RUF~ILR

sn(G) ∼ (π2/12)n2 ¿UõED
n→∞ �

12Í�RUOdãNZ\DÈãNRGIGFP½ÃÇU½
ζG(s)

RUFPOdRÈX[RUDy¼\X[¼\D¾ø�MCRJQ�¼\DG½«ILRU½ÃÇUBEO�Å�Z\BU¿�ÅaZ\OEÇ
C �

ò ��¦£ÌB�+¦���Ê´¨D�W¨ n �JRUF
G = 〈x, y | [[x, y], x] = [[x, y], y]〉 É\F«R)É\F~IyQ\DyRU½YR �ùRUF~ILRUO�WãNRUD¾Å�ÅfDGB�øSø�R � ]ÄFPDÚãNRUX[RUDyQSRUO.b�ÉSZ7ó G IGF«KNM[QS¼\OEQ\DyRU½/DyRNZ\T F~IGF«RUDyRUOïT ô7ó^½'Z\T I��nDGB�øSø�RÁZ\TPT RUD¼SãNRUDyRUO

3×3
ÿÈDyRUF«RNKNQIGX[Z\½¾DGF Ç�RUOHõ�ãNRUD

Z
X�FP½JV*FPO�½¾DqôLÅaRUO

1
Z\BU¿"ÉSRUD'ÿÈF«ZLÅa¼\OdZ\T RUO � V*FPOdRO�F«KNM�½¾WY½¾DGFPÀ�F«Z\T R S�RNKNM�O�BEO�Å�Ç�RUF Åf½Y]

ζG(s) = ζ(s)ζ(s − 1)ζ(2s− 2)ζ(2s− 3)ζ(3s− 3)−1.



À)° z r�W x�
28.�,	v�

�ÁF«RUDyZ\B�I�RUDyQSRUO�O�½�X[Z\O.b�ÉSZ7ó
α(G) = 2

F~IG½�BEOdÉ
ζG(s)

Z\O2ÉSRUD��µ½YRUTPT R
s = 2

RUFPOdRUO
¢"¼\TJÇUÂ'RUFP½YRUD�1nDyÉ\O�BEO�Å�ãNRGIGFP½ÃÇU½ � V*FPOïÅaRNRUF ÅfOdRU½YRUDÄH�Z\B�ãNRUDNILKNMCRUD �JZ\½ÃÇÈT F«R«¿URUDG½Y]

sn(G) ∼ ζ(2)2

2ζ(3)
n2(logn)

¿UõED
n→∞ �

12Í�RUOCIGF«KNM�½¾T F«KNM>T ô7ó^½�IGF«KNM
ζG(s)

X[RUDy¼\X[¼\D¾ø�M?Z\BU¿�ÅaZ\OEÇ
C
¿U¼\DG½«ILRU½ÃÇ�RUO �

� n �   � ¡�¾l ÅÄº�\¨[½l½$  ¥ ¾© E�$  ¥ ½'¦ � � ¥ ¦b¡�ª>  �>�  ���ö ¥ �� a�����\¨[½l½$  ¥ e  C¡�¾©�L��¨l¡¼÷�r}rw
G
zL| �Cz ���y�C×C×µzS��}�Ì�ÛC| Ñ~ÍEzUw

R(G) :=
⋂{N � G | |G : N | < ∞} zL| �Cz�Nx�uf�Nu�=awyzL�y|~}rwy|~}y�NxCz:@��awyzL�y�S�y�C×C×µzù®SÌS�

G
�Èðc<dzL��Û�uf���S| Ñ w

an(G) = an(G/R(G))
Òt�C�ufÑ Ñ z

n ∈ N
���C��Í$ÍCuS}�@��awyzL�y�S�y�C×C×µzL� � uS�Nx�}rwy�C{�®SÌS�

G
Ûµz�}yuf�fw � zL�C| ���CÛµzL�>ÍE| zufÑ �SzLÛC�Nuf|~}y�NxCzAXawy�y�.=awy�C�'®SÌS�

R(G)
�0;'}�|~}rw*ÍCufxCzL�'}�| �C��®SÌSÑ Ñ¾�a}�|~�Nx[uf�EÒ�}�ÌSÑ~�NxCz����y�C×C×µzL�

G
éL�ïÛµz�}y�NxC�R�f�.=SzL���aÒt�C��ÍE| z

R(G) = 1
|~}rw ± ÍE| z�}�zÁxCzL| ïSzL�Ä�yz�}�|~ÍE�CzLÑ Ñ �îzL��ÍEÑ |~�Nx��

ø «b§�ù¬²4�
� � © ¨��'¦��)�)�^��ú »   ¥©¥ ú §  +�µ  �sz © » § | � ~   n �JRUF
G
RUFPOdR"RUOdÉ�T F«KNM
RUDyÇ�RUBSÅf½YR�bDyRGIGF«É\B�RUTPT W�RUOdÉ�T F«KNMCR��nDGB�øSø�R � ÿ�Z\O�O>IGFPOdÉ^ô � BEFPÀ\Z\T RUO�½Y]ì

1
í
G
MCZ\½�ø�¼\T �\Od¼\X�F«RUTPT RGI ¯ O�½YRUD¾ÅfDGB�øSø�RUO�Â'ZSKNMaIG½¾BEX Åì

2
í
G
RUO�½ÃM4ô\T ½'RUFPOdR ¯ O�½YRUD¾ÅfDGB�øSø�R�À\¼\OvRUOdÉ�T F«KNMCRUX �GOdÉSR>+�b^Â'RUT KNMCRÈZ\BFè|ûILãNZ\D�BEOdÉÈÀ\¼\ORUOdÉ�T F«KNMCRUX�S�Z\O�Å[F~IG½ �

-�zK���C| wy| ÌS��}��SzL{��)ïÚÛµz�}�| wyéUw*zL| �Cz����y�C×C×µz
H
zL��ÍEÑ |~�NxCzL�[Ý�uf�C���fÒ«ufÑ Ñ~}�z�}�zL| �Cz"��u\w>�C���Ñ |~�NxCz��dufxCÑ

d
�S| ÛEw��J}�ÌÄÍCu)ïº}�|~�Nx��rz�ÍEzùzL��ÍEÑ |~�NxvzL�yéLzL�C�fwyz�@��awyzL�y�S�y�C×C×µzÈ®SÌS�

H
}y�NxCÌS�®SÌS�

d
;�Ñ zL{
zL�awyzL�>zL�yéLzL�C�SzL�ÄÑº�)ïfw��%;���ÍEÑ |~�NxCz����y�C×C×µzL�>�C��Í\@��awyzL�y�S�y�C×C×µzL�>ÍEzL��uSÍ��ÍE| wy| ®SzL�����y�C×C×µz

Q+ Ûµz�}�| wyéLzL��ÍE| z�}�z�;�| �SzL��}y�Nx�u\ÒPw��Ä�r}rw H zL| �Cz��yz�}�|~ÍE�CzLÑ Ñ �îzL��ÍEÑ |~�NxCzS�uf�����a}�Û�uf�yz����y�C×C×µz�®SÌS�[zL��ÍEÑ |~�NxCzL{ØÝ�uf�C����}�ÌÈ�S| ÛEw*z�}�zL| �Cz�zL��ÍEÑ |~�NxCz�!ÚzUw�wyz�®SÌS�C@��E�wyzL�y�S�y�C×C×µzL�
1 = H0 � H1 � . . . � Hr = H

� � ÌSÛµzL|��rz�ÍEzlD�u�=awyÌS�y�S�y�C×C×µz Hi/Hi−1zL�aw � z�ÍEzL�^zL��ÍEÑ |~�Nx�ÌEÍEzL�0@��awyzL�y�S�y�C×C×µzn®SÌS� Q+ |~}rw��e;�| �
�Y��ÍE�.=awy| ÌS��}yuf�y�S�C{
zL�aw^Ñ | zUÒÃzL��wÍE| zÁ�Y{
×CÑ | =\u\wy| ÌS�Ä®SÌS� ì Ï í*��uS�Nx ìrËí*| �\XEu\wyéÈ�C� ËS�
-�| z�uf��ÍEzL�yz"Ý"|~�Nxawy�C�C���S®SÌS�>ìrËí©��uS�Nxïì Ï íG�a|~}rw�®�| zLÑ�}y�Nx � | zL�y| �SzL�^zL| �CéL��}�zLxCzL���0X�zL| GzL| �Cz�zL��ÍEÑ |~�Nx�zL�yéLzL�C�fwyzS�d�yz�}�|~ÍE�CzLÑ Ñ �îzL��ÍEÑ |~�NxCz
���y�C×C×µz
{
| wÚñ�XC���4-�zL�:��uS�Nx � zL|~}L�JÍCu)ï

G
ÍE| z
�*z�ÍE| �C�S�C�C� ì Ï í�zL��Òt�CÑ Ñ w��JÛµzL�y�CxawÈuf�EÒ'{
zLxC�yzL�yzL�|XE�NxC�y| w�wyzL����ÍE| z � | �Ú���C�Ú�S�yÌSÛ}�=�| éLéL| zL�yzL�H=S�S�C�CzL�MF
ìÃ|PíH;��y�SzLÛC�C|~}y}�zùÍEzL��ènxCzLÌS�y| zùÍEzL��zL��ÍEÑ |~�NxCzL�����y�C×C×µzL�2ìÃ| �.=�Ñ ��}�| ®SzùÍEzL� !ÚÑ~uS}y}�| ��=\u\�wy| ÌS��ÍEzL�^zL��ÍEÑ |~�NxCzL�ùzL| �EÒ«uS�NxCzL�
���y�C×C×µzL�µí�zL�yÑ~uf�CÛµzL�ùz�}L�SÍE| z*{
�S�SÑ |~�NxCzL�ù�r}�ÌS{
ÌS���×CxC| zUwrÓ�×µzL�>ÍEzL�"ÌSÛµzL�yzL��!�ÌS{
×µÌa}�| wy| ÌS��}rÒ«u�=awyÌS�yzL��®SÌS�

G
zL| �CéL��}y�NxC�R�f�.=SzL���ìÃ| |PíÄt>| w�wyzLÑ~}Á�SzLzL| �S�CzUwyzL�Jj�| �Cz�uf�y|~}�| zL�y�C�C�a}�{
zUwyxCÌEÍEzL�?�yz�ÍE�CéL| zL��wÁ{[uf��ÍCuS}Úñ��yÌSÛCÑ zL{uf�EÒ�ÍEzL�HD�ufÑ Ñ¾�EÍCu)ï

G
Ñ | �Cz�uf�%�CÛµzL�'zL| �CzL{�!��S�y×µzL�'ÍEzL�"Ð'x�uf�Nu�=awyzL�y|~}rwy| =����CÑ Ñd|~}rw��ìÃ| | |Pí�@��awyzL� }/zL� � zL��ÍE�C�C�ÄÍEz�}�ñ��y| {
é�ufxCÑ~}yu\wyéLz�}�éLzL| �fwÚ{[uf����ÍCu)ï�ìÃ�C�CzL��ÍEÑ |~�NxCzí�x�ufÑ �ÛµzL| �EÒ«uS�NxCz�uf�y| wyxC{
zUwy|~}y�NxCz����y�C×C×µzL� �C| zL{[ufÑ~}ïñ�XC��x�ufÛµzL��� Ù��EÒÃ�S�y�C��Í ÍEzL�
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��j��CÛµÌfwyé,=�Óa�YÙ�Ñ wyzL�y��u\wy| ®Sz��nìmXawy|~�Nx � ÌS��w���}rwNuf�>=Sz^Ù�×C×C�yÌ£E| {[u\wy| ÌS��Òt�C��Ñ | �Cz�uf�yz����y�C×E�×µzL�Z��í'ÒÃÌSÑ �fw���ÍCu)ï
G
zL| �CzÈuf�����a}�Û�uf�yz:@��awyzL�y�S�y�C×C×µzÚ®SÌS�ÄzL��ÍEÑ |~�NxCzL{ �Y��ÍEzU£ÄÛµzU�}�| wyéUw��ìÃ| ®Cí\�µ�C{RXE�NxCÑ �4ïù|~}rwÚìÃ�C�awyzL�i}/zL� � zL��ÍE�C�C�ùÍEzL�nÙ������a}�Û�uf�>=SzL| wGí^��uS�NxCéL� � zL|~}�zL����ÍCu)ï

G
éL��ÍEzL{ÎzL��ÍEÑ |~�NxCzL�>Ý�uf�C�
x�u\w��

ò ���¬����>6[¥Nü ²4�W¨ n Ý"zL| �)�S�y�C×C×µzL�awyxCzLÌS�yzUwy|~}y�Nx�ÛµzUwy�NuS�NxawyzUw��n}rwyzLÑ Ñ wÄ}�|~�Nx)ÍE| z�DC�Nuf�Sz�F
? uS}^×�uS}y}�| zL��w�� � zL�C� � | ��}rwNu\w�ww@��awyzL�y�S�y�C×C×µzL��®SÌS�ùzL��ÍEÑ |~�NxCzL{ �Y��ÍEzU£�@��awyzL�y�S�y�C×C×µzL�®SÌS�ºzL��ÍEÑ |~�NxCzL��ð��NÍE���C�C��é)�fxCÑ zL��B�!ÚÑ~uS}y}�|~}y�NxCz�Ù��yÛµzL| wyzL�Ä®SÌS�Ä�nufzL����ý'zL�y�C| =SÌ\®d�azUw�ufÑ¾�Ûµz�}y�NxC�yzL| ÛµzL�>ÍE| z�Xawy�y�.=awy�C��®SÌS�>���y�C×C×µzL���µÍE| zÚÒt�C�w�rz�ÍEz�}

n ∈ N ∪ {∞} ���C��zL��ÍEÑ |~�Nx®�| zLÑ zC;�Ñ zL{
zL�awyzïÍEzL�[ð��NÍE���C�C�
n
Ûµz�}�| wyéLzL���8-�zL�Nuf��wy| �SzÄ���y�C×C×µzL��}y�NxCzL| �CzL���rz�ÍEÌE�Nx

=SzL| �CzÚ| �awyzL�yz�}y}yuf�awyzÚuf�y| wyxC{
zUwy|~}y�NxCzJXawy�y�.=awy�C�"éL�Äwy�Nuf�SzL� ± ®��SÑ¾�^z {¿� ¦ �b� �^~ �
;�| �Cz � |~�Nxawy| �SzH@��awyzL�>=�Ñ~uS}y}�z�ÍEzL�Èñ�XC���r���y�C×C×µzL��ÛC| Ñ~ÍEzL��ÍE| z�zL��ÍEÑ |~�Nx�zL�yéLzL�C�fwyzL����C| Ñ ×µÌfwyzL�awyzL� ���y�C×C×µzL� ± ÍE| z�}�z�}�| ��Í uf�EwyÌS{[u\wy|~}y�Nx;�yz�}�|~ÍE�CzLÑ Ñ �îzL��ÍEÑ |~�Nx$�C��Í$Ûµz�}�| wyéLzL�zL��ÍEÑ |~�NxCzL� Ý�uf�C���CX�zL|

G
zL| �Cz[zL��ÍEÑ |~�Nx�zL�yéLzL�C�fwyzS���C| Ñ ×µÌfwyzL�awyz����y�C×C×µzS�C-�| z[Ûµz,=\uf�E��awyz?è©u\wN}yuS�NxCzS�nÍCu)ï\�rz�ÍEzvzL��ÍEÑ |~�NxCzS�"�C| Ñ ×µÌfwyzL�awyz����y�C×C×µz?ÍE| �yz,=awyz�}[ñ��yÌEÍE�.=awÄ}�zL| �CzL�

X�Ó�Ñ Ì � �"@��awyzL�y�S�y�C×C×µzL�º|~}rw��EÒt�CxC��w�éL�ïÍEzL�c;��CÑ zL�y×C�yÌEÍE�.=awyéLzL�yÑ zL�S�C�C�
ζG(s) =

∏

p

ζG,p(s),

� ÌSÛµzL|aÍCuS}�ñ��yÌEÍE�.=awe�CÛµzL�©ufÑ Ñ z�ñ��y| {
é�ufxCÑ zL� p éL�ÁÛC| Ñ~ÍEzL�È|~}rw©�C��ÍÁÍE| z'Ñ Ì�=\ufÑ zL�JD�u�=awyÌS�yzL�
ζG,p =

∑∞
k=0 apk (G)p−ks �rz � zL| Ñ~} @��awyzL�y�S�y�C×C×µzL�?é)�fxCÑ zL����ÍEzL�yzL�v�Y��ÍEzU£?| � G zL| �Czñ^ÌfwyzL�Céù®SÌS�
p
|~}rw�� �Sz�ÍEz�@��awyzL�y�S�y�C×C×µz�ÍEzL���C| Ñ ×µÌfwyzL�awyzL� ���y�C×C×µz

G
|~}rwÁ}��CÛC�CÌS�y{[ufÑ| �

G
��-�ufxCzL�"|~}rw�Òt�C�0�rz�ÍEz�}

p
ÍEzL�"Ñ Ì�=\ufÑ zJD�u�=awyÌS�

ζG,p(s)
éL�C�SÑ zL|~�Nx>ÍE| z��µzUwNu\ÒÃ�C�.=awy| ÌS�

ÍEzL�n×C�yÌf�
p
}/zL�y®SÌSÑ Ñ~}rwR�f��ÍE| �S�C�C�

Ĝp
®SÌS�

G
�0;'}nÑ | zL�fw�ÍCufxCzL�n��ufxCzS��zUw � uS}nufÑ Ñ �SzL{
zL| �CzL�ÍCuS}�@��awyzL�y�S�y�C×C×µzL� � uS�Nx�}rwy�C{�®SÌS� ìPwyÌS×µÌSÑ ÌS�S|~}y�NxµíÚzL��ÍEÑ |~�Nx�zL�yéLzL�C�fwyzL��×C�yÌf� p ���y�C×E�×µzL��éL���C�awyzL�N}����NxCzL���\-�uS}ÁÒÃÌSÑ �SzL��ÍEz�Ý"z�}��CÑ wNu\wùÒÃ�4ïfw�uf�EÒcj�ufé�uf�NÍC}ÁxCzL�Nuf��}��Nuf�SzL��ÍEzL�Ù��yÛµzL| w¼z ©  Y��} Â ~ ��ÍE| zl�CÛC�y| �SzL��}�Òt�C�ÈÍCuS}��Sz�}yuf{Èwyz
��zLÛC| zUwÁ| �?zL�awN}y�NxCzL|~ÍEzL��ÍEzL� ?�zL|~}�zzL| �CzÈÙ���wc!Áu\wNufÑ ÓE}yu\wyÌS�y�yÌSÑ Ñ z��Sz�}�×C| zLÑ w"x�u\w��

ø «b§�ù¬²4��² n V*FPOdR*ødDy¼\W
p
�nDGB�øSø�RùãNRGIGFP½ÃÇU½©ÅaRUOdZ\B>ÉSZ\O�O�ø�¼\T �\Od¼\X�F«RUTPT RGI ¯ O�½YRUD¾ÅfDGB�øSø�RUO�WÂ'ZSKNMaIG½¾BEX�b�Â'RUO�OvIGF«R

p
W�ZSÉ\F~ILKNM?Z\OdZ\T �\½¾F~ILKNM>F~IG½ �

;'}Ú�S| ÛEwÁufÑ~}�ÌÄé � zL|/}�zLxC�Ú�C�awyzL�N}y�NxC| z�ÍEÑ |~�NxCzS�J| �awyzL�yz�}y}yuf�awyz�!ÚÑ~uS}y}�zL�v®SÌS� ���y�C×C×µzL���ÍEzL�yzL� �µzUwNu\ÒÃ�C�.=awy| ÌS�CzL� � | ��®SzL�N}rwyzLxCzL�>{
�E�NxawyzL�MFÁìrËí"zL��ÍEÑ |~�NxvzL�yéLzL�C�fwyzS���C| Ñ ×µÌfwyzL�awyz���y�C×C×µzL�2�C��Í ì Ï íJ=SÌS{
×�u�=awyz
p
�YuSÍE|~}y�NxCzHj�| zL�S�y�C×C×µzL�����Y�C�CzL�yx�ufÑ Û2ÍE| z�}�zL��!ÚÑ~uS}y}�zL�

����ÍEzL��}�|~�Nx�ÍE�C�N�Nx�uf��}Úuf���Nx��auf�Cé�=SÌS�.=��yzUwyz[���y�C×C×µzL��®SÌS�?Ûµz�}�ÌS��ÍEzL�yzL{ �Y�awyzL�yz�}y}�zS�
� | zÁéS� ���CÍE| z�X�zL�y| z SLd(Zp)

�
d ∈ N

�
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X�zL|

G
zL| �Cz�=SÌS{
×�u�=awyz

p
�YuSÍE|~}y�NxCz�j�| zL�S�y�C×C×µzS��-�uf�C�?Ûµz�}�| wyéUw

G
zL| �CzùÌ�<dzL�Cz��C�C| �ÒÃÌS�y{
z*×C�yÌf�

p
@��awyzL�y�S�y�C×C×µz

U
�\�C��Í�ÍE| zn�*zL�yz��NxC���C�C��®SÌS�

ζG(s)
Ñº�)ïfw/}�|~�Nx�uf�EÒ�zL��ÍEÑ |~�Nx®�| zLÑ zS��ÍEzL�H��zLÛµzL�.=�Ñ~uS}y}�zL�[®SÌS�

U
| �
G
éL�C�SzLÌS�NÍE�CzUwyz��µzUwNu\ÒÃ�C�.=awy| ÌS�CzL�[éL�C�>���W=aÒt�CxC�yzL���

? | �ùÛµz�}y�NxC�R�f�.=SzL���C��}ùÍEzL�Ið�ÛµzL�N}�|~�NxawÈx�ufÑ ÛµzL��uf�EÒ�ÍEzL��ÍEzL�.=�Û�uf�ÈzL| �EÒ«uS�Nx�}rwyzL�ND�ufÑ Ñ¾����f{
Ñ |~�Nx
G = U

�N-�uf�C��=\uf�C�
ζG(s)

ìÃÛC|~}
uf�EÒ�zL| �CzL��=SÌS��}rwNuf�awyzL�N}/ÌS��Ò«u�=awyÌS�GíÁufÑ~}
p
�YuSÍE|~}y�NxCz�}*�Y�awyzL�S�NufÑJÍEzL����z�}rwNufÑ w

∫

V⊆Zm
p

|f(v)|p|g(v)|spdµ
�Sz�}y�NxC�y| zLÛµzL� � zL�NÍEzL��� � ÌSÛµzL|�}�Ì � ÌSxCÑCÍEzL���Y�awyzL�S�Nu\wy| ÌS��}�ÛµzL�yzL|~�Nx V ufÑ~}�uf���Nx
ÍE| z_DC�C�.=a�wy| ÌS�CzL�

f, g
®SÌS��ÍEzL��Xawy�y�.=awy�C�È®SÌS�

G
ufÛCx��f�C�SzL����-�| z[�Y�awyzL�S�Nu\wy| ÌS��zL�N}rwy�yz��W=awÈ}�|~�Nx

�CÛµzL�'uf��}��Sz � �fxCÑ wyzS�fufÛµzL���C|~�Nxaw�zL| ��ÍEzL�Ewy| �ÁéL�C�SzLÌS�NÍE�CzUwyzi;��yéLzL�C�SzL��ÍEzL��}�ÓE}rwyzL{
z*ÒÃz�}rwyzL�j:�f�C�Sz/Òt�C�/ÍE| zi@��awyzL�y�S�y�C×C×µzL�È®SÌS�
G ± ÍE| z�}�z � zL�NÍEzL�È×�uf�Nuf{
zUwy�y|~}�| zL��w�ÍE�C�N�NxJ}/z,=awyÌS�yzL�

v ∈ V ⊆ Zm
p

�^�Y{Ø�Y�awyzL�S�Nuf��ÍEzL�
Ûµz�}y�NxC�yzL| ÛEw |g(v)|p
ÍEzL���Y��ÍEzU£�ÍEzL�

v
éL�C�SzLÌS�NÍE�CzUwyzL�

@��awyzL�y�S�y�C×C×µz'®SÌS�
G
�\�C��ÍùÍCuS}^��z � |~�Nxaw |f(v)|p

wy�R�f�fw^ÍEzL�^è©u\wN}yuS�NxCz'Ý"z��NxC���C�C���fÍCu)ïÍE| z"�SÑ zL|~�NxCzc@��awyzL�y�S�y�C×C×µz"uf�EÒÃ�S�y�C��Í�®SzL�N}y�NxC| z�ÍEzL�CzL��;��yéLzL�C�SzL��ÍEzL��}�ÓE}rwyzL{
zn{
zLxC��Ò«uS�Nx�SzLé)�fxCÑ w � | �NÍJ�Ù�Ñ~}'zL| �EÒ«uS�Nx�}rwyz�}*�*zL|~}�×C| zLÑµ�SzLÛµzL� � | �*zL| �Cz��Y�awyzL�S�NufÑ~ÍCuf�N}rwyzLÑ Ñ �C�C�ÚÒt�C�"ÍE| z�ÒÃ�yzL| z�ufÛµzLÑ �}y�NxCz�×C�yÌf�
p
���y�C×C×µz

Zd
p

uf���8�Sz�ÍEz�@��awyzL�y�S�y�C×C×µz�®SÌS�
Zd

p

=\uf�C��®SÌS�
d
;�Ñ zL{
zL�awyzL�

zL�yéLzL�C�fw � zL�NÍEzL���J�C��ÍC�rz�ÍEz�} d �Yè��C×µzLÑ/| � Zd
p

Ñº�)ïfwÁ}�|~�Nxv| ��zL| �CzL�
d × d tvu\wy�y| £��CÛµzL�

Zp
éL��}yuf{
{
zL�EÒ«uS}y}�zL����;'}"�S| Ñ w

ζZd
p
(s) = (1− p−1)−d

∫

V

|λ11|s−1
p |λ22|s−2

p · · · |λdd|s−d
p dµ,

� ÌSÛµzL|�ÍEzL�"�Y�awyzL�S�Nu\wy| ÌS��}�ÛµzL�yzL|~�NxÄuf��}"ufÑ Ñ zL�ÄÌSÛµzL�yzL��-��yzL| z��W=E}�{[u\wy�y| éLzL�ºÛµz�}rwyzLxaw'F
V = {(λij) ∈

tvu\w
d(Zp) | λij = 0

| Ò
i > j}.

-�| z�}�z�}"}�×µzLéL| zLÑ Ñ zÁ�Y�awyzL�S�NufÑdÑº�)ïfw�}�|~�NxÄÑ zL|~�Nxaw�uf��}rÒt�CxC�yzL� ± {[uf�ÄzL�yx��fÑ w
ζZd

p
(s) = ζp(s)ζp(s− 1) · · · ζp(s− d+ 1),

� ÌSÛµzL| ζp(s) =
∑∞

k=0 p
−ks ÍEzL��Ñ Ì�=\ufÑ zL� p �"D�u�=awyÌS�/ÍEzL�/Ý"| zL{[uf�C��}y�NxCzL�C�µzUwNu\ÒÃ�C�.=awy| ÌS�ÛµzLéLzL|~�NxC�CzUw ± ®��SÑ¾�\�*zL|~}�×C| zLÑ Ï � ËS���Y{ ufÑ Ñ �SzL{
zL| �CzL�ù|~}rw�ÍE| znzU£E×CÑ | éL| wyzn�*zL�yz��NxC���C�C��ÍEzL�Nuf���wy| �SzL���Y�awyzL�S�NufÑ z"ufÛµzL���f�4ïSzL�N}rw�}y�Nx � | zL�y| ���4;��y�SzLÛC�C|~}y}�z"ÍEzL� p �YuSÍE|~}y�NxCzL�
t>ÌEÍEzLÑ Ñ wyxCzLÌS�y| zéLzL| �SzL�>| {
{
zL�yxC| ���µÍCu)ï
ζG(s) = Φ(p−s)/Ψ(p−s)

zL| �CzÈ�Nu\wy| ÌS��ufÑ z:DC�C�.=awy| ÌS���CÛµzL�
Q| �

p−s |~}rw ± ®��SÑ¾��z § § | � ~ ��-�| z�}/Ûµz�ÍEzL�EwyzUw'uf��}y�Nx�uf�CÑ |~�Nx��fÍCu)ïÚÍE| zcDCÌSÑ �Sz apk (G)
�
k ∈ N

�ufÛÄzL| �CzL{ Ûµz�}rwy| {
{ÈwyzL�ïñ��C�.=aw�zL| �CzÚÑ | �Cz�uf�yzÁÝ"z,=��C�N}�| ÌS��}��SÑ zL|~�Nx��C�C�ùzL��Òt�CÑ Ñ w��
�Sz�ÍEzC=SÌS{
×�u�=awyz

p
�YuSÍE|~}y�NxCzHj�| zL�S�y�C×C×µzºÛµz�}�| wyéUw�zL| �CzÄÌ�<dzL�Czº×C�yÌf�

p
@��awyzL�y�S�y�C×C×µz

U
�nÍE| zvuf�EÒÚ��u\w>�C�yÑ |~�NxCz�?�zL|~}�zvÍE| z8Xawy�y�.=awy�C��zL| �Cz�}

Zp
�"j�| zL�S| w�wyzL�N}

L = LU
wy�R�f�fw��

@��awyzL�n�SzLzL| �S�CzUwyzL�Ä�*z�ÍE| �C�S�C�C�SzL�?ìÃéS� ���
dim(U) 6 p

í�ÛC| Ñ~ÍEzUw��rz�ÍEz:@��awyzL�y�S�y�C×C×µz�®SÌS�
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U
éL�C�SÑ zL|~�Nx�zL| ��j�| zUwyzL| Ñ �S| w�wyzL��®SÌS�

L
�C��Í��C{
�Sz,=SzLxC��w ± }�| zLxCzUz {¿� ¦��D~ �NDe�C�[}�ÌSÑ~�NxCzj�| zL�S�y�C×C×µzL�

U
�SzL�Z�C�fwÚz�}�ufÑ~}�Ì��JÍE| z�zL�awN}�×C�yz��NxCzL��ÍEz��µzUwNu\ÒÃ�C�.=awy| ÌS�

ζL(s)
ÍEz�}�éL�C�SzU�xC�S�y| �SzL�

Zp
�"j�| zL�S| w�wyzL�N}

L = LU
éL�)Ûµz�}rwy| {
{
zL��� -�| z � zL�C| �SzL���*ÛC|~}�Ñ~uf�C��zU£E×CÑ | éL| wÛµz,=\uf�C�awyzL���µzUwNu\ÒÃ�C�.=awy| ÌS�CzL� � �C�NÍEzL��ufÑ Ñ z�}yuf{ÈwÚufÑ~}:�µzUwNu\ÒÃ�C�.=awy| ÌS�CzL�?®SÌS�8j�| zL�S| w�wyzL�y�ÛµzL�yz��NxC�CzUw���-�| z\�rzL| �EÒ«uS�Nx�}rwyz��vzL| �EÒ«uS�NxCz

Qp
�"j�| z�ufÑ �SzLÛC�Nu

sl2(Qp)
zL�awyx��fÑ w>ÍCuS}

Zp
�

j�| zL�S| w�wyzL�
sl2(Zp)

�0;�| �CzÈ�C|~�Nxaw��¾wy�y| ®�|~ufÑ zÚÝ"z��NxC���C�C� z ¤��  �|b|G~ éLzL| �fwnÒt�C�
p > 3

F
ìÃÕ�� Ëí

ζsl2(Zp) = ζp(s)ζp(s− 1)ζp(2s− 1)ζp(2s− 2)ζp(3s− 1)−1.
;�| � zL�awN}�×C�yz��NxCzL��ÍEzL�ÁÙ���}yÍE�y���W=ïÒt�C�ùÍE| zH�µzUwNu\ÒÃ�C�.=awy| ÌS��®SÌS�

sl2(Z2)
|~}rwÁ| �Cé � |~}y�NxCzL�uf���Nx�Ûµz,=\uf�C�aw z § § � � � ~ ± ÍEzL��;�| �EÒ«uS�NxCxCzL| w�x�ufÑ ÛµzL��{
�E�Nxawyz�|~�Nx�{
|~�Nx�| { � zL| wyzL�yzL�ufÛµzL��uf�EÒ/ÍEzL��D�ufÑ Ñ

p > 3
Ûµz�}y�NxC�R�f�.=SzL���

-�| z�DCÌS�y{
zLÑ^ìÃÕ�� Ëí^éLzL| �fw*| ��}�Ûµz�}�ÌS��ÍEzL�yzS��ÍCu)ïùÍE| z�Ù��Cé�ufxCÑdÍEzL�ij�| zUwyzL| Ñ �S| w�wyzL�'{
| wn�Y�E�ÍEzU£
pn | � sl2(Zp)

®SÌS�
ÍEzL�'���y�PïSzL�CÌS�NÍE���C�C�
npn |~}rw��wX�x�ufÑ zL®¨�f�4ïSzL��wyznÍCuf�Nuf�EÒÃxC| �
ÍE| z

}/zL�y{ù�Ewy�C�C����ÍCu)ï
×C�yÌf�
p
���y�C×C×µzL�>{
| w�Ñ | �Cz�uf�"Ûµz�}y�NxC�R�f�.=awyzL{�@��awyzL�y�S�y�C×C×µzL� � uS�Nx�}r�wy�C{¢�CÌfw � zL��ÍE| �SzL� � zL|~}�z*uf�����a}�Û�uf�^}�| ��ÍJ�����C��Ûµz�}�| wyéUw'ÍEzL�'Ð'xCzL®\ufÑ Ñ zLÓa�Yè'Ó�×�Ù 1

�CzLÛµzL�
sl2(Qp)

�SzL��uf�ÈzL| �Cz � zL| wyzL�yz Qp
�"DCÌS�y{ï����f{
Ñ |~�Nx

sl1(Dp)
� � ÌSÛµzL| Dp

ÍE| zÚìÃÛC|~}/uf�EÒ��r}�Ìf�{
ÌS�y×CxC| z�zL| ��ÍEzL�Ewy| �ùÛµz�}rwy| {
{Èwyzí'éLzL�awy�NufÑ �îzL| �EÒ«uS�NxCz
Qp
�"-�| ®�|~}�| ÌS��}yufÑ �SzLÛC�NuÚ®SÌS{4�Y��ÍEzU£

2
ÛµzLéLzL|~�NxC�CzUw���X�zL|

∆p
ÍE| z*{[u\£E| {[ufÑ z

Zp
��ð��NÍE���C�C��®SÌS�

Dp
�e;'} � uf��wNu\wN}�S�NxCÑ |~�NxÈzL| �Cz=�Ñ zL| �CzLð�ÛµzL�y�NuS}y�Nx��C�C���SufÑ~}/|~�Nx�ÒÃz�}rwN}rwyzLÑ Ñ wyzS��ÍCu)ïÈÍCuS}

Zp
�"j�| zL�S| w�wyzL�

sl1(∆p)
| {4��zL�SzL�E�}yu\wyéÚéL�

sl2(Zp)
Ñ | �Cz�uf�yz�}nè�zL| Ñ �S| w�wyzL� � uS�Nx�}rwy�C{Î®SÌS� � zL|~}rw��/��zL��uf�CzL�"�S| Ñ w/z {¿� ¦ �b�  �~ FìÃÕ�� Ï í

ζsl1(∆p) = ζp(s)ζp(2s− 1)ζp(2s− 2).�Y��}�Ûµz�}�ÌS��ÍEzL�yzù|~}rwÈÍE| z[Ù��Cé�ufxCÑ/ÍEzL�:j�| zUwyzL| Ñ �S| w�wyzL�Á{
| wÁ�Y��ÍEzU£
pn | � sl1(∆p)

®SÌS��ÍEzL�
���y�PïSzL�CÌS�NÍE���C�C�

pn � ?�zL| wyzL�yzsð�ÛµzL�yÑ zL�S�C�C�SzL����uf�EÒ�ÍE| zÄ|~�Nx��C|~�Nxaw����fxCzL��zL| �C�SzLxCzL�{
�E�NxawyzS�*Òt�CxC�yzL� éL� zL| �CzL��®SÌSÑ Ñ~}rwR�f��ÍE| �SzL�)�*z�}y�NxC�yzL| ÛC�C�C��ÍEzL�º×C�yÌf�
p
���y�C×C×µzL� {
| wÑ | �Cz�uf�"Ûµz�}y�NxC�R�f�.=awyzL{R@��awyzL�y�S�y�C×C×µzL� � uS�Nx�}rwy�C{Ôz {¿� ¦ �b� ¡�~ �

-�| z'zU£E×CÑ | éL| wyz%DCÌS�y{
zLÑµìÃÕ�� Ï í�}�×C| zLÑ w©uf���NxÁzL| �Cz*Ý"ÌSÑ Ñ z�ÛµzL|�ÍEzL��j��a}��C�C�"zL| �Cz�} � zL| wyzL�yzL�®SÌS�lX�x�ufÑ zL®Èuf�C�SzL�yzL�fwyzL�Áñ��yÌSÛCÑ zL{[},Fe�Sz�ÍEz*×C�yÌ����C| wyz"���y�C×C×µz
G
{
| w�ÍEzL��;�| �SzL��}y�Nx�u\ÒPw��ÍCu)ï

an(G) < n
Òt�C�nÒ«uS}rw�ufÑ Ñ z

n ∈ N
|~}rw��EÛµz�}�| wyéUw�zL| �CzÚÌ�<dzL�CzÚéLzL�awy�NufÑ zS�E×C�yÌSéLÓZ=�Ñ |~}y�NxCz

@��awyzL�y�S�y�C×C×µz ± }�| zLxCz�z {¿� ¦µ G~ �;�| � � |~�Nxawy| �Sz�}JÌ�<dzL�Cz�}�ñ��yÌSÛCÑ zL{$Ûµz�}rwyzLxaw©ÍCuf�y| ����SzLzL| �S�CzUwyz/t>zUwyxCÌEÍEzL�ÈéL�C���*zL�yz��NxE����C�C� � zL| wyzL�yzL���µzUwNu\ÒÃ�C�.=awy| ÌS�CzL�ÄéL�ïzL�aw � |~�W=SzLÑ ���^�*z�}�ÌS��ÍEzL�N}*��ufxCzLÑ | zL�SzL��Íº|~}rw
Ë ���2Ì�Ê-���¦¤+�
� n [�RGIG½¾FPX�X[R

ζG(s)
¿UõED

G = SL1
d(Zp)

b
d > 3

bùãNÇUÂ � ãNRUDyRNKNM�OdRvÉ\F«RRUO�½«I¾ødDyRNKNMCRUOdÉSRUO�6^RU½YZr¿NBEOEQ\½¾F«¼\OdRUOù¿UõEDùÉ\F«R
Zp
Wm9^F«RîÅfFP½¾½YRUD

sld(Zp) �Ù��Cx�uf��ÍÁÍEzL�4DCÌS�y{
zLÑ ��ìÃÕ�� Ëíµ�C��Í[ìÃÕ�� Ï ídÑº�)ïfw�}�|~�NxÁzL| �Èuf��<2�fÑ Ñ | �Sz�}L��ufÑ Ñ �SzL{
zL| �Áuf�EÒPwy�yzU�wyzL��ÍEz�}"ñ�x��f�CÌS{
zL�Ä| Ñ Ñ ��}rwy�y| zL�yzL�MF�;'}"�SzLÑ wyzL�>ÍE| z:DC�C�.=awy| ÌS��ufÑ �SÑ zL|~�Nx��C�C�SzL�
ζsl2(Zp)(s)|p→p−1 = −p−3s+3ζsl2(Zp)(s),

ζsl1(∆p)(s)|p→p−1 = −p−5s+3ζsl1(∆p)(s).
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p
�nDGB�øSø�RUO

G
X�FP½[¢%�e� RUDÃ¿UõETPT ½�É\F«RÄÇUBSÅaRNM4û\DGF ÅaR

6^RU½YZr¿NBEOEQ\½¾F«¼\O RUFPOdR QJBEOEQ\½¾F«¼\OdZ\T ÅfT RUF«KNM�BEO�ÅïÉSRUD�Q�¼\DGX
ζG(s)|p7→p−1 = ±pas+bζG(s)X�FP½

a, b ∈ Z � ]
¼\DyZ\O>T F«RîÅf½nÉSZI �U� �GOCILãNRGIL¼\OdÉSRUDyR�IGFPOdÉ�É\F«RGILR�QJDyZLÅaRUOÈ¿UõEDÁÉ\F«RÁT ¼�QSZ\T RUOQ�Z�Q\½Y¼\DyRUO RUFPOdRUDùRUOdÉ�T F«KNM?RUDyÇ�RUBSÅf½YRUO.b�O�FPT ø�¼\½YRUO�½YRUON�nDGB�øSø�RùÀ\¼\OïÅfDy¼7ó�RUXé�GO�½YRUDyRGINILR � �
?��fxC�yzL��ÍÚz�}�ÛµzL|�ÍEzL��@��awyzL�N}����Nx��C�C�"®SÌS���µzUwNu\ÒÃ�C�.=awy| ÌS�CzL�

p
�YuSÍE|~}y�NxCzL�4j�| zL�S�y�C×C×µzL�ÌfÒPwy{[ufÑ~}Á�SzL�NuSÍEz[uf�EÒ"ÍE| z�;�| �SzL�aw>�C{
Ñ |~�Nx.=SzL| wyzL��ÍEzL�ÈéL�C�S�y�C��ÍEzLÑ | zL�SzL��ÍEzL��ñ��y| {
é�ufxCÑ

puf�.=SÌS{
{Èw��J}rwyzLxawÁÛµzL|�ÍEzL�?�C| Ñ ×µÌfwyzL�awyzL�����y�C×C×µzL� ÍCuS}J�µ��}yuf{
{
zL��}�×C| zLÑ^ÍEzL�ÚÑ Ì�=\ufÑ zL�
D�u�=awyÌS�yzL���rÛC|~}*uf�EÒ�zL��ÍEÑ |~�Nx�®�| zLÑ z���| {�}/ÌS�NÍEzL�y�S�y�C��ÍJ�e-�zL�'ÒÃÌSÑ �SzL��ÍEz�XEu\wyé�}rwyzLÑ Ñ wnzL| �CzL�
���SxCzL×C�C�.=aw�ÍEzL�"ÛC|~}�Ñ~uf�C�
zL�aw � |~�W=SzLÑ wyzL�ÄènxCzLÌS�y| zÁÍCuf���
ø «b§�ùâ¤+��² �r§©¨ §  C¨���¦G��ú�Äº�\¨ ¥   e   � § z § § Ä �b� ~   n �JRUF G RUFPOdR � BEOdRUOdÉ�T F«KNMCR��ÈRUOdÉ\WT F«KNM?RUDyÇ�RUBSÅf½YR�b�O�FPT ø�¼\½YRUO�½YRC�nDGB�øSø�R � ÿ�Z\O�OÄÅaRUT ½YRUOd]ìÃ|PíïÿÈF«RPÅ
¼\O�À\RUD¾ÅaRUOEÇ�ZSãNÇUF~INILR

α(G)
F~IG½*DyZ\½¾F«¼\OdZ\T �ìÃ| |PíïÿÈF«R:QJBEOEQ\½¾F«¼\O

ζG(s)
ãNRGIGFP½ÃÇU½�RUFPOdR�X[RUDy¼\X[¼\D¾ø�MCR�Q�¼\DG½«ILRU½ÃÇUBEO�ÅïZ\BU¿�RUFPOdR�DyRNKNM�½YRQS¼\X�ødT R>+�RP�ùZ\T ãNR�ãNRUOdR�bnÉ\F«R

α(G)
RUO�½ÃM4ô\T ½ �ìÃ| | |Pí�Q�õED

n→∞ ãNRGIG½YRNM�½nÉ\F«R�ZI��\X�ød½Y¼\½¾F~ILKNMCRÁáÚãGILKNM4ô\½ÃÇUBEO�Å
sn(G) ∼ cnα(logn)β bÂ'¼SãNRUF

c ∈ R
b
α = α(G)

BEOdÉ
β ∈ N0 � �ÁF«RUDLãNRUF�ÅfF«ãU½ β + 1

É\F«R]¢"¼\T ¼\DyÉ\O�BEO�ÅÀ\¼\O
ζG(s)

ãNRUF
s = α

Z\O �
-�zL���*z � zL|~}�ÛµzL�S| �C�aw[{
| wºÍEzL�
ÛµzL�yzL| wN}
zL� � �fxC�awyzL���Y�awyzL�S�NufÑ~ÍCuf�N}rwyzLÑ Ñ �C�C�>Òt�C�ºÍE| zÑ Ì�=\ufÑ zL�H�µzUwNu\ÒÃ�C�.=awy| ÌS�CzL�[zL| �CzL�'zL��ÍEÑ |~�Nx[zL�yéLzL�C�fwyzL���f�C| Ñ ×µÌfwyzL�awyzL�Ä���y�C×C×µz

G
Fe;'}'�S| ÛEwzL��ÍEÑ |~�Nx>®�| zLÑ zÁñ^ÌSÑ Ó��CÌS{
z

f0, f1, . . . , fr, g0, g1, . . . , gr ∈ Q[X1, . . . , Xd]
�µ}�Ì�ÍCu)ï
Òt�C�Ò«uS}rw�ufÑ Ñ zÚñ��y| {
é�ufxCÑ zL�

p
�S| Ñ w'F

ζG,p(s) = a−1
p,0

∫

Vp

|f0(x)|p|g0(x)|spdµ,

� ÌSÛµzL| Vp = {x ∈ Zd
p | |fi(x)|p > |gi(x)|p

Òt�C�
1 6 i 6 r} �C��Í ap,0 6= 0

zL| �E�Ò«uS�Nx>���C��zL| �CzL�8XZ=\ufÑ | zL�y�C�C�a}rÒ«u�=awyÌS��ÍCuf�N}rwyzLÑ Ñ w��n�Y�awyzL�S�NufÑ zÁ®SÌS�>ÍE| z�}�zL�Ú��z�}rwNufÑ w�xCzL| ïSzL�
!ÚzL�SzLÑ | �awyzL�S�NufÑ zS�nÍCu�ÍEzL���Y�awyzL�S�Nu\wy| ÌS��}�ÛµzL�yzL|~�Nx2ÛµzL|��SzLzL| �S�CzUwyzL���Y�awyzL�y×C�yzUwNu\wy| ÌS�)zL| �Cz
=SzL�SzLÑ ÒÃ�S�y{
| �Szï��z�}rwNufÑ w[Ûµz�}�| wyéUw���;�| �Cz>Ù���} � zL��wy�C�C��ÍEz�}��Y�awyzL�S�NufÑ~}L��éL�)ÍEzL�
| {�ufÑ Ñ ��SzL{
zL| �CzL�ïéL�C���S�Nx�}rw�ÍE| z�X�| �C�S�CÑ~uf�y| wR�\wyzL�ï| { �Y�awyzL�S�Nu\wy| ÌS��}�ÛµzL�yzL|~�Nxïuf�EÒÃ�SzLÑ �a}rw � zL�NÍEzL�{���}y}�zL���EÑ | zUÒÃzL��w�ÍE| zJDCÌS�y{
zLÑ

ap,0ζG,p(s) = ap,0 +
∑

I∈S

cp(I)PI (p, p
−s),

� ÌSÛµzL| S zL| �Cz�zL��ÍEÑ |~�NxCz
t>zL�C�Szïì«�*Ì�ÌSÑ z�}y�NxCzL��!�ÌS{ùÛC| ��u\wy| ÌS�CzL�µí"®SÌS�?ufÑ �SzLÛC�Nuf|~}y�NxCzL�
}�uf�y| zUwR�\wyzL���CÛµzL�

Z
ÛµzLéLzL|~�NxC�CzUw��*ÍE| z�!�Ì�zKu[éL| zL�awyzL�

cp(I)
�rz � zL| Ñ~}
ÍE| z>Ù��Cé�ufxCÑ"ÍEzL�

Fp
�îñ��C�.=awyzïuf�EÒ�ÍEzL�
Ý"z�ÍE�.=awy| ÌS��®SÌS�

I
{
ÌEÍE�CÑ Ì

p
uf�C�SzLÛµzL���C��Í��rz�ÍEz�}

PI(Y1, Y2)zL| �CzÁ�Nu\wy| ÌS��ufÑ z DC�C�.=awy| ÌS���CÛµzL�
Q
ÍCuf�N}rwyzLÑ Ñ w��
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;�| �Cz�j�uf�C�f�~?�zL| Ñ �YÙ�Û�}y�Nx��\wyéL�C�C��Òt�C�ÚÍE| z�Ù��Cé�ufxCÑ�®SÌS�
Fp
�îñ��C�.=awyzL�?uf�EÒ'ÍEzL��}�uf�y| �zUwR�\wyzL�

I
{
ÌEÍE�CÑ Ì

p
Ñ | zUÒÃzL��wnìÃ|PíG�^t>| w0��| Ñ ÒÃz*®SÌS�ùÙ���wy| �

L
�"DC�C�.=awy| ÌS�CzL�J=SÌS��}rwy�y�C| zL��w�{[uf�ÍE| zÚ| ��ìÃ| |Pí'®SzL�N}�×C�yÌE�NxCzL�Cz�{
zL�yÌS{
ÌS�y×CxCz DCÌS��wN}�zUwyéL�C�C����;�| �CzÁÙ�� � zL��ÍE�C�C�
�SzLzL| �S�CzUwyzL�è©uf�CÛµzL�N}y�NxCzL�cX&�\wyéLzÚÑ | zUÒÃzL��w�}y�NxCÑ | z+ïSÑ |~�Nx�ìÃ| | |PíG�

-�zL�Î�rzL�C| �Sz�XE�NxC�y| w�w���ÍEzL�Ú| {�t>ÌS{
zL�awÁuf{ � zL�C| �a}rwyzL��ÍE�C�N�Nx�}y�Nx�uf�Ew � | �NÍJ�J|~}rwÈÍCuS}Ù������a}�zL��ÍEzL�%X�| �C�S�CÑ~uf�y| wR�\wyzL�È| {¢�Y�awyzL�S�Nu\wy| ÌS��}�ÛµzL�yzL|~�Nx��4���C�/| �ùÛµz�}�ÌS��ÍEzL�N}©zL| �EÒ«uS�NxCzL�
Dq�fÑ Ñ zL�2|~}rw�ÍE| z�}
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ÌS�yz�×C�yz��U|~}�z'xCzL�yz�FJwyxCzn}rwNufÛCÑ z'Û�uS}�z'Ñ ÌE�U��}�|~}��CÌfw^| ��®\uf�y|~uf�aw�C��ÍEzL�È���C{
zL�y|~�LufÑ�z'^a�C| ®\ufÑ zL���UzS�©uf��Í�xCzL���Uz[| wù|~}Á�CÌfw�uÄÒÃ�C���Gwy| ÌS� ÌS��wyxCz�ÛC| �v�UÌS�CzS�
DCÌSÑ Ñ Ì � | �C� z ®P© » + ~ � z�wyxCzL�yzUÒÃÌS�yzÁ�UÌS��}�|~ÍEzL��u�{
ÌEÍE| ��z�ÍÄ®SzL�N}�| ÌS�ÄÌfÒ©wyxCzÈ}rwNufÛCÑ zÚÛ�uS}�zÑ ÌE�U��}L��wyxCz
IG½YZSãUFPT F Ç�RNÉÄãNZILRùT ¼�KUB�IG�CÍEzK���Cz�ÍïuS}

B+(L) = SB(L−A) ,

� xCzL�yz A |~}"u�}���u��U| zL�awyÑ Óº}�{[ufÑ ÑJuf{
×CÑ z�ÛC�C��ÍEÑ zS��ènxCz�}�zÁ}rwNufÛC| Ñ | éLz�Í�Û�uS}�z�Ñ ÌE�U|J| �ºÒ«uS�Gwwy�C�y�ïÌS�EwnwyÌ[ÛµzÁ���C{
zL�y|~�LufÑd| ��®\uf�y|~uf�awN}L�
� ¦ � ¨l¡  �� n Ð'ÌS��}�|~ÍEzL�ïu�Ñ | �Cz�ÛC�C��ÍEÑ z

L
ÌS�$u�}�{
Ì�Ìfwyx$×C�yÌ��rz��Gwy| ®Szv®\uf�y| zUwrÓ

X
ÌfÒÍE| {
zL��}�| ÌS�

n
�"ènxCzùÝ"| zL{[uf�C��êEÝ"ÌE�Nxï×C�yÌSÛCÑ zL{ |~}��UÌS���UzL�y�Cz�Í � | wyx>wyxCzù}rwy��ÍEÓÄÌfÒ^wyxCzÛµzLx�u®�| ÌS�C�ÚÌfÒ
h0(X, kL)

uS}Áu�ÒÃ�C���Gwy| ÌS� ÌfÒ
k
�l? xC| Ñ z
wyxCz
zU£CuS�GwÈÍEzUwyzL�y{
| ��u\wy| ÌS��ÌfÒwyxCz�}�z>ÍE| {
zL��}�| ÌS��}
|~}[ÍE| u��U�CÑ w[| �)�SzL�CzL�NufÑ¾�/wyxCzLÓ��S�yÌ � wrÓ�×C|~�LufÑ Ñ Ó$ìÃ|¾� zS�^ÒÃÌS�[ÛC| � Ñ | �CzÛC�C��ÍEÑ z�}Ní'Ñ | =Sz

kn ��ènxCz�À\¼\T BEX[RÚÌfÒ L ��| �awy�yÌEÍE���Uz�Í�Û�ÓïÐ'�Ew>=SÌa}�=�ÓS�a|~}*wyxCzL�ïÍEzK���Cz�ÍºuS}
volX(L) =def lim sup

k

h0(X, kL)

kn/n!
.

ènxC|~}
�UÌS���UzL×Ew[�yz�uSÍE| Ñ Ó zU£�wyzL��ÍC}ùwyÌ
Q
�YÍE| ®�|~}�ÌS�N}L�/uf��Í�| ��Ò«uS�Gw[| w[x�uS}��yz��UzL�awyÑ Ó ÛµzLzL�z�}rwNufÛCÑ |~}�xCz�Í>ìÃ| �¿z ©  Y��~ í^wyx�u\w'| wnÍEzK���Cz�}'uÁ�UÌS�awy| ���CÌS��}^ÒÃ�C���Gwy| ÌS��ÌS��wyxCz���ÔL�yÌS�E��X�zL®SzL�y|}�×�uS�UzS�^�îw�|~}*wyx���}"��u\wy�C�NufÑdwyÌ[uS}�=�F

� 6+�PÌ�§
¦���¥ ¨ n �ù¼\Â$ÉS¼�RGI
vol(L)
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X �
Ä  E�\ª«�+��ªn§l �¡S¦b¡¬½'¦µ��ªÃ��ª«¦ ¥ � n j�zUw��CÌ � X

ÛµzÈu
}�{
Ì�ÌfwyxÄ×C�yÌ��rz��Gwy| ®SzÚ}��C��Ò«uS�UzS�/Ý"z��LufÑ Ñ
z Ä  E��} � ~ ��z { » » ¶4®d�©ènxCzLÌS�yzL{¬��� �C� Ë ~ wyx�u\wùu ìÃ×�}�zL��ÍEÌf�ríYzK<dz��Gwy| ®Sz

R
�YÍE| ®�|~}�ÌS�

D
ÌS�

X
uSÍE{
| wN}Úuº�C�C|h^a�CzH�duf�y|~}�=�|^ÍEz��UÌS{
×µÌa}�| wy| ÌS���J|¾� zS� �JwyxCzL�yz�zU£E|~}rwN}Úuº�C�C|h^a�Cz
zK<dz��Gwy| ®Sz

R
�YÍE| ®�|~}�ÌS�

ND =
∑m

i=1 aiNi
}����NxÄwyx�u\w

ìÃ|Pí
PD = D −ND

|~}rw��CzUÒr�ìÃ| |Pí
ND

|~}nzL| wyxCzL��éLzL�yÌ�ÌS�n| wN}"| �awyzL�N}�z��Gwy| ÌS�º{[u\wy�y| £
(Ni ·Nj)

|~}n�CzL�au\wy| ®SzÚÍEzK���C| wyzS�ìÃ| | |Pí
PD ·Ni = 0

ÒÃÌS�
i = 1, . . . ,m

�
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ènxCz:�duf�y|~}�=�|µÍEz��UÌS{
×µÌa}�| wy| ÌS��|~}*ÍEzUwyzL�y{
| �Cz�Í�Û�Ó�wyxCz����C{
zL�y|~�LufÑµz'^a�C| ®\ufÑ zL���Uz��UÑ~uS}y}ÌfÒ
D
�a}�ÌÈ| w'{[u�=Sz�}/}�zL��}�z"wyÌÈ}rwy��ÍEÓ�| w*uS}'u�ÒÃ�C���Gwy| ÌS�[ÌS�
wyxCz_��ÔL�yÌS�E��X�zL®SzL�y|C}�×�uS�UzS�4?�zuS}�=�F

� 6+�PÌ�§
¦���¥ ² n �ù¼\Â;ÉS¼�RGIÁ½ÃMCR 6^Z\DGF~IyQ\F'ÉSRNKN¼\X�ø�¼IGFP½¾F«¼\O�¼r¿
L
À\Z\D��[Â©MCRUO

L
X[¼\À\RGIÁFPO½ÃMCR�ãUF ÅÄKN¼\OdR�¼r¿

X �
;'uS�Nx�ÌfÒ"wyxCz�wyxC�yzLz�×C�yÌSÛCÑ zL{[}ÈÑ z�uSÍC}ÁwyÌ�uvÍEz��UÌS{
×µÌa}�| wy| ÌS��ÌfÒnwyxCzºÛC| ���UÌS�Cz�| �awyÌ}��CÛ�}�zUwN} � xCzL�yz�wyxCzÚ| ��®\uf�y|~uf�awn| �\^a�Cz�}rwy| ÌS�ÄÛµzLx�u®Sz�}*�C|~�UzLÑ ÓS�'ð��C�"�yz�}��CÑ w/z Á°{n§ ~ }yuÓE}wyx�u\w��E}�ÌS{
z � x�u\wn}��C�y×C�y|~}�| �C�SÑ ÓS�SÌS�º}��C��Ò«uS�Uz�}/wyxCz��C��ÍEzL�yÑ Ó�| �C��ÍEz��UÌS{
×µÌa}�| wy| ÌS��}�| ��Ò«uS�Gwuf�S�yzLz�F

� ¾l �¦��( G¡ n 9�RU½
X
ãNR>Z?IGX[¼�¼\½ÃMïødDy¼�ÈLRNKU½¾FPÀ\RÄIGBEDÃ¿UZSKNRv¼\À\RUDº½ÃMCRvKN¼\X�ødT R>+ O�BEX[ãNRUDNI �HdMCRUO�½ÃMCRUDyR
F~I[ZÄT ¼�KNZ\TPT �:��O�FP½YR[ÉSRNKN¼\X�ø�¼IGFP½¾F«¼\O2¼r¿�½ÃMCR�ãUF ÅvKN¼\OdR�¼r¿

X
FPO�½Y¼ÄDyZ\½¾F«¼\OdZ\TT ¼�KNZ\TPT �Úø�¼\T ��MCRNÉ\DyZ\T�IGB�ãNKN¼\OdRGIÚIGB�KNMÄ½ÃMCZ\½*½ÃMCR'¿U¼\TPT ¼\Â/FPO�Å�MC¼\T ÉIL]

ìÃ|PíF�GO�RNZSKNMvIGB�ãNKN¼\OdRù½ÃMCRùIGB�øSø�¼\DG½�¼r¿ù½ÃMCR�OdRîÅaZ\½¾FPÀ\R�ø�Z\DG½�¼r¿È½ÃMCR�6^Z\DGF~IyQ\F"ÉSRNKN¼\X�ø�¼\WIGFP½¾F«¼\O ¼r¿Ú½ÃMCR�É\FPÀ�F~IL¼\DNIùFPO?½ÃMCRÁIGB�ãNKN¼\OdRÁF~IùKN¼\OCIG½YZ\O�½ �ìÃ| |Pí�1nO�RNZSKNM?¼r¿Á½ÃMCRÁIGB�ãNKN¼\OdRGIÚ½ÃMCRÈÀ\¼\T BEX[R*¿NBEOdKU½¾F«¼\O?F~I�ÅfFPÀ\RUO ãK�ÄZ
IGFPO�ÅfT R"ø�¼\T �\Od¼\WX�F«Z\T©¼r¿ùÉSRîÅfDyRNRÈ½¾Â'¼ �ìÃ| | |Píâ�GOv½ÃMCRÈFPO�½YRUDGF«¼\Dù¼r¿ùRNZSKNM?¼r¿Ú½ÃMCRÁIGB�ãNKN¼\OdRGIÚ½ÃMCRÁIG½YZSãUT R�ãNZILRùT ¼�KUF'Z\DyR�KN¼\OCIG½YZ\O�½ �Ù�}A�duf�y|~}�=�|dÍEz��UÌS{
×µÌa}�| wy| ÌS��}'ÍEÌ��CÌfw*| �º�SzL�CzL�NufÑ�zU£E|~}rwnÌS��xC| �SxCzL���YÍE| {
zL��}�| ÌS��ufÑ�®\u\��y| zUwy| z�}L�f×�uf��w�ìÃ|Pí©|~}/}�×µz��U| �µ�'wyÌÁ}��C��Ò«uS�Uz�}L�/ð��ùwyxCz"ÌfwyxCzL�^x�uf��ÍJ�S| w/|~}^��u\wy�C�NufÑ�wyÌÁuS}�=ÚÒÃÌS�xC| �SxCzL���YÍE| {
zL��}�| ÌS��ufÑ�uf��ufÑ ÌS�S�Cz�}�ÌfÒ�}rwNu\wyzL{
zL�awN}�ìÃ| |Pí'uf��ÍvìÃ| | |PíG��Ù }rwNu\wyzL{
zL�awnuS}'�UÑ z�uf�uS}'wyx�u\w"ÌfÒ�wyxCz�wyxCzLÌS�yzL{ÎufÛµÌ\®SzS��xCÌ � zL®SzL���a�Luf�C�CÌfw"ÛµzÚzU£E×µz��Gwyz�ÍF/ufÑ �yz�uSÍEÓ[| �ïÍE| {
zL�E�}�| ÌS�ÄwyxC�yzLzÚwyxCzL�yzùuf�yzÚzU£Cuf{
×CÑ z�} � xCzL�yzÚwyxCzÈ®SÌSÑ �C{
zÁ|~}��CÌfw�Ñ ÌE�LufÑ Ñ Óº×µÌSÑ Ó��CÌS{
|~ufÑ'ì«}�zLzz Á°{n§ ~ ��X�z��Gwy| ÌS�v�C� �aí ± uf��ÍºwyxCzù}��CÛ�}�zUwN}L� � xCzL�yzÁwyxCzù}rwNufÛCÑ zÁÛ�uS}�zÁÑ ÌE�U��}�|~}��UÌS��}rwNuf�aw���CzLz�Íï�CÌfw�x�u®SzÁ�Nu\wy| ÌS��ufÑJÛµÌS�C��ÍCuf�y| z�}Èì«}�zLzÃz Á°{n§ ~ ��;/£Cuf{
×CÑ z Ï � ËSËíG�i��ÌS�CzUwyxCzLÑ z�}y}"| w
� ÌS�CÑ~ÍÄÛµzÈ| �awyzL�yz�}rwy| �C�
wyÌ�=��CÌ � � xCzUwyxCzL��wyxCzù}rwNu\wyzL{
zL�awN}ÈìÃ| |Pí"uf��Í ìÃ| | |Pí"{
| �Sxaw�x�u®SzxC| �SxCzL���YÍE| {
zL��}�| ÌS��ufÑJuf��ufÑ ÌS�S�Cz�}*u\w�Ñ z�uS}rwnÒÃÌS���UzL��wNuf| �ºwrÓ�×µz�}nÌfÒ^®\uf�y| zUwy| z�}L�

�^n�� ¾l v§l �¡S¦b¡¬½'¦µ��ªÃ��ª«¦ ¥
�Y� wyxC|~}Ä}�z��Gwy| ÌS� � z � | Ñ Ñ�ÒÃÌE�U��}ºÌS�;zU£E×CÑ~uf| �C| �C��wyxCz�ÍEz��UÌS{
×µÌa}�| wy| ÌS�;ÌfÒÁwyxCz?ÛC| ��UÌS�Cz�uS}�}rwNu\wyz�Ív| �>wyxCzùwyxCzLÌS�yzL{ï�ùð��C��×C�C�y×µÌa}�zù|~}�wyÌï�UÌS��®SzLÓï}�ÌS{
zÈÒÃzLzLÑ | �C��ÒÃÌS��wyxCz�SzLÌS{
zUwy�yÓv�C��ÍEzL�yÑ Ó�| �C�ÄwyxCz
wyxC�yzLz[×C�yÌSÛCÑ zL{[}Ú| �N^a�Cz�}rwy| ÌS���©uf��ÍvwyÌv}�=SzUwN�Nx?wyxCz�{[uf| �|~ÍEz�uS}L�0-�zUwNuf| Ñ~}�uf��ÍÄ�UÌS{
×CÑ zUwyzÁ×C�yÌ�ÌfÒ«}n�Luf�ïÛµzÚÒÃÌS�C��Íº| � z Á°{n§ ~ �Ð'ÌS��}�|~ÍEzL�ºuf�

R
�YÍE| ®�|~}�ÌS�

D
ÌS�$u�}�{
Ì�Ìfwyx ×C�yÌ��rz��Gwy| ®Sz?}��C��Ò«uS�Uz

X � | wyx �duf�y|~}�=�|ÍEz��UÌS{
×µÌa}�| wy| ÌS�
D = PD +ND .
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?�zÁ�UÌS��}�|~ÍEzL�'wyxCzÁ}�zUw"ÌfÒ'O�BETPT�KUBEDGÀ\RGIÁuf��Í[wyxCzÁ}�zUw"ÌfÒ'OdRîÅaZ\½¾FPÀ\RùKUBEDGÀ\RGIÚÌfÒ
D
�CÍEzK���Cz�ÍuS}

Null(D) =def {C C
| �y�yz�ÍE���U| ÛCÑ zÁ�U�C�y®Sz � | wyx D · C = 0 }uf��Í

Neg(D) =def {C C
| �y�yz�ÍE���U| ÛCÑ zÁ�UÌS{
×µÌS�CzL�aw"ÌfÒ

ND }�yz�}�×µz��Gwy| ®SzLÑ ÓS�*ð��>ufÑ � uÓE}'x�uS} Neg(D) ⊂ Null(PD)
��ÛC�Ew�| w�{[uÓ � zLÑ ÑJx�uf×C×µzL�Äwyx�u\w}�ÌS{
zÚÌfÒ�wyxCzÁ���CÑ Ñ��U�C�y®Sz�}nÍEÌ[�CÌfw�uf×C×µz�uf��uS}"�UÌS{
×µÌS�CzL�awN}nÌfÒ

ND
�

��Ì �r� zÚ�Luf�º}�×µz��U| ÒÃÓ
wyxCzÚ}��CÛd�UÌS�Cz�}*ÌfÒ�wyxCz�ÛC| �
�UÌS�Cz�{
zL�awy| ÌS�Cz�Í�| ��wyxCz�wyxCzLÌS�yzL{ï�è�Ì�wyxC|~}"zL��ÍJ���UÌS��}�|~ÍEzL�*ÒÃÌS��u
ÛC| �[uf��Íº�CzUÒ
R
�YÍE| ®�|~}�ÌS�

P
wyxCzÈ}�zUw

ΣP = {D ∈ Big(X) Neg(D) = Null(P ) } .�îw�|~}"| {
{
z�ÍE|~u\wyzÚwyÌº�NxCz��W=
êº��}�| �C�
wyxCzÁ×C�yÌS×µzL��wy| z�}"ÌfÒ©wyxCzl�duf�y|~}�=�|�ÍEz��UÌS{
×µÌa}�| wy| ÌS��êwyx�u\w
ΣP

|~}�u
�UÌS��®SzU£Ä�UÌS�CzS��ìÃ�îw � | Ñ Ñ�| �ï�SzL�CzL�NufÑdÛµzÈ�CzL| wyxCzL�"ÌS×µzL�ï�CÌS���UÑ Ìa}�z�ÍJ� í[ð��Cz}�xCÌ � }ùì«}�zLz�z Á°{n§ ~ �Mj�zL{
{[uvËS� Üaí*wyx�u\w�wyxCz�}�z��UÌS�Cz�}�Ó�| zLÑ~ÍvuºÍEz��UÌS{
×µÌa}�| wy| ÌS�vÌfÒ/wyxCzÛC| �[�UÌS�CzS�E|¾� zS� �
ìrËí

Big(X) =
⋃

P 	�
 ������������
ΣP ,

� xCzL�yz ΣP = ΣP ′
ÌS�

ΣP ∩ ΣP ′ = ∅
ÒÃÌS�Úuf��ÓÄw � ÌºÛC| �Äuf��Ív�CzUÒ R

�YÍE| ®�|~}�ÌS�N}
P
uf��Í

P ′
��ènxCz�{[uf| �º×µÌS| �awn| �Ä×C�yÌ\®�| �C�ºìrËí�|~}'wyx�u\w����S| ®SzL�ºuùÛC| �
ÍE| ®�|~}�ÌS�

D
�EÌS�Cz�|~}nufÛCÑ z�wyÌ

����Íïu�ÛC| �[uf��ÍÄ�CzUÒ/ÍE| ®�|~}�ÌS�
P
}����Nxºwyx�u\w

Neg(D) = Null(P )
�Ù�}�Ò«uf�©uS}�×�uf��w*ìÃ|Pí�ÌfÒEwyxCz�wyxCzLÌS�yzL{ |~}©�UÌS���UzL�y�Cz�ÍJ�Lw � Ì�wyxC| �C�a}��yzL{[uf| �ÚwyÌ�Ûµz*}�xCÌ � ���

Ë �����D��Ì(¦
§
¦���¥�¤ n
ì«uaí HdMCR�KN¼\OdR

ΣP
F~IÁT ¼�KNZ\TPT �Áø�¼\T ��MCRNÉ\DyZ\T �ìÃÛµí HdMCR�ÉSRNKN¼\X�ø�¼IGFP½¾F«¼\O � I��[F~IÁT ¼�KNZ\TPT �_��O�FP½YR �ìmX�zLz"z Á°{n§ ~ �Jñ��yÌS×µÌa}�| wy| ÌS��ËS� Ë���uf��Ívñ��yÌS×µÌa}�| wy| ÌS��ËS� Ë�E� ív�Y�?ÌS�NÍEzL��wyÌÄ×C�yÌ\®SzùuS}r�}�zL��wy| ÌS� ì«uaíG� � zÚ×C�yÌ\®�|~ÍEzÚuf�ÄzU£E×CÑ |~�U| w�ÍEz�}y�U�y| ×Ewy| ÌS�ÄÌfÒ ΣP

uS}*ÒÃÌSÑ Ñ Ì � },Fì Ï í
ΣP ∩ Big(X) = (Big(X) ∩ Face(P )) + V >0(Null(P )) .

��zL�yz
Face(P ) =def Null(P )⊥ ∩ Nef(X)|~}�wyxCzv}�{[ufÑ Ñ z�}rw[Ò«uS�UzïÌfÒ�wyxCz>�CzUÒÁ�UÌS�CzÄwyx�u\wº�UÌS�awNuf| ��}

P
�nuf��Í

V >0(Null(P ))
ÍEzU��CÌfwyz�}"wyxCz��UÌS�CzÁ�SzL�CzL�Nu\wyz�ÍÄÛ�ÓºwyxCzù���CÑ Ñ^�U�C�y®Sz�}"ÌfÒ

P
��Ù�}"wyxCzù×�uf��w�ÌfÒ^wyxCzÈ�CzUÒ'�UÌS�Czwyx�u\w�|~}��UÌS�awNuf| �Cz�Íï| �ïwyxCzÈÛC| �º�UÌS�CzÈ|~}�Ñ ÌE�LufÑ Ñ Óº×µÌSÑ Ó�xCz�ÍE�NufÑ'ì
z Á°{n§ ~ ��Ð'ÌS�yÌSÑ Ñ~uf�yÓ>ËS� Õ�íG�}rwNu\wyzL{
zL�awÈì«uaí'ÒÃÌSÑ Ñ Ì � }L�ènxCz�ÍEz�}y�U�y| ×Ewy| ÌS�[ÌfÒJwyxCz��Nx�uf{ùÛµzL�N}/| �?ì Ï í^|~}'×�uf��wy|~�U�CÑ~uf�yÑ Óù| ��}rwy�y���Gwy| ®Sz�uS}�| wn}�xCÌ � }wyx�u\w�z�uS�Nxv�Nx�uf{ùÛµzL�

ΣP
�UÌS�y�yz�}�×µÌS��ÍC}*wyÌºu
Ò«uS�UzÈÌfÒ^wyxCzÈ�CzUÒ'�UÌS�CzS�"ènxC|~}"Ò«uS�Gw�|~}�ufÑ~}�Ì| Ñ Ñ ��}rwy�Nu\wyz�Íº| �ÄwyxCzÁzU£Cuf{
×CÑ z�wyx�u\w � zÚ×C�yÌ\®�|~ÍEzÚ| �\X�z��Gwy| ÌS�>�C�



æ y�{bw)� W w�	v��y q z.��{��:y�� t �K��y�zvx���z.y�K�"x�
M	vw Í µ

è��C�y�C| �C�ÈwyÌ
uS}y}�zL��wy| ÌS�vìÃÛµíG�C}���u��Uz�| w*wyÌ
}yuÓùwyx�u\w"| wn|~}*z�}y}�zL�awy|~ufÑ Ñ Ó
u��UÌS��}�z'^a�CzL���UzÌfÒ©wyxCz
»  Cª ¥?©  G¡ ¡�  � z Á°{n§ ~�ú ©  G¡ ¡�  mbn>mGº   n �Ã¿

D
F~I"ZÈãUF Å

R
W�É\FPÀ�F~IL¼\D�Z\OdÉ

A
Z\OÄZ\X�WødT R

R
W�É\FPÀ�F~IL¼\DWb'½ÃMCRUO

Neg(D + λA) ⊂ Neg(D)
¿U¼\DùZ\TPT

λ > 0 .ènxCz��C|~�Uz�Ò«uS�GwnufÛµÌS�Ew'wyxCz�{[uf| ��Ñ zL{
{[uÈ|~}/wyx�u\wn| wnuSÍE{
| wN}*uÁ×CÑ z�uS}yuf�aw'zLÑ zL{
zL�awNuf�yÓ×C�yÌ�ÌfÒr� � xC|~�Nxï}�xCÌ � }nzU£CuS�GwyÑ Ó�xCÌ � �duf�y|~}�=�|JÍEz��UÌS{
×µÌa}�| wy| ÌS��}*ÛµzLx�u®Sz � xCzL�>u
ÍE| ®�|~}�ÌS�{
Ì\®Sz�}*| �>uf{
×CÑ zÁÍE| �yz��Gwy| ÌS��}L�
�CQSRU½YKNMv¼r¿A¢*Dy¼�¼r¿ n j�zUw

D = P +
∑r

i=1 aiNi
ÛµzùwyxCzC�duf�y|~}�=�|^ÍEz��UÌS{
×µÌa}�| wy| ÌS�vÌfÒ

D
�

?�zÈ}�xCÌ � F
(∗) HdMCRUDyR F~I Z2DyRNZ\T�O�BEX[ãNRUD λ0 > 0

Z\OdÉ�½ÃMCRUDyR�Z\DyR�ÉSRNKUDyRNZIGFPO�Å;Z!Í�OdRUWYT FPOdRNZ\D¿NBEOdKU½¾F«¼\OCI
fi
¼\O

R
IGB�KNM>½ÃMCZ\½J¿U¼\D

0 6 λ 6 λ0
½ÃMCR�6^Z\DGF~IyQ\FnÉSRNKN¼\X�ø�¼IGFP½¾F«¼\O�¼r¿

D + λA
F~I�ÅfFPÀ\RUO ZI

D + λA =

(
P + λA+

r∑

i=1

(ai − fi(λ))Ni

)
+

r∑

i=1

fi(λ)Ni ,

Z\OdÉ
IGB�KNMï½ÃMCZ\½
λ0
F~IùZ�Ç�RUDy¼º¼r¿ù¼\OdRù¼r¿Á½ÃMCR'¿NBEOdKU½¾F«¼\OCI

fi �DC�yÌS{ wyxC|~}/}rwNu\wyzL{
zL�aw/ÌS�C�^Ñ zL{
{[u�ÒÃÌSÑ Ñ Ì � }©Û�ÓÈ| ��ÍE���Gwy| ÌS�
ÌS� r �/è��C�y�C| �C��wyÌ�wyxCzn×C�yÌ�ÌfÒÌfÒ
(∗) �EÑ zUw���}nÒÃÌS�"�yz�ufÑd���C{ùÛµzL�N} x1, . . . , xr

�UÌS��}�|~ÍEzL�nwyxCzÈÍE| ®�|~}�ÌS�

P ′ =def P + λA+
r∑

i=1

(ai − xi)Ni .

ènxCz �duf�y|~}�=�|"ÍEz��UÌS{
×µÌa}�| wy| ÌS�)ÌfÒ
D + λA

|~}
P ′ +

∑r
i=1 xiNi

| ÒÁuf��Í2ÌS�CÑ Ó�| Ò�wyxCzÒÃÌSÑ Ñ Ì � | �C�
�UÌS��ÍE| wy| ÌS��}"uf�yzÁ}yu\wy|~}���z�ÍF
0 6 xi 6 ai

ÒÃÌS�
i = 1, . . . , r

�ì«�aí
P ′ ·Ni = 0

ÒÃÌS�
i = 1, . . . , r

�ìÃÕ�í
P ′
|~}n�CzUÒr�ì¾�Sí

Ù�}
P + λA

|~}
uf{
×CÑ zS�*�UÌS��ÍE| wy| ÌS� ì¾�SíÁÒÃÌSÑ Ñ Ì � }ÈÒÃ�yÌS{æì«�aíùuf��Í ìÃÕ�íG�)Ð'ÌS��ÍE| wy| ÌS� ìÃÕ�í|~}Áz'^a�C| ®\ufÑ zL�awÁwyÌvu>}�ÓE}rwyzL{ ÌfÒnÑ | �Cz�uf�Èz'^a��u\wy| ÌS��}Ú| ��wyxCz�| ��ÍEzUwyzL�y{
| ��u\wyz�}
xi
� � xCÌa}�z�UÌ�zKu��U| zL�aw[{[u\wy�y| £�|~} �r��}rw[wyxCz>| �awyzL�N}�z��Gwy| ÌS�2{[u\wy�y| £

S =def (Ni · Nj)
�;Ù�}

S
|~}| ��®SzL��wy| ÛCÑ zS��wyxCzL�yzº|~}ù�UzL��wNuf| �CÑ Ó?�CÌ?×C�yÌSÛCÑ zL{�| ��}�ÌSÑ ®�| �C�ïÒÃÌS�ÈwyxCz

xi
�^ÛC�EwùwyxCz � xCÌSÑ z×µÌS| �aw[|~} � xCzUwyxCzL�
wyxCz>}�ÌSÑ �Ewy| ÌS��} xi

}yu\wy|~}rÒÃÓ;ì«�aíG�'|¾� zS� � � xCzUwyxCzL� xi 6 ai
ÒÃÌS��ufÑ Ñ

i
�

j����W=�| Ñ ÓS��wyxC|~}"|~}"u[�UÌS��}�z'^a�CzL���Uz�ÌfÒ©wyxCzÚÒÃÌSÑ Ñ Ì � | �C�
}rwNu\wyzL{
zL�aw'F
(∗∗) 9�RU½ S = (sij)

ãNR
Z�OdRîÅaZ\½¾FPÀ\R[ÉSRÎ��O�FP½YR
r × r WYX[Z\½¾DGF +>¼\À\RUDÈ½ÃMCRùDyRNZ\T IÈIGB�KNM>½ÃMCZ\½

sij > 0
¿U¼\D

i 6= j � HdMCRUO�Z\TPT^RUO�½¾DGF«RGIÈ¼r¿Á½ÃMCRÈFPO�À\RUDNILRÈX[Z\½¾DGF + S−1 Z\DyR 6 0 �
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D©| ��ufÑ Ñ ÓS��wyxCz�×C�yÌ�ÌfÒnÌfÒ
(∗∗) |~}ùuï�C|~�Uz�zU£EzL�N�U|~}�z
| ��Ñ | �Cz�uf�ùufÑ �SzLÛC�NuC�?ì«è�ÌvÛµz�xCÌS�Cz�}rw��wyxCzvuf�y�S�C{
zL�aw
wyx�u\w � zïÒÃÌS�C��Í2|~}�}�Ñ | �SxawyÑ Ó�wy�y|~�W=�ÓS�;�Y� �LuS}�z>ÌfÒÁÍEÌS�CÛEwº}�zLz¬z Á°{n§/�j�zL{
{[u�Õ�� Ë ~ � í

��Ìfwyznwyx�u\w/wyxCz"×C�yÌ�ÌfÒµÌfÒµwyxCz"{[uf| �
Ñ zL{
{[uÚ| ��Ò«uS�Gw'}�xCÌ � }^zU£CuS�GwyÑ ÓÈxCÌ � wyxCz��duf�y|~}�=�|ÍEz��UÌS{
×µÌa}�| wy| ÌS�2ÌfÒ
D + λA

®\uf�y| z�}[uS}�u?ÒÃ�C���Gwy| ÌS� ÌfÒ
λ
F?ènxCzv�UÌ�zKu��U| zL�awN}
ÌfÒ�wyxCz�CzL�au\wy| ®Sz
×�uf��w

ND+λA
uf�yz[ÍEz��U�yz�uS}�| �C�ïu�u[�CzU�îÑ | �Cz�uf��ÒÃ�C���Gwy| ÌS��}ÈÌfÒ

λ
�^uf��Í uS}Á}�Ì�ÌS�uS}ÚÌS�Cz�ÌfÒ*wyxCz�}�z�ÒÃ�C���Gwy| ÌS��}Ú�yz�uS�NxCz�}�éLzL�yÌ��dwyxCz��UÌS{
×µÌS�CzL�awÁ| �|^a�Cz�}rwy| ÌS� ÍE|~}yuf×C×µz�uf�N}ÒÃ�yÌS{ØwyxCzÁ�CzL�au\wy| ®SzÚ×�uf��w��

j�zUw*��}*�UÌS���UÑ ��ÍEz"wyxC|~}*}�z��Gwy| ÌS�[Û�Ó
ÛC�y| zK��Ó
�UÌS{
{
zL�awy| �C�ÈÌS��×�uf��wN}�ìÃ| |Pí�uf��ÍvìÃ| | |Pí�ÌfÒdwyxCzwyxCzLÌS�yzL{ï�%DCÌS�ÈìÃ| | |Pí � zÁ}�xCÌ � | �¬z Á°{n§ ~ wyx�u\w"ÒÃÌS�"zL®SzL�yÓ��Nu\wy| ÌS��ufÑJÍE| ®�|~}�ÌS���UÑ~uS}y} D | �wyxCzÈ| �awyzL�y| ÌS�"ÌfÒ�u[�Nx�uf{ùÛµzL�"wyxCzù}rwNufÛCÑ zÁÛ�uS}�zÁÑ ÌE�U��}
SB(D)

|~}��S| ®SzL�ïÛ�Ó�wyxCzù}��C×C×µÌS��wÌfÒJwyxCz��CzL�au\wy| ®Sz�×�uf��w
ND

ÌfÒJwyxCzJ�duf�y|~}�=�|µÍEz��UÌS{
×µÌa}�| wy| ÌS����uf��Í
wyx�u\w*wyxCz�}rwNufÛCÑ z�Û�uS}�zÑ ÌE�U��}/uf�S�yzLz�} � | wyxùwyxCz"}rwNufÛC| Ñ | éLz�ÍùÛ�uS}�z*Ñ ÌE�U��} B+(D)
�/ènxCznz�}y}�zL�awy|~ufÑ�×µÌS| �aw^ÒÃÌS�"ìÃ| |Pí©|~}wyx�u\wnwyxCzÚ�S�yÌ � wyx�ÌfÒ h0(X, kD)

|~}"ÍEzUwyzL�y{
| �Cz�Í�Û�Ó
wyxCzÚ×µÌa}�| wy| ®Sz�×�uf��w"| ��wyxCz��duf�y|~}�=�|ÍEz��UÌS{
×µÌa}�| wy| ÌS�ÄÌfÒ
D
�

� n ® �� v¡¬½ �  �� � e ¦ � ½'¦µª ¥ ��� � ¦ e]� ¨[½;¦b�n��¾l ¿½ �   ¥  Ð'ÌS��}�|~ÍEzL�ÁwyxCzÄÛCÑ Ì � �î�C× X → P2 ÌfÒ"wyxCzº×C�yÌ��rz��Gwy| ®Sz[×CÑ~uf�Czº| ��w � Ìv×µÌS| �awN}L��ð��
X
wyxCzL�yz�uf�yzvzU£CuS�GwyÑ Ó�wyxC�yzLz�| �y�yz�ÍE���U| ÛCÑ z?�U�C�y®Sz�} � | wyx$�CzL�au\wy| ®Sz?}�zLÑ ÒP�î| �awyzL�N}�z��Gwy| ÌS�MFwyxCz[zU£C�UzL×Ewy| ÌS��ufÑ'ÍE| ®�|~}�ÌS�N}

E1
uf��Í

E2
�^uf��ÍvwyxCz�×C�yÌS×µzL�Úwy�Nuf��}rÒÃÌS�y{

E3
ÌfÒ*wyxCz�Ñ | �CzwyxC�yÌS�C�Sx�wyxCzºw � Ì?ÛCÑ Ì � �E�î�C×�×µÌS| �awN}L� � xCÌa}�zÄ�UÑ~uS}y}ù|~} L − E1 − E2

��ènxCz�}�z�wyxC�yzLz�U�C�y®Sz�}*�SzL�CzL�Nu\wyz�wyxCzÁ�UÑ Ìa}��C�yzÚÌfÒ�wyxCzÁÛC| ���UÌS�CzS�
D©| �S�C�yzÈË�}�xCÌ � }'uù�U�yÌa}y}r�Y}�z��Gwy| ÌS�
ÌfÒ�wyxCz�ì«�UÑ Ìa}��C�yz�ÌfÒJwyxCzí�ÛC| ���UÌS�CzS�/ènxCz��CzUÒ©�UÌS�Czx�uS}���®Sz�Ò«uS�Uz�}*wyx�u\w��UÌS�awNuf| �ÄÛC| �[ÍE| ®�|~}�ÌS�N}L��Ñ z�uSÍE| �C��wyÌl��®SzÁ�Nx�uf{ùÛµzL�N},F
� wyxCz��Nx�uf{ùÛµzL� ΣA

ÌfÒ�uf�ºuf{
×CÑ z��UÑ~uS}y}
A
ì«}�ÌÈwyx�u\w

ΣA
|~}M�r��}rw'wyxCzÚuf{
×CÑ z��UÌS�CzíG�

� �Nx�uf{ùÛµzL�N} ΣQ1 ,ΣQ2 ,ΣQ3

uS}y}�ÌE�U|~u\wyz�Í
wyÌ
ÍE| ®�|~}�ÌS�N}
Q1, Q2, Q3

ÌS��wyxCzÚÛµÌS�C��Í��uf�yÓ[ÌfÒ©wyxCzÁ�CzUÒ/�UÌS�CzÁuS}n| ��ÍE|~�Lu\wyz�Íº| �\D©| �S�C�yz
ËS�
� wyxCzÈ�Nx�uf{ùÛµzL� ΣL

�
��ÌfwyzÁwyx�u\w�êÄ| �vuS�L�UÌS�NÍCuf���Uz � | wyx�ì Ï í*ê�wyxCz�ÍE| {
zL��}�| ÌS�>ÌfÒ�u
Ò«uS�Uzùuf��ÍÄwyxCzù���C{ùÛµzL�ÌfÒ©wyxCzÈ�UÌS�y�yz�}�×µÌS��ÍE| �C�����CÑ Ñ��U�C�y®Sz�}nuSÍCÍÄ�C×ÄwyÌ
wyxCzÈÍE| {
zL��}�| ÌS�ïÌfÒ�wyxCzù�Nx�uf{ùÛµzL���E|¾� zS� �wyxCzÁñ�|~�Luf�NÍº���C{ùÛµzL�"ÌfÒ

X
F

ÍE| ®�|~}�ÌS�ÖÍE| {
zL��}�| ÌS�ÄÌfÒ©Ò«uS�Uz-���CÑ Ñ��U�C�y®Sz�}
A 3 0
Qi 2 1
L 1 2
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E1 E2
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L

Q1 Q2

Q3

ΣL

ΣA

ΣQ1 ΣQ2

ΣQ3

Kg× �´ÐvÙ�Ø���Õ Î î+è!í>ï�è�� �(�l��� èCîgí>ê�ïkè!ò��
ì���ï��
èHG¯��é��
� ����ï�� &!���)� Î ì������ �fé�è����é�è���	�� 	¯�
	$è!ò2ÜG����é�ìG&!%c�����
	 Õ ΣA
þ
ΣQ1

þ
ΣQ2

þ
ΣQ3

þ
ΣL
�
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k
ÛµzÄu���zLÑ~Í�ÌfÒ��Nx�uf�NuS�GwyzL�y|~}rwy|~�
�vuf��Í Ñ zUw

k
Ûµzº| wN}ùufÑ �SzLÛC�Nuf|~�
�UÑ Ìa}��C�yzS�\j�zUw

T
Ûµz>u�è©uf�C��u�=�|~uf���Lu\wyzL�SÌS�yÓ�Ì\®SzL�

k
�2ènxCzºwyzL��}�ÌS�
×C�yÌEÍE���Gw
ÌfÒ

T
ufÑ Ñ Ì � }ù��}�wyÌÍEzK���CzÈwyxCzù�CÌfwy| ÌS�vÌfÒ%��ÌS×EÒ'ufÑ �SzLÛC�NuS}"| �>wyxCz��Lu\wyzL�SÌS�yÓ

IndT
ÌfÒ��Y��Í��îÌSÛ��rz��GwN}�ÌfÒ

T
�ènxCz��Lu\wyzL�SÌS�yÓÁÌfÒ�u�u[�Cz"�S�yÌS�C×

T
�Y}y�NxCzL{
z�}/|~}^wyxCz�ÌS×C×µÌa}�| wyz"ÌfÒdwyxCz��Lu\wyzL�SÌS�yÓÈÌfÒ��ÌS×EÒufÑ �SzLÛC�NuS}'| �

IndT
�ènxCz[¿NBEOdÉSZ\X[RUO�½YZ\T�ÅfDy¼\B�ø

π(T )
¼r¿

T
|~}�wyxCz>u�u[�Czï�S�yÌS�C×

T
�Y}y�NxCzL{
z

Sp(Λ),
� xCÌa}�zH��ÌS×EÒ�ufÑ �SzLÛC�Nu Λ

|~}ÈzL��ÍEÌ � z�Í�ÒÃÌS�ùz�uS�Nx ÌSÛ��rz��Gw X ÌfÒ
T � | wyx�u>{
ÌS�y×CxC|~}�{

X −→ Λ ⊗ X
ÒÃ�C���GwyÌS�y|~ufÑn| �

X
��uf��Í�|~}��C�C| ®SzL�N}yufÑ'ÒÃÌS�ùwyxCz�}�zÄ×C�yÌS×µzL��wy| z�}L��ènxCÌa}�z{
ÌS�y×CxC|~}�{[} {X −→ Λ ⊗ X}X∈T

ÍEzK���Cz�Z\O$ZSKU½¾F«¼\O ¼r¿Ä½ÃMCRÈ¿NBEOdÉSZ\X[RUO�½YZ\T'ÅfDy¼\B�ø
π(T )

¼\O$RNZSKNM)¼Sã-ÈLRNKU½�¼r¿
T � DCÌS��z�uS�Nx���ÛC�yzºÒÃ�C���GwyÌS� ω ÌfÒ T

Ì\®SzL��u
k
�Y}y�NxCzL{
z

¹ a
XJÄ�l ÏWY Â�Ô�Õ�ÕWÖÇÀ
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S
�
ωπ(T )

|~}�wyxCzùu�u[�CzÈ�S�yÌS�C×
S
�Y}y�NxCzL{
z

Aut⊗S (ω) � xC|~�Nxv�yzL×C�yz�}�zL�awN}*wyxCzÈÒÃ�C���GwyÌS�
� xC|~�Nx[uS}y}�ÌE�U|~u\wyz�}©wyÌÁz�uS�Nx S �Y}y�NxCzL{
z T � u : T −→ S

�fwyxCz��S�yÌS�C×�ÌfÒJuf�EwyÌS{
ÌS�y×CxC|~}�{[}ÌfÒ ⊗ �¾ÒÃ�C���GwyÌS�N}*ÌfÒ�wyxCzÚÒÃ�C���GwyÌS� u∗ω.�îÒ
T (k)

|~}nu�è©uf�C��u�=�|~uf���Lu\wyzL�SÌS�yÓ��SzL�CzL�Nu\wyz�Í[Û�Ó
{
Ìfwy| ®Sz�}nÍEzK���Cz�Í�Ì\®SzL�
k
ìÃ| �Äuf�uf×C×C�yÌS×C�y|~u\wyz"�Lu\wyzL�SÌS�yÓÁÌfÒJ{
| £Ez�Í��yz�ufÑ | é�u\wy| ÌS��}NíG�\wyxCz"ÒÃ�C��ÍCuf{
zL�awNufÑC�S�yÌS�C×

π(T (k))
|~}�LufÑ Ñ z�ÍïwyxCzºX[¼\½¾FPÀ�F«K���Z\T ¼\F~IÈÅfDy¼\B�ø

Gmot(T (k))
¼r¿

T (k)
uf��ÍïÒÃÌS��z�uS�NxvzL{ùÛµz�ÍCÍE| �C�

σ : k −→ C
��wyxCz_��ÛC�yz�ÒÃ�C���GwyÌS�

ωσ
����ÌEÍE�Sz��yz�ufÑ | é�u\wy| ÌS�Z�"ÒÃ�C�y�C|~}�xCz�}'wyxCz

Q
�YufÑ �SzLÛC�Nuf|~��S�yÌS�C×

ωσGmot(T ) = Spec
(
ωσ(Λ)

)
= Aut⊗Q (ωσ)

� xC|~�NxÄ|~}nwyxCz¨�ù¼�ÉLÅaRÈDyRNZ\T F Ç�Z\½¾F«¼\O�¼r¿Á½ÃMCRÈX[¼\½¾FPÀ�F«KC��Z\T ¼\F~IÚÅfDy¼\B�ø�¼r¿ T (k) �
�A� «����gÊ-�¬�b�
� n
ËS�"ènxCz�{[uf| � wyxCzLÌS�yzL{�ÌS���CzL�Ewy�NufÑ*è©uf�C��u�=�|~uf���Lu\wyzL�SÌS�y| z�}Á}yuÓE}�wyx�u\wùwyxCzºè©uf�E���u�=�|~uf�
�Lu\wyzL�SÌS�yÓ

Vec(k)
ÌfÒ����C| wyz�ÍE| {
zL��}�| ÌS��ufÑ

k
�î®Sz��GwyÌS�/}�×�uS�Uz�}^|~}/z'^a�C| ®\ufÑ zL�awwyÌ�wyxCz��Lu\wyzL�SÌS�yÓ�ÌfÒ����C| wyzU�YÍE| {
zL��}�| ÌS��ufÑ

k
�î�yzL×C�yz�}�zL�awNu\wy| ÌS��}�ÌfÒ

Spec (k)
�©�Y�ùwyxC|~}�LuS}�zS�Ju�u[�Cz��S�yÌS�C×

T
�Y}y�NxCzL{
z�}�uf�yz�u�u[�Cz��S�yÌS�C×

k
�Y}y�NxCzL{
z�}�uf��Í

π(Vec(k))|~}
Spec (k)

�Ï �Aj�zUw
T = Repk(G)

ÛµzvwyxCz�è©uf�C��u�=�|~uf� �Lu\wyzL�SÌS�yÓ�ÌfÒ
k
�î�yzL×C�yz�}�zL�awNu\wy| ÌS��}
ÌfÒuf��u�u[�Cz��S�yÌS�C×

k
�Y}y�NxCzL{
z

G
�>ènxCzºu�u[�Cz��S�yÌS�C×

T
�Y}y�NxCzL{
z�}Áuf�yz�u�u[�Cz

k
�}y�NxCzL{
z�}"zL��ÍEÌ � z�Í � | wyxvuf�vuS�Gwy| ÌS�ïÌfÒ G uf��ÍÄwyxCzÁÒÃ�C��ÍCuf{
zL�awNufÑ��S�yÌS�C× π(T )ÌfÒ

T
|~}
G
zL��ÍEÌ � z�Í � | wyxÄ| wN}"uS�Gwy| ÌS�ºÌS�º| wN}�zLÑ Ò^Û�Ó[| �C�CzL��uf�EwyÌS{
ÌS�y×CxC|~}�{[}�ì«}�zLzz �   �W¶ |G~ ÜC� �aíG��C�Aj�zUw

T0(k)
Ûµz[wyxCz)H�Z\O�OdZ�Q\F«Z\O KNZ\½YRîÅa¼\D���¼r¿�á�DG½¾FPO�X[¼\½¾FPÀ\RGIÄ¼\À\RUD

k
�©|¾� zS� ��wyxCzè©uf�C��u�=�|~uf�Ä}��CÛE�Y�Lu\wyzL�SÌS�yÓ�ÌfÒ©wyxCzÁè©uf�C��u�=�|~uf�Ä�Lu\wyzL�SÌS�yÓ
ÌfÒ©{
| £Ez�ÍÄ�yz�ufÑ | é�u\wy| ÌS��}ÒÃÌS�ºufÛ�}�ÌSÑ �Ewyz���ÌEÍE�Sz?�UÓE�UÑ z�}vì«}�zLz z ¾�  ¥ | � ~ � Ï � Ëí��SzL�CzL�Nu\wyz�Í2Û�Ó�×C�C�yzv�yz�ufÑ �| é�u\wy| ÌS��}ÄÌfÒ[�\�YÍE| {
zL��}�| ÌS��ufÑÚ®\uf�y| zUwy| z�}ÄÌ\®SzL�

k
� ènxCz {
Ìfwy| ®�|~���ÚufÑ ÌS|~}ï�S�yÌS�C×

Gmot(T0(k))
ÌfÒ

T0(k)
|~}�wyxCzvu�u[�Czï�S�yÌS�C×

Q
�Y}y�NxCzL{
z

Gal(k/k)
zL��ÍEÌ � z�Í

� | wyxÁ| wN}�uS�Gwy| ÌS�ÚÌS�Ú| wN}�zLÑ ÒEÛ�Ó�| �C�CzL��uf�EwyÌS{
ÌS�y×CxC|~}�{[}L�M-�zL�CÌfwyz�| w�Û�Ó G A L (k/k)
��Y� ×�uf��wy|~�U�CÑ~uf���JÒÃÌS�Èuf��Ó���ÛC�yz�ÒÃ�C���GwyÌS�

ω
Ì\®SzL�

Spec (Q)
ÌfÒ

T0(k),
wyxCz�u�u[�Cz�S�yÌS�C×Ä}y�NxCzL{
z

ω(G A L (k/k)) = Aut⊗Spec (Q)(ω)
|~}��Luf�CÌS�C|~�LufÑ Ñ Ó[|~}�ÌS{
ÌS�y×CxC|~�

wyÌ
Gal(k/k)

�Õ��"ènxCzÁ{
Ìfwy| ®�|~�È�ÚufÑ ÌS|~}n�S�yÌS�C×
Gmot(Z(0))

ÌfÒ©wyxCzÈ�C�C| w�ÌSÛ��rz��Gw
Z(0)

ÌfÒ
T0(k)

|~}wyxCzÚu�u[�Cz��S�yÌS�C× 〈Z(0)〉⊗ �Y}y�NxCzL{
z Sp(Z(0))
�%DCÌS�*z�uS�Nx���ÛC�yz�ÒÃ�C���GwyÌS�0����ÌEÍE�Sz�yz�ufÑ | é�u\wy| ÌS�Z�

ωσ
� � zùx�u®Sz ωσ

(
Gmot(Z(0))

)
:= Spec

(
ωσ(Z(0))

)
= Spec(Q)

�
� xC|~�NxÄ|~}nwyxCzÈt>�C{�ÒÃÌS�NÍ��Yè©u\wyz��S�yÌS�C×ÄÌfÒ Tσ(Z(0))

��E�Aj�zUw 〈Z(1)〉⊗ ÛµzÄwyxCzïè©uf�C��u�=�|~uf���Lu\wyzL�SÌS�yÓ Ì\®SzL� Q
ÍEzK���Cz�Í�Û�Ó wyxCz

k
�¾wyÌS�y��}

Z(1)
�/ènxCz�{
Ìfwy| ®�|~���ÚufÑ ÌS|~}/�S�yÌS�C×

Gmot(Z(1))
ÌfÒJwyxCz�wyÌS�y��}

Z(1)
|~}�wyxCz�u�u[�Cz�S�yÌS�C× 〈Z(1)〉⊗ �Y}y�NxCzL{
z Gm

ÍEzK���Cz�ÍùÛ�ÓÚwyxCz
Q
�Y}y�NxCzL{
z

Gm/Q
��DCÌS�^z�uS�NxJ��ÛC�yz
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ÒÃ�C���GwyÌS������ÌEÍE�SzÁ�yz�ufÑ | é�u\wy| ÌS�Z�
ωσ
� � zÁx�u®Sz�wyx�u\w ωσ

(
Gm

)
= Gm/Q

� � xC|~�Nx>|~}wyxCzÈt>�C{�ÒÃÌS�NÍ��Yè©u\wyzÚ�S�yÌS�C×ºÌfÒ
Tσ(Z(1))

�ÜC�n�îÒ
k
|~}ÚufÑ �SzLÛC�Nuf|~�LufÑ Ñ Óï�UÑ Ìa}�z�ÍJ�JwyxCz
{
Ìfwy| ®�|~�
�ÚufÑ ÌS|~}��S�yÌS�C×?ÌfÒ'{
Ìfwy| ®Sz�}�ÌfÒ�Ð*tï�wrÓ�×µzÚÌ\®SzL�

k
|~}*wyxCz�X�zL�y�yzÚ�S�yÌS�C×�ì«�GÒr�Mz » ª � | º ~ Õ�� ò íG����"ènxCzïH�Z\O�OdZ�Q\F«Z\OvKNZ\½YRîÅa¼\D��

T1(k)
¼r¿ I\WYX[¼\½¾FPÀ\RGIÚ¼\À\RUD

k
|~}/wyxCz�è©uf�C��u�=�|~uf�[}��CÛE��Lu\wyzL�SÌS�yÓ?ÌfÒ�wyxCzïè©uf�C��u�=�|~uf���Lu\wyzL�SÌS�yÓ�ÌfÒ�{
| £Ez�Í��yz�ufÑ | é�u\wy| ÌS��}ºìPÒÃÌS�
ufÛ�}�ÌSÑ �Ewyz

��ÌEÍE�Szn�UÓE�UÑ z�}Ní��SzL�CzL�Nu\wyz�ÍÁÛ�ÓÈ{
| £Ez�Íù�yz�ufÑ | é�u\wy| ÌS��}�ÌfÒ©ËU�î{
Ìfwy| ®Sz�}�Ì\®SzL�
k
�^Ý"z��LufÑ Ñ

wyx�u\w�uÄËU�î{
Ìfwy| ®Sz
M = [X

u−→G]
Ì\®SzL�

k
�UÌS��}�|~}rwN}*ÌfÒ

� uÄ�S�yÌS�C×?}y�NxCzL{
z X Ì\®SzL�
k
� � xC|~�Nx�|~}�Ñ ÌE�LufÑ Ñ ÓïÒÃÌS��wyxCz[ÔUwNufÑ zùwyÌS×µÌSÑ ÌS�SÓS�u��UÌS��}rwNuf�aw[�S�yÌS�C×)}y�NxCzL{
zvÍEzK���Cz�Í2Û�Ó2u8���C| wyzLÑ Ó2�SzL�CzL�Nu\wyz�Í�ÒÃ�yzLz

Z
�{
ÌEÍE�CÑ zS�

� u }�zL{
| �YufÛµzLÑ |~uf��®\uf�y| zUwrÓ G ÍEzK���Cz�Í�Ì\®SzL�
k
�'|¾� zS� �*uf�2zU£�wyzL�awy| ÌS��ÌfÒÚuf�ufÛµzLÑ |~uf�Ä®\uf�y| zUwrÓ

A
Û�ÓºuùwyÌS�y��}

Y (1), � xC|~�Nxï�UÌE�Nx�uf�NuS�GwyzL�*�S�yÌS�C× Y �
� u�{
ÌS�y×CxC|~}�{ u : X −→ G

ÌfÒ^�S�yÌS�C×Ä}y�NxCzL{
z�}nÌ\®SzL�
k
�ËU�î{
Ìfwy| ®Sz�}
uf�yzº{
| £Ez�Í�{
Ìfwy| ®Sz�}�ÌfÒ�Ñ zL®SzLÑ

6 1
FºwyxCz � zL| �Sxaw���Ñ wy�Nu\wy| ÌS� W∗ÌS�

M
|~}

Wi(M) = M
ÒÃÌS�Áz�uS�Nx

i > 0
�
W−1(M) = G

�
W−2(M) = Y (1)

�
Wj(M) = 0

ÒÃÌS�©z�uS�Nx
j 6 −3.

�îÒ
GrWn = Wn/Wn−1, � z'x�u®Sz/wyxCzi^a�CÌfwy| zL�awN}

GrW0 (M) = X,GrW−1(M) = A
uf��Í

GrW−2(M) = Y (1).
?�z � | Ñ Ñ^ÍEzL�CÌfwyzÈÛ�Ó

W−1T1(k)
ìÃ�yz�}�×��

GrW
0 T1(k)

�*� � � í2wyxCz�è©uf�C��u�=�|~uf� }��CÛE�Y�Lu\wyzL�SÌS�yÓ>ÌfÒ
T1(k)�SzL�CzL�Nu\wyz�Í?Û�Ó ufÑ Ñ

W−1M
ìÃ�yz�}�×��

GrW
0 M

�*� � � í � | wyx M u�ËU�î{
Ìfwy| ®SzS�H? | wyxwyxC|~}"�CÌfwNu\wy| ÌS� � zÁ�Luf�Äz�uS}�| Ñ Óº�UÌS{
×C�Ewyz�wyxCzÚÒÃÌSÑ Ñ Ì � | �C�
{
Ìfwy| ®�|~�Á�ÚufÑ ÌS|~}n�S�yÌS�C×�}
� Gmot(GrW

0 T1(k)) = G A L (k/k)
�

� Gmot(GrW
−2T1(k)) = G A L (k/k)×Gm

�
� Gmot(GrW

0 T1(k)) = Gmot(T0(k)) = Sp(Z(0))
� Gmot(GrW

−2T1(k)) = Gm
�

�^n¼» ¦���ª � ª«¡¿ÄÄ  � ¦µª«����¾l �¦����
DCÌS�'z�uS�Nx[è©uf�C��u�=�|~uf��}��CÛE�Y�Lu\wyzL�SÌS�yÓ

T ′
ÌfÒ

T
�aÑ zUw

HT (T ′)
Ûµz�wyxCz_=SzL�y�CzLÑ�ÌfÒdwyxCzÒ«uf| wyxEÒÃ�CÑ Ñ Ól�µu\wn{
ÌS�y×CxC|~}�{ ÌfÒ��S�yÌS�C×

T
�Y}y�NxCzL{
z�}

I : π(T ) −→ iπ(T ′)
�UÌS�y�yz�}�×µÌS��Í��| �C�vwyÌ?wyxCzº| ���UÑ ��}�| ÌS��ÒÃ�C���GwyÌS�

i : T ′ −→ T
� �Y��×�uf��wy|~�U�CÑ~uf� � zºx�u®Sz�wyxCzÄ}�xCÌS��wzU£CuS�Gw�}�z'^a�CzL���UzÚÌfÒ^�S�yÌS�C×

π(T )
�Y}y�NxCzL{
z�}

0 −→ HT (T ′) −→ π(T ) −→ iπ(T ′) −→ 0.�Y� z �   �W¶ |G~ ÜC� ÜC��-�zLÑ | �S�Czù×C�yÌ\®Sz�}"wyx�u\w�wyxCz�è©uf�C��u�=�|~uf�v�Lu\wyzL�SÌS�yÓ
T ′

|~}�z'^a�C| ®\ufÑ zL�aw��uS}ùwyzL��}�ÌS�[�Lu\wyzL�SÌS�yÓS�©wyÌ�wyxCz>}��CÛE�Y�Lu\wyzL�SÌS�yÓ�ÌfÒ
T
�SzL�CzL�Nu\wyz�Í�Û�Ó wyxCÌa}�zÄÌSÛ��rz��GwN}�ÌS�

� xC|~�Nx�wyxCz�uS�Gwy| ÌS��ÌfÒ π(T )
| ��ÍE���Uz�}Èuºwy�y| ®�|~ufÑ�uS�Gwy| ÌS��ÌfÒ

HT (T ′)
�[�Y� ×�uf��wy|~�U�CÑ~uf���wyxC|~}º| {
×CÑ | z�}�wyx�u\wÄwyxCzvÒÃ�C��ÍCuf{
zL�awNufÑ��S�yÌS�C×

π(T ′)
ÌfÒ

T ′
|~}º|~}�ÌS{
ÌS�y×CxC|~�ÄwyÌ�wyxCz�S�yÌS�C×

T
�Y}y�NxCzL{
z

π(T )/HT (T ′).
ènxCz��S�yÌS�C×

T
�Y}y�NxCzL{
z

HT (T ′)
�Nx�uf�NuS�GwyzL�y| éLz�}
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wyxCzÄè©uf�C��u�=�|~uf��}��CÛE�Y�Lu\wyzL�SÌS�yÓ
T ′
�v�Y� Ò«uS�Gw � z�x�u®Sz�uv�UÑ z�uf��ÍE|~�Gwy| ÌS��uf�yÓ?ÛµzUw � zLzL�è©uf�C��u�=�|~uf�º}��CÛE�Y�Lu\wyzL�SÌS�y| z�}�ÌfÒ

T
uf��Í��CÌS�y{[ufÑdu�u[�Cz��S�yÌS�C×º}��CÛE�

T
�Y}y�NxCzL{
z�}'ÌfÒ�wyxCzÒÃ�C��ÍCuf{
zL�awNufÑ��S�yÌS�C×

π(T )
ÌfÒ

T
F
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� n HdMCRUDyR�F~I�ãUF ÈLRNKU½¾F«¼\O�ãNRU½¾Â'RNRUO?½ÃMCR>H�Z\O�OdZ�Q\F«Z\O�IGB�ãUW�KNZ\½YRîÅa¼\DGF«RGI�¼r¿
TZ\OdÉ[½ÃMCRÈOd¼\DGX[Z\T©Z!Í�OdRÚÅfDy¼\B�ø�IGB�ãUW

T
WîILKNMCRUX[RGIù¼r¿

π(T )
b'Â©M�F«KNM?ZINIL¼�KUF«Z\½YRGIW*½Y¼�RNZSKNM�H�Z\O�OdZ�Q\F«Z\OvIGB�ãUW�KNZ\½YRîÅa¼\D��

T ′
¼r¿

T
b/½ÃMCR�QSRUDGOdRUT

HT (T ′)
¼r¿Ú½ÃMCRÁX[¼\DGWø�M�F~IGXâ¼r¿

T
WîILKNMCRUX[RGI

I : π(T ) −→ iπ(T ′)
KN¼\DGDyRGI¾ø�¼\OdÉ\FPO�Å ½Y¼)½ÃMCR FPOdKUT B�IGF«¼\O

i : T ′ −→ T ;W^½Y¼ÈRNZSKNM[Od¼\DGX[Z\TµZ!Í�OdR*ÅfDy¼\B�øºIGB�ãUW
T
WîILKNMCRUX[R

H
¼r¿
π(T )

b�½ÃMCR
H�Z\O�OdZ�Q\F«Z\O�IGB�ãUWKNZ\½YRîÅa¼\D��
T (H)

¼r¿�¼Sã-ÈLRNKU½«I
¼r¿
T
¼\O Â©M�F«KNM?½ÃMCR
ZSKU½¾F«¼\O�¼r¿

π(T )
FPOdÉ\B�KNRGI
Z�½¾DGFPÀ�F«Z\TZSKU½¾F«¼\O ¼r¿

H �

� n�� ¾l v¡S C�� v¦b�M¡�¦���ª �  ���¦b� �   �   �
6
m

�Y�ÄÌS�NÍEzL�*wyÌ[}rwy��ÍEÓ[wyxCzÈ�Lu\wyzL�SÌS�yÓ
T1(k)

ÌfÒ©{
Ìfwy| ®Sz�}*ÌfÒ^Ñ zL®SzLÑ
6 1
�E| �Åz Á  a� � º ~ � zx�u®Szùuf×C×CÑ | z�ÍïwyxCz
ufÛµÌ\®SzÁwyxCzLÌS�yzL{ wyÌÄ}�ÌS{
z�}��CÛE�Y�Lu\wyzL�SÌS�y| z�}"ÌfÒ

T1(k)
�ÁènxCz � zL| �Sxaw��Ñ wy�Nu\wy| ÌS�

W∗
ÌfÒ�ËU�î{
Ìfwy| ®Sz�}ù| ��ÍE���Uz�}[uf�2| ���U�yz�uS}�| �C�8��Ñ wy�Nu\wy| ÌS�

W∗
ÌfÒÚ��}rwyzL×�}
ÌS�wyxCz�{
Ìfwy| ®�|~�Ú�ÚufÑ ÌS|~}'�S�yÌS�C×

Gmot(T1(k)) � xC|~�Nx � z�ÍEz�}y�U�y| Ûµz�wyxC�yÌS�C�Sx[wyxCzÁuS�Gwy| ÌS��ÌfÒ
Gmot(T1(k))

ÌS�[wyxCz��SzL�CzL�Nu\wyÌS�N}/ÌfÒ
T1(k) :

DCÌS�*z�uS�NxvËU�î{
Ìfwy| ®Sz
M
Ì\®SzL�

k
� � z�x�u®Szwyx�u\w

� W0(Gmot(T1(k))) = Gmot(T1(k))� W−1(Gmot(T1(k))) = {g ∈ Gmot(T1(k)) | (g − id)M ⊆W−1(M),
(g − id)W−1(M) ⊆W−2(M), (g − id)W−2(M) = 0},

� W−2(Gmot(T1(k))) = {g ∈ Gmot(T1(k)) | (g − id)M ⊆W−2(M),
(g − id)W−1(M) = 0},

� W−3(Gmot(T1(k))) = 0.Ù"�L�UÌS�NÍE| �C�>wyÌ?wyxCzÄ{
Ìfwy| ®�|~�Äuf��ufÑ ÌS�S�Cz�ÌfÒ�z Á ��� ¶b� ~ _ Ï � Ï �
GrW

0 (Gmot(T1(k)))
|~}u[�yz�ÍE���Gwy| ®SzÁ�S�yÌS�C×>}��CÛE�

T1(k)
�Y}y�NxCzL{
zÁÌfÒ

Gmot(T1(k))
uf��Í

W−1(Gmot(T1(k)))
|~}wyxCz��C�C| ×µÌfwyzL�awn�NuSÍE|~�LufÑ�ÌfÒ

Gmot(T1(k))
�0;'uS�Nx�ÌfÒ�wyxCz�}�z��ù}rwyzL×�}

W−i(Gmot(T1(k)))ì
i = 0, 1, 2

í��Luf� Ûµz��yz��UÌS��}rwy�y���Gwyz�Í�uS}Á| �awyzL�N}�z��Gwy| ÌS��ÌfÒn�S�yÌS�C×�}��CÛE�
T1(k)

�Y}y�NxCzL{
z�}ÌfÒ
Gmot(T1(k))

uS}y}�ÌE�U|~u\wyz�Í�wyÌ�è©uf�C��u�=�|~uf��}��CÛE�Y�Lu\wyzL�SÌS�y| z�}ÁÌfÒ
T1(k)

wyxC�yÌS�C�Sx wyxCzÛC| �rz��Gwy| ÌS� Ï � Ë�F
& ���Å�¬«ñ²4�
� n
ËS�
W−1(Gmot(T1(k))) = ∩i=−1,−2HT1(k)(GrW

i T1(k)),Ï �
W−2(Gmot(T1(k))) = HT1(k)(W−1T1(k)) = HT1(k)(W0/W−2T1(k)).
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ènxCzÚzU£E×CÑ |~�U| w��UÌS{
×C�EwNu\wy| ÌS�ïÌfÒ�wyxCz�}�zÁ�S�yÌS�C×Ä}��CÛE�
T1(k)

�Y}y�NxCzL{
z�}n| ��®SÌSÑ ®Sz�Í�| �ÄwyxCzufÛµÌ\®Sz^Ñ zL{
{[u � | Ñ ÑS×C�yÌ\®�|~ÍEz©ÒÃÌS�C��zU£CuS�Gw�}�xCÌS��w�}�z'^a�CzL���Uz�}JÌfÒ��S�yÌS�C×Ú}��CÛE� T1(k)
�Y}y�NxCzL{
z�}ÌfÒ

Gmot(T1(k))
F

���D���������Ç²4�W¨ n ]
R�MCZ\À\Rù½ÃMCR'¿U¼\TPT ¼\Â/FPO�Å>É\F«ZLÅfDyZ\X ¼r¿ùZ!Í�OdR�ÅfDy¼\B�ø
T1(k)

WîILKNMCRUX[RGI

0 → Resk/kGmot(T1(k)) → Gmot(T1(k)) → G A L (k/k) → 0

↑ || ↑
0 → Resk/kH

T1(k)(〈Z(1)〉⊗) → Gmot(T1(k)) → GA L (k/k)×Gm → 0

↑ || ↑
0 → W−1Gmot(T1(k)) → Gmot(T1(k)) → Gmot(GrW

∗ T1(k)) → 0

↑ || ↑
0 → W−2Gmot(T1(k)) → Gmot(T1(k)) → Gmot(W−1T1(k)) → 0Â©MCRUDyRÈZ\TPT�MC¼\DGF Ç�¼\O�½YZ\TdIyMC¼\DG½/ILR � B�RUOdKNRGI�Z\DyRÈR>+�ZSKU½'Z\OdÉ�Â©MCRUDyRÚ½ÃMCR�À\RUDG½¾F«KNZ\T�Z\DGDy¼\Â^IÁ¼\O½ÃMCRÈT R«¿N½"Z\DyRÈFPOdKUT B�IGF«¼\OCIùZ\OdÉ[½ÃMC¼ILR
¼\Ov½ÃMCRÈDGF ÅM�½�Z\DyRÁIGBED2ÈLRNKU½¾F«¼\OCI �

º[n�� ¾l v¡S C�� v¦b��  m � ¡�¦���ª �  
j�zUw

M = [X
u−→G]

ÛµzÈuïËU�î{
Ìfwy| ®SzÈÍEzK���Cz�ÍÄÌ\®SzL�
k
�nènxCzÁ{
Ìfwy| ®�|~�È�ÚufÑ ÌS|~}"�S�yÌS�C×

Gmot(M)
ÌfÒ
M
|~}'wyxCz�ÒÃ�C��ÍCuf{
zL�awNufÑd�S�yÌS�C×�ÌfÒ�wyxCzÚè©uf�C��u�=�|~uf�Ä}��CÛE�Y�Lu\wyzL�SÌS�yÓ 〈M〉⊗ÌfÒ

T1(k)
�SzL�CzL�Nu\wyz�ÍùÛ�Ó

M
�S|¾� zS� �fwyxCz�u�u[�Cz"�S�yÌS�C× 〈M〉⊗ �Y}y�NxCzL{
z Sp(Λ)

� � xCzL�yz Λ
|~}wyxCz:��ÌS×EÒ©ufÑ �SzLÛC�NuÈÌfÒ 〈M〉⊗ �C�C| ®SzL�N}yufÑ�ÒÃÌS�*wyxCz�ÒÃÌSÑ Ñ Ì � | �C�ù×C�yÌS×µzL��wrÓ�F�ÒÃÌS�nz�uS�Nx�ÌSÛ��rz��Gw

X
ÌfÒ 〈M〉⊗, wyxCzL�yz�|~}Èuï{
ÌS�y×CxC|~}�{ λX : X∨ ⊗ X −→ Λ

ÒÃ�C���GwyÌS�y|~ufÑ�| �
X
�ÄènxCz{
ÌS�y×CxC|~}�{[} {λX}

� � xC|~�Nx>�Luf�ÄÛµzÁ�yz � �y| w�wyzL�ï| �ÄwyxCzÚÒÃÌS�y{ X −→ X ⊗ Λ
�CÍEzK���CzÈuf�uS�Gwy| ÌS�>ÌfÒ^wyxCzÈ�S�yÌS�C×

Gmot(M)
ÌS�>z�uS�NxïÌSÛ��rz��Gw

X
ÌfÒ 〈M〉⊗ �duf��Íï| �>×�uf��wy|~�U�CÑ~uf��ÌS�| wN}�zLÑ Òr��ènxCzÁ{[uf| �Ä�yz�}��CÑ w�ÌfÒ�z Á  a� �b� ~ |~}nwyx�u\w

���D���������¦¤+�
� n HdMCRÁBEO�F ø�¼\½YRUO�½�DyZSÉ\F«KNZ\T
W−1(Lie Gmot(M))

¼r¿�½ÃMCR�9^F«RùZ\T ÅaR�ãUDyZº¼r¿
Gmot(M)

F~IÚ½ÃMCR�ILRUX�FPW�ZSãNRUT F«Z\OvÀ\Z\DGF«RU½m��ÉSRÎ��OdRNÉ[ãK��½ÃMCRÈZSÉ�ÈL¼\FPO�½nZSKU½¾F«¼\O�¼r¿�½ÃMCR"ÅfDyZSÉSRNÉ
GrW
∗ (W−1Lie Gmot(M))

¼\O?FP½«ILRUT ¿ �ènxCz[|~ÍEz�uïÌfÒ*wyxCz�×C�yÌ�ÌfÒn|~}ÈuS}ÚÒÃÌSÑ Ñ Ì � },FJD©| �N}rwÈ�yz��LufÑ Ñ^wyx�u\w�uS�L�UÌS�NÍE| �C�ºwyÌ z �   �¯® º ~ìrË��C� Ï � ËLÕ�íG�ax�u®�| �C�
M
|~}*z'^a�C| ®\ufÑ zL�awnwyÌ
x�u®�| �C�ÈwyxCz����î�C×CÑ zUw

(X,Y ∨, A,A∗, v, v∗, ψ)
� xCzL�yz
� X

uf��Í
Y ∨

uf�yznw � ÌÁ�S�yÌS�C× k �Y}y�NxCzL{
z�}L� � xC|~�Nx�uf�yz"Ñ ÌE�LufÑ Ñ ÓÈÒÃÌS��wyxCz�ÔUwNufÑ z"wyÌS×µÌSÑ �ÌS�SÓS���UÌS��}rwNuf�aw��S�yÌS�C×Á}y�NxCzL{
z�}�ÍEzK���Cz�ÍÚÛ�Ó�u����C| wyzLÑ Ó��SzL�CzL�Nu\wyz�Í�ÒÃ�yzLz
Z
�î{
ÌEÍE�CÑ z ±

� A
uf��Í

A∗
uf�yz�w � Ì
ufÛµzLÑ |~uf�ï®\uf�y| zUwy| z�}nÍEzK���Cz�ÍÄÌ\®SzL� k ��ÍE��ufÑdwyÌ[z�uS�NxºÌfwyxCzL� ±

� v : X −→ A
uf��Í

v∗ : Y ∨ −→ A∗
uf�yz�w � Ì
{
ÌS�y×CxC|~}�{[}nÌfÒ©�S�yÌS�C× k �Y}y�NxCzL{
z�} ±

� ψ
|~}�uÚwy�y| ®�|~ufÑ | é�u\wy| ÌS��ÌfÒdwyxCz�×C�CÑ Ñ �îÛ�uS�W=

(v, v∗)∗PA
Û�Ó

(v, v∗)
ÌfÒdwyxCz�ñ^ÌS| ���Luf�yÔÛC| zU£�wyzL��}�| ÌS�

PA
ÌfÒ

(A,A∗)
�



°)° 	 r z.��{»��
^x�wh�

ð�Û�}�zL�y®Sz�wyx�u\w*wyxCzÚÕf�î�C×CÑ zUw
(X,Y ∨, A,A∗)

�UÌS�y�yz�}�×µÌS��ÍC}/wyÌùwyxCzÚ×C�C�yz�×�uf��wnÌfÒ�wyxCz�ËU�{
Ìfwy| ®SzS�\|¾� zS� �f| w�ÍEzK���Cz�}©wyxCzn×C�C�yz*{
Ìfwy| ®Sz�}©�C��ÍEzL�yÑ Ó�| �C�
M
�fuf��ÍÁwyxCz"�\�î�C×CÑ zUw

(v, v∗, ψ)�yzL×C�yz�}�zL�awN}'wyxCz_�r{
| £E| wrÓ��ÚÌfÒ
M
�Ð'ÌS��}�|~ÍEzL��wyxCz {
Ìfwy| ®Sz

E = W−1(End(GrW
∗ M)) :

| wï|~}ïu�}�×CÑ | w ËU�î{
Ìfwy| ®Sz?ÌfÒ
� zL| �SxawÁ�NËºuf��Í�� Ï ÌSÛEwNuf| �Cz�Í�ÒÃ�yÌS{ wyxCzºzL��ÍEÌS{
ÌS�y×CxC|~}�{[}ÁÌfÒnwyxCz��S�NuSÍEz�Í GrW

∗ M
ÌfÒ

M
�©ènxCz*�UÌS{
×µÌa}�| wy| ÌS�ÚÌfÒCzL��ÍEÌS{
ÌS�y×CxC|~}�{[}JzL��ÍEÌ � z�Í E � | wyxùucj�| z*ufÑ �SzLÛC�Nun}rwy�y���Gwy�C�yz

(E, [ , ])
� � xCÌa}�z��U�yÌE�NxCzUw [ , ]

�UÌS�y�yz�}�×µÌS��ÍC}�wyÌ?u
Σ − X∨ ⊗ Y (1)

�¾wyÌS�N}�ÌS�
B
Ñ | ®�| �C�

Ì\®SzL�
A ⊗X∨ + A∗ ⊗ Y. ènxCz
uS�Gwy| ÌS�vÌfÒ E ÌS�>wyxCz�{
Ìfwy| ®Sz GrW

∗ (M)
|~}�ÍEz�}y�U�y| Ûµz�ÍÛ�Óºu�{
ÌS�y×CxC|~}�{

E ⊗GrW
∗ (M) −→ GrW

∗ (M)

� xC|~�NxÄzL��ÍEÌ � z�Í�wyxCzÁ{
Ìfwy| ®Sz GrW
∗ (M) � | wyx>u
}rwy�y���Gwy�C�yzÚÌfÒ (E, [ , ])

�î{
ÌEÍE�CÑ zS�
-�zL�CÌfwyz�Û�Ó

b = (b1, b2)
wyxCz

k
�î�Nu\wy| ÌS��ufÑC×µÌS| �aw

b = (b1, b2)
ÌfÒJwyxCzÚufÛµzLÑ |~uf��®\uf�y| zUwrÓ

A ⊗X∨ + A∗ ⊗ Y ÍEzK���C| �C�ÄwyxCz�{
ÌS�y×CxC|~}�{[} v : X −→ A
uf��Í

v∗ : Y ∨ −→ A∗
�

j�zUw
B
Ûµz�wyxCzÁ}�{[ufÑ Ñ z�}rw�ufÛµzLÑ |~uf�Ä}��CÛE�î®\uf�y| zUwrÓ[ÌfÒ

X∨ ⊗A+A∗ ⊗ Y �UÌS�awNuf| �C| �C�ÈwyxC|~}×µÌS| �aw
b = (b1, b2)

�"ènxCzÁ�yz�}rwy�y|~�Gwy| ÌS�
i∗B

ÌfÒ^wyxCz
Σ−X∨ ⊗ Y (1)

�¾wyÌS�N}�ÌS�
B
Û�Ó�wyxCz| ���UÑ ��}�| ÌS�

i : B −→ X∨⊗A×A∗⊗Y |~}'u Σ−X∨⊗Y (1)
�¾wyÌS�N}�ÌS�/Ì\®SzL�

B
�0-�zL�CÌfwyzÛ�Ó

Z1
wyxCz�}�{[ufÑ Ñ z�}rw

Gal(k/k)
�î{
ÌEÍE�CÑ z"ÌfÒ

X∨⊗Y }����Nx
wyx�u\w'wyxCz"wyÌS�y��} Z1(1),
wyx�u\w| w
ÍEzK���Cz�}L�/�UÌS�awNuf| ��}ÚwyxCzº| {[uf�Sz[ÌfÒ"wyxCz��yz�}rwy�y|~�Gwy| ÌS�

[ , ] : B ⊗ B −→ X∨ ⊗ Y (1)ÌfÒ/wyxCzlj�| z��U�yÌE�NxCzUw�wyÌ
B ⊗ B �ÚènxCz�ÍE| �yz��Gw�| {[uf�Sz p∗i∗B ÌfÒ/wyxCz

Σ −X∨ ⊗ Y (1)
�wyÌS�N}�ÌS�

i∗B
Û�ÓvwyxCz[×C�yÌ��rz��Gwy| ÌS�

p : X∨ ⊗ Y (1) −→ (X∨ ⊗ Y/Z1)(1)
|~}Èuºwy�y| ®�|~ufÑ

Σ−(X∨⊗Y/Z1)(1)
�¾wyÌS�N}�ÌS��Ì\®SzL�

B
�e?�znÍEzL�CÌfwyz'Û�Ó

π : p∗i∗B −→ (X∨⊗Y/Z1)(1)wyxCz��Luf�CÌS�C|~�LufÑ�×C�yÌ��rz��Gwy| ÌS����ènxCzù{
ÌS�y×CxC|~}�{
u : X −→ G

ÍEzK���Cz�}�u[×µÌS| �aw
b̃
| �>wyxCz

��ÛC�yz*ÌfÒ
B
Ì\®SzL�

b
�4?�z"ÍEzL�CÌfwyz"uf�auf| �ÈÛ�Ó

b̃
wyxCzn×µÌS| �awN}^ÌfÒ

i∗B
uf��ÍùÌfÒ

p∗i∗B
Ì\®SzL��wyxCz×µÌS| �aw

b
ÌfÒ
B
��j�zUw

Z
ÛµznwyxCz�}�{[ufÑ Ñ z�}rw�}��CÛE�

Gal(k/k)
�î{
ÌEÍE�CÑ znÌfÒ

X∨⊗Y, �UÌS�awNuf| �C| �C�
Z1
uf��ÍÄ}����Nx�wyx�u\w"wyxCzÁ}��CÛE�¾wyÌS�y��}

(Z/Z1)(1)
ÌfÒ

(X∨ ⊗ Y/Z1)(1)
�UÌS�awNuf| ��}

π(b̃)
�/�îÒ

� zÚ×C�Ew Z2 = Z/Z1
� � zÚx�u®Sz�wyx�u\w Z(1) = Z1(1)× Z2(1).? | wyx�wyxCz�}�zº�CÌfwNu\wy| ÌS��}L�©wyxCzº�C�C| ×µÌfwyzL�aw
�NuSÍE|~�LufÑ

W−1(Lie Gmot(M))
ÌfÒ"wyxCz�j�| zufÑ �SzLÛC�Nu�ÌfÒ

Gmot(M)
|~}�wyxCz�zU£�wyzL��}�| ÌS�;ÌfÒÈwyxCz�ufÛµzLÑ |~uf�;®\uf�y| zUwrÓ

B
Û�Ó2wyxCzvwyÌS�y��}

Z(1)
ÍEzK���Cz�Í�Û�Ó�wyxCzÄuSÍÇ�rÌS| �aw
uS�Gwy| ÌS��ÌfÒ

(B + Z(1), [ , ])
ÌS��| wN}�zLÑ Òr��X�| ���Uzº| ��wyxCz�UÌS��}rwy�y���Gwy| ÌS�>ÌfÒ

B
uf��Í

Z(1)
uf�yzù| ��®SÌSÑ ®Sz�ÍïÌS�CÑ ÓÄwyxCzù×�uf�Nuf{
zUwyzL�N}

v, v∗
uf��Í

u
�©½ÃMCRKN¼\X�ødBE½YZ\½¾F«¼\O)¼r¿[½ÃMCR�BEO�F ø�¼\½YRUO�½�DyZSÉ\F«KNZ\T

W−1(Lie Gmot(M))
¼r¿[½ÃMCRl9^F«RïZ\T ÅaR�ãUDyZ�¼r¿

Gmot(M)
ÉSRîø�RUOdÉI�¼\O�T �2¼\O$½ÃMCR ¹ WYB�ødT RU½ (v, v∗, ψ)

b
F � R � bÄ¼\O$½ÃMCRL¬ÃX�F +SFP½m�&Ä¼r¿>½ÃMCRI\WYX[¼\½¾FPÀ\R
M �

�A� «����gÊ-�F¤+�W¨ n
ËS�Aj�zUw

M
Ûµz>wyxCz?}�×CÑ | w�ËU�î{
Ìfwy| ®Sz

Z ⊕ A ⊕ Gm
� �Y�)wyxC|~}Ä�LuS}�zvufÑ Ñ�|~}[wy�y| ®�|~ufÑmF

W−1(Lie Gmot(M)) = B = Z(1) = 0
�
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Ï �Aj�zUw
M = [Z

u−→E ]
Ûµz�u ËU�î{
Ìfwy| ®Sz�Ì\®SzL�

k
ÍEzK���Cz�Í�Û�Ó

u(1) = P � | wyx P u�CÌS�E�¾wyÌS�N}�| ÌS�
k
�î�Nu\wy| ÌS��ufÑ'×µÌS| �aw
ÌfÒ�wyxCzÄzLÑ Ñ | ×Ewy|~�Ä�U�C�y®Sz

E
��?�zïx�u®Sz[wyx�u\w�wyxCzwyÌS�y��}

Z(1)
|~}�wy�y| ®�|~ufÑ©uf��Í>wyxCzù�C�C| ×µÌfwyzL�awÚ�NuSÍE|~�LufÑ

W−1(Lie Gmot(M))
|~}�wyxCzzLÑ Ñ | ×Ewy|~�Á�U�C�y®Sz

B = E .�C�Aj�zUw
M = [Z

u−→G3
m×A]

Ûµz�uÚËU�î{
Ìfwy| ®Sz^Ì\®SzL�
k
ÍEzK���Cz�ÍÚÛ�Ó

u(1) = (q1, q2, 1, 0)
� | wyx q1, q2 w � Ì
zLÑ zL{
zL�awN}nÌfÒ Gm(k)− µ∞

{ù�CÑ wy| ×CÑ |~�Lu\wy| ®SzLÑ Ó�| ��ÍEzL×µzL��ÍEzL�awN}ì
µ∞

|~}*wyxCzÁ�S�yÌS�C×ºÌfÒ^�yÌ�ÌfwN}*ÌfÒ©wyxCzÚ�C�C| wrÓº| �
k
íG�/�Y�ÄwyxC|~}nzU£Cuf{
×CÑ z�wyxCzÈufÛµzLÑ |~uf�®\uf�y| zUwrÓ

B
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� xC|~�NxÄx�u®Sz�wyxCzÚÒÃÌS�y{
Γ : y2 = (x− c1)(x − c2)(x− c3)¹ wyx�u\wn|~}L��zLÑ Ñ | ×Ewy|~���U�C�y®Sz�}'ufÑ ÑdÌfÒ � xCÌa}�z Ï �YÍE| ®�|~}�| ÌS��×µÌS| �awN}*uf�yz��Nu\wy| ÌS��ufÑ¾�^ènxCz�}rwNu\wyzU�{
zL�awN}^ÌfÒµwyxCz*wyxCzLÌS�yÓÈÌ\®SzL�^uf�
uf�yÛC| wy�Nuf�yÓÁufÑ �SzLÛC�Nuf|~�'���C{ùÛµzL����zLÑ~Í�uf�yzn�CÌfw/®SzL�yÓÈÍE| <dzL���zL�aw��µzU£C�UzL×Ew�wyx�u\w�wyxCz�uf��ufÑ ÌS�S�Cz�}"ÌfÒ��UzL��wNuf| �>zU£E×CÑ |~�U| w��yz�}��CÑ wN}��yzLÑ~u\wy| �C�[wyÌ[wyxCzù×C�y| {
zÏ uf�yzÁ�CÌfw�=��CÌ � ���i?�z��Luf�v�UÑ z�uf�yÑ Ó�wNu�=SzÁwyxCz ci wyÌºÛµzÈ| �awyzL�SzL�N}L�Aj�zUw B

�µwyxCzù}�zUw�ÌfÒÛ�uSÍ�×C�y| {
z�}L��ÛµzÚuf��Ól���C| wyzÚ}�zUwnÌfÒ�×C�y| {
z�}n�UÌS�awNuf| �C| �C� Ï � ∞ uf��ÍºufÑ ÑµwyxCz�ÌEÍCÍ�×C�y| {
z�}ÍE| ®�|~ÍE| �C�
(c1−c2)(c1−c3)(c2−c3) ± wyx���} B

�UÌS�awNuf| ��}©wyxCz"×C�y| {
z�}/ÌfÒµÛ�uSÍ��yz�ÍE���Gwy| ÌS�ÒÃÌS�
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z�}nÌfÒ^�SÌ�ÌEÍº�yz�ÍE���Gwy| ÌS����wyx�u\w�|~}nx�uf�y{
Ñ z�}y}L�ènxCzÄÛ�uS}�|~�Ä®SzL�N}�| ÌS��ÌfÒ Ï �YÍEz�}y�UzL�aw�� � xC|~�Nx��SÌ�z�}�Û�uS�W= wyÌ�DCzL�y{[u\w��'|~}[uS}ùÒÃÌSÑ Ñ Ì � }L�è�Ì?uf��Ó��Nu\wy| ÌS��ufÑ�×µÌS| �aw

(x, y)
ÌS�

Γ
wyxCzL�yzº�UÌS�y�yz�}�×µÌS��Í��Nu\wy| ÌS��ufÑ

m1,m2,m3 � | wyx
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m1m2m3 = m2 6= 0
}����Nxºwyx�u\w"wyxCzÚwyxC�yzLzÚz'^a��u\wy| ÌS��}

ìrËí
miy
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i = x− ci for i = 1, 2, 3uf�yz�}�| {ù�CÑ wNuf�CzLÌS��}�Ñ Ó�}�ÌSÑ �CÛCÑ zS�4?�z'�Luf�Ú{ù�CÑ wy| ×CÑ Ó�wyxCz
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Û�Ó��CÌS�E�îéLzL�yÌ"}>^a��uf�yz�}L��}�Ìnwyx�u\wÒÃÌS�"zU£Cuf{
×CÑ z � zÁ�Luf�ï�yz'^a�C| �yz�wyxCzL{ÎwyÌ[ÛµzÈ}>^a��uf�yzU�¾ÒÃ�yzLz�| �awyzL�SzL�N} ± | ��ÍEzLz�ÍÄÌS�CzÁ}�xCÌS�CÑ~Í�yz�ufÑ Ñ ÓºwyxC| �.=>ÌfÒ�wyxCzL{ uS}�zLÑ zL{
zL�awN}�ÌfÒ

Q∗/Q∗2
� � | wyx�uº}��C| wNufÛCÑ zù| �awyzL�y×C�yzUwNu\wy| ÌS�vÌfÒwyxCzÄz'^a��u\wy| ÌS��} � xC|~�Nx�| ��®SÌSÑ ®Sz
wyxCzL{ï��-�zL�CÌfwyzºÛ�Ó C (m)

wyxCzï�U�C�y®Sz��S| ®SzL��Û�Ó�wyxCzwyxC�yzLzºz'^a��u\wy| ÌS��}�ìrËíG� � xCzL�yz m = (m1,m2,m3)
� j�Ì�Ì�=�| �C�ïÒÃÌS��}�ÌSÑ �Ewy| ÌS��}ÈÌfÒ

Γ
|~}wyxCz[}yuf{
z[uS}�Ñ Ì�Ì�=�| �C�ºÒÃÌS�J^a��uSÍE�y�C×CÑ z�}

x, y1, y2, y3 � xC|~�Nx }yu\wy|~}rÒÃÓ�ìrËí�ÒÃÌS�È}�ÌS{
z m
�

DCÌS��wyxC|~}�×C�C�y×µÌa}�z � zÈ�CzLz�ÍïÌS�CÑ Óï�UÌS��}�|~ÍEzL��wyxCzJ���C| wyzLÑ Óï{[uf��Ó m
ÒÃÌS� � xC|~�NxïwyxCz miuf�yz��C�C| wN}"u\w"ufÑ Ñd×C�y| {
z�}*ÌS�EwN}�|~ÍEz

B ± ÒÃÌS�n| Ò^uf��Ó mi
|~}"ÍE| ®�|~}�| ÛCÑ z�wyÌ
uf�ºÌEÍCÍº×µÌ � zL�*Û�Ó}�ÌS{
zÚ×C�y| {
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wyxCzL�

Γ
|~}�ufÑ �yz�uSÍEÓ[| ��}�ÌSÑ �CÛCÑ zÚ| �
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Γb : y2 = (x − bc1)(x − bc2)(x− bc3),
� xCzL�yz � z��Luf���yzL�auf�NÍ b uS}'uf��zLÑ zL{
zL�aw*ÌfÒ Q∗/Q∗2 �/ènxCz��U�C�y®Sz Γb

|~}'ÌfÒPwyzL� � �y| w�wyzL�| �ÄwyxCzÈufÑ wyzL�y��u\wy| ®Sz�ÒÃÌS�y{
v2 = b(u− c1)(u− c2)(u− c3).ènxCzÈuf��ufÑ ÌS�S�Cz�ÌfÒ"ìrËí'ÒÃÌS�
Γb
|~}

miy
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i = x− bci for i = 1, 2, 3;

� z"}�x�ufÑ ÑC�LufÑ ÑEwyxCz��U�C�y®Sz*�S| ®SzL��Û�ÓÁwyxCz�}�znwyxC�yzLznz'^a��u\wy| ÌS��} Cb(m)
�©�îw�|~}/ÌfÒPwyzL�
��u\wy�C�NufÑwyÌ[�UÌS{
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�ènxCzL�yz�|~}nuÈ��u\wy�C�NufÑµÑ~u � ÌfÒ©�UÌS{
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ÌfÒ
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1 ,m
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2m
′′
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′
3m
′′
3).ènxCz���u\wy�C�NufÑ'}�zUw��¾wyxCzLÌS�yzUwy|~�
{[uf×�ÒÃ�yÌS{

Γ(Q)
wyÌïwyxC|~}È�S�yÌS�C× |~}ùuïxCÌS{
ÌS{
ÌS�y×CxC|~}�{ï�

� xCÌa}�z�=SzL�y�CzLÑ^|~} 2Γ(Q)
�
ènxCz

m
ÒÃÌS� � xC|~�Nx C (m)

|~}ÚzL®SzL�yÓ � xCzL�yzùÑ ÌE�LufÑ Ñ Óv}�ÌSÑ �CÛCÑ zÒÃÌS�y{ ul���C| wyz
}��CÛC�S�yÌS�C×��µ�LufÑ Ñ z�ÍÄwyxCz Ï W~�JRUT X[RUD�ÅfDy¼\B�ød��ènxC|~}�|~}��UÌS{
×C�EwNufÛCÑ zS�duf��Íï| w�UÌS�awNuf| ��}"wyxCzù�S�yÌS�C×>ÌfÒ/wyxCÌa}�z
m
ÒÃÌS� � xC|~�Nx C (m)

|~}�uS�Gwy��ufÑ Ñ Óï}�ÌSÑ �CÛCÑ zÈ| �
Q
��ènxC|~}}�{[ufÑ Ñ zL���S�yÌS�C×)|~}�|~}�ÌS{
ÌS�y×CxC|~�ÄwyÌ

Γ(Q)/2Γ(Q)
� ènxCz8^a�CÌfwy| zL�awºÌfÒÚwyxCz Ï ��X�zLÑ {
zL��S�yÌS�C×>Û�ÓïwyxC|~}�}�{[ufÑ Ñ zL���S�yÌS�C×>|~}

2X
�µwyxCz��S�yÌS�C×vÌfÒ/wyxCÌa}�zùzLÑ zL{
zL�awN}�ÌfÒ/wyxCz�H�Z\½YRUä

�JZr¿UZ\DyRUÀ�F«KÚÅfDy¼\B�ø � xC|~�Nxïuf�yz =�| Ñ Ñ z�ÍºÛ�Ó Ï �ènxCzº×C�yÌE�Uz�}y}ÈÌfÒ��SÌS| �C�>ÒÃ�yÌS{�wyxCzï�U�C�y®Sz
Γ
wyÌvwyxCzï}�zUw�ÌfÒ��U�C�y®Sz�}

C (m)
�/ÌS�ÈwyxCz

���C| wyz�}��CÛ�}�zUw � xC|~�Nx�|~}ÚwyxCz Ï ��X�zLÑ {
zL�Á�S�yÌS�C×��J|~}Á�LufÑ Ñ z�Í�u Ï �UÉSRGILKNRUO�½¾��ÌS�Á}�ÌS{
zUwy| {
z�}
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uC��DNIG½ÁÉSRGILKNRUO�½¾�/uf��Í�wyxCzº�U�C�y®Sz�}
C (m)

wyxCzL{[}�zLÑ ®Sz�}ùuf�yz��LufÑ Ñ z�Í Ï �UKN¼\À\RUDGFPO�Å\IG�vènxCz�yz�uS}�ÌS��ÒÃÌS�nwyxC|~}nwyzL�y{
| �CÌSÑ ÌS�SÓ[|~}*wyx�u\w"wyxCzL�yzÚ|~}�u
�UÌS{
{ù�EwNu\wy| ®SzÁÍE|~uf�S�Nuf{
ì Ï í Γ −→ Γ

‖ ↗
C (m)| � � xC|~�Nx�wyxCz"Ñ zUÒPw�x�uf��Í�{[uf×�|~}/ÛC| �yzL�S�CÑ~uf�"ìÃÛC�Ew'ÍEzK���Cz�Í�Ì\®SzL� C �Nu\wyxCzL�^wyx�uf� Q

íG�\wyxCzwyÌS×º{[uf×º|~}*{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ºÛ�Ó Ï uf��Í[wyxCzÁÍE|~uf�SÌS��ufÑ�{[uf×º|~}*�S| ®SzL�ºÛ�Ó
y = my1y2y3

�Ù Ï �Y�UÌ\®SzL�y| �C� � xC|~�Nx�|~}'zL®SzL�yÓ � xCzL�yz"Ñ ÌE�LufÑ Ñ Ó
}�ÌSÑ �CÛCÑ zS��uf��Í�wyxCzL�yzUÒÃÌS�yz�| ��wyxCz Ï ��X�zLÑ {
zL��S�yÌS�C×��E�Luf�>ufÑ~}�Ì�Ûµz � �y| w�wyzL�ï| �ÄwyxCzÚÒÃÌS�y{
η2 = f(ξ) where f(ξ) = aξ4 + bξ3 + cξ2 + dξ + e,uf��Í[{[uf��Ó Ï �Y�UÌ\®SzL�y| �C�a}/ÍEÌ�uf�y|~}�z�| �[wyxC|~} � uÓ ± ÛC�Ew"u Ï �Y�UÌ\®SzL�y| �C� � xC|~�Nx�|~}'�CÌfw*| �[wyxCzÏ ��X�zLÑ {
zL�n�S�yÌS�C×ï�Luf�C�CÌfw�ufÑ � uÓE}*ÛµzÚ×C�Ew�| �awyÌ�wyxC|~}nÒÃÌS�y{ï�?�z��CÌ � ×C�Ew'wyxC|~}*×C�yÌE�Uz�}y}�| �awyÌÈ{
ÌS�yz�{
ÌEÍEzL�y��Ñ~uf�C�S��uf�SzS���Y� � x�u\w'ÒÃÌSÑ Ñ Ì � }L�a| wNufÑ |~��Luf×C| wNufÑ~} � | Ñ ÑaufÑ � uÓE}JÍEzL�CÌfwyz�®Sz��GwyÌS��}�×�uS�Uz�}JÌ\®SzL� F2

��wyxCz0���C| wyzw��zLÑ~ÍÚÌfÒ�w � Ì"zLÑ zL{
zL�awN}L�uf��Íºz�uS�NxÄÌfÒ
p
uf��Í

q � | Ñ Ñ�ÛµzÁzL| wyxCzL��u����C| wyzÁ×C�y| {
zÚÌS� ∞ �0?��y| wyz
Yp = Q∗p/Q

∗2
p , YB = ⊕p∈BYp.

j�zUw
Vp
ÍEzL�CÌfwyzÄwyxCz>®Sz��GwyÌS�
}�×�uS�UzïÌfÒÚufÑ Ñnwy�y| ×CÑ z�}

(µ1, µ2, µ3) � | wyx)z�uS�Nx µi
| �
Ypuf��Í

µ1µ2µ3 = 1 ± uf��Í � �y| wyz VB = ⊕p∈BVp
��ènxC|~}�|~}�wyxCz�Ûµz�}rw � uÓºwyÌº| �awy�yÌEÍE���UzwyxCz�}�zù}�×�uS�Uz�}L�CÛµz��Luf��}�zÁ| w�×C�yz�}�zL�y®Sz�}n}�Ó�{
{
zUwy�yÓ ± ÛC�Ew�wyxCzÈ×C�yzL®\uf| Ñ | �C���U��}rwyÌS{ | �ïwyxCzÑ | wyzL�Nu\wy�C�yzn|~}©wyÌÁÍEzK���Cz

Vp
uS}
Yp×Yp

� � xC|~�Nx�|~}^|~}�ÌS{
ÌS�y×CxC|~�'wyÌ�wyxCz Vp
ÍEzK���Cz�Í
ufÛµÌ\®SzÛC�Ew'�CÌfw�| �[uÁ�Luf�CÌS�C|~�LufÑ � uÓS�e��zU£�w�� � �y| wyz XB = o∗

B
/o∗2

B
� xCzL�yz o∗

B

|~}^wyxCz��S�yÌS�C×�ÌfÒ�CÌS�CéLzL�yÌÁ�Nu\wy| ÌS��ufÑ~} � xC|~�Nx�uf�yz��C�C| wN}�ÌS�EwN}�|~ÍEz B ± uf��Í
Ñ zUw UB

Ûµz�wyxCz�| {[uf�Sz�| �
VB

ÌfÒwyxCz*�S�yÌS�C×ÁÌfÒCwy�y| ×CÑ z�}
(m1,m2,m3)

}����NxÁwyx�u\w©wyxCz
mi
uf�yz'| �

XB

uf��Í
m1m2m3 = 1

��îw*|~}%=��CÌ � �
wyx�u\w'wyxCz�{[uf× XB → YB

|~}*uf�[zL{ùÛµz�ÍCÍE| �C��uf��Í
dimUB = 1

2 dimVB ±ÛµÌfwyx2wyxCz�}�zvÍEzL×µzL��Í)ÌS�2wyxCz>�yz'^a�C| �yzL{
zL�aw
wyx�u\w
B
�UÌS�awNuf| ��} Ï uf��Í ∞ �$�îÒ (x, y)|~}ÁuÄ×µÌS| �awÁÌfÒ

Γ
ÍEzK���Cz�Í?Ì\®SzL�

Qp
ÌfwyxCzL��wyx�uf� u Ï �YÍE| ®�|~}�| ÌS�v×µÌS| �aw���wyxCzL�?wyxCz
wy�y| ×CÑ z

(x− c1, x− c2, x− c3)
x�uS}nuù��u\wy�C�NufÑµ| {[uf�Sz�| �

Vp
��?�zÁ�Luf�Ä}��C×C×CÑ Ó
wyxCzÚ| {[uf�Sz�}'ÌfÒwyxCz Ï �YÍE| ®�|~}�| ÌS�º×µÌS| �awN}"Û�Óº�UÌS�awy| ���C| wrÓ ± ÒÃÌS�"zU£Cuf{
×CÑ z�wyxCzÁ| {[uf�SzÚÌfÒ (c1, 0)

|~}
ì«�aí

((c1 − c2)(c1 − c3), c1 − c2, c1 − c3),uf��Í[wyxCzÚ| {[uf�Sz�ÌfÒ�wyxCzÚ×µÌS| �aw"u\w"| �����C| wrÓ[|~}'wyxCz�wy�y| ®�|~ufÑµwy�y| ×CÑ z
(1, 1, 1)

� � xC|~�Nxº|~}nufÑ~}�ÌwyxCz�×C�yÌEÍE���Gw�ÌfÒ/wyxCzÈwyxC�yzLzÈwy�y| ×CÑ z�}�Ñ | =SzÄì«�aíG�Úènx���} � zùÌSÛEwNuf| �vu�{[uf× Γ(Qp) → Vp
�ènxC|~}�{[uf×�� � xC|~�Nxv|~}��LufÑ Ñ z�ÍïwyxCzÖÅùBEX�X[RUDÈX[Zyød�d|~}�u�xCÌS{
ÌS{
ÌS�y×CxC|~}�{ï�c?�z�ÍEzL�CÌfwyz| wN}/| {[uf�Sz"Û�Ó

Wp ± �UÑ z�uf�yÑ Ó Wp
|~}^wyxCz�}�zUw�ÌfÒµwyxCÌa}�znwy�y| ×CÑ z�}

m
ÒÃÌS� � xC|~�Nx>ìrËí©|~}�}�ÌSÑ �CÛCÑ z| �

Qp
�ùènxCz Ï ��X�zLÑ {
zL���S�yÌS�C×vÌfÒ

Γ
�Luf�?�CÌ � Ûµz�|~ÍEzL�awy| ��z�Í � | wyx UB ∩WB � xCzL�yz

WB = ⊕p∈BWp ± ÒÃÌS��uS} � uS}"�CÌfwyz�Í>ufÛµÌ\®SzS��ìrËín|~}�}�ÌSÑ �CÛCÑ zÈu\w�zL®SzL�yÓ�×C�y| {
zÈÌS�EwN}�|~ÍEz
B
| Ò/uf��ÍÄÌS�CÑ Ó�| Ò©wyxCzÁzLÑ zL{
zL�awN}nÌfÒ

m
uf�yzÚ| �

XB

�
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ð�®SzL�*wyxCzÁÓSz�uf�N}L��{[uf��Ó�×µzLÌS×CÑ zÚ{ù��}rw�x�u®Sz��CÌfwy|~�Uz�Íºwyx�u\w
ìÃÕ�í

dimWB = dimUB = 1
2 dimVB.ènxCzÈ�CzU£�w�{[u��rÌS��}rwyzL×�� � xC|~�Nx>zU£E×CÑ~uf| ��}�uf��Íï{[uÓ � zLÑ Ñ�x�u®SzÁÛµzLzL�>| ��}�×C| �yz�ÍïÛ�Ó�wyxC|~}�yzLÑ~u\wy| ÌS��� � uS}�wNu�=SzL��Û�Ó�è©u\wyzS�H��z[| �awy�yÌEÍE���Uz�Í?wyxCz[ÛC| Ñ | �Cz�uf�ÚÒÃÌS�y{ ep

ÌS�
Vp × Vp

�ÍEzK���Cz�ÍÄÛ�Ó
ep(m

′,m′′) = (m′1,m
′′
1)p(m

′
2,m

′′
2)p(m

′
3,m

′′
3)p.��zL�yz

(u, v)p
|~}nwyxCzJ��| Ñ ÛµzL��w�}�Ó�{ùÛµÌSÑ � | wyxï®\ufÑ �Cz�}n| � {±1} �EÍEzK���Cz�ÍÄÛ�Ó

(u, v)p =

{
1

| Ò
ux2 + vy2 = 1

|~}"}�ÌSÑ �CÛCÑ zÚ| �
Qp,

−1
ÌfwyxCzL� � |~}�z .ènxCzJ��| Ñ ÛµzL��w�}�Ó�{ùÛµÌSÑJ|~}"}�Ó�{
{
zUwy�y|~�Úuf��ÍÄ{ù�CÑ wy| ×CÑ |~�Lu\wy| ®SzÚ| �ïz�uS�Nxïuf�y�S�C{
zL�aw'F

(u, v)p = (v, u)p and (u1u2, v)p = (u1, v)p(u2, v)p.
;0<dz��Gwy| ®SzLÑ Óv| wÁ|~}Áuº�yzL×CÑ~uS�UzL{
zL�aw�ÒÃÌS��wyxCz�^a��uSÍE�Nu\wy|~�ù�yz�}�|~ÍE�Cz
}�Ó�{ùÛµÌSÑ¾� � | wyx?wyxCz[uSÍ��®\uf�awNuf�SzÈwyx�u\wÚ| w�wy�yz�u\wN}�wyxCz�×C�y| {
z�} Ï uf��Í ∞ | �C�r��}rw�wyxCz[}yuf{
z � uÓïuS}�uf��ÓïÌfwyxCzL�×C�y| {
zS�/�îwN}nÌfwyxCzL�A=SzLÓ�×C�yÌS×µzL��wrÓ�|~}*wyxCzJ��| Ñ ÛµzL��w�×C�yÌEÍE���Gw"ÒÃÌS�y{ù�CÑ~u

∏
p
(u, v)p = 1,

� xCzL�yzÚwyxCzÁ×C�yÌEÍE���Gw�|~}nwNu�=SzL�ÄÌ\®SzL��ufÑ Ñ p | ���UÑ ��ÍE| �C� ∞ ± wyxCzÈÑ zUÒPw�x�uf��Íï}�|~ÍEzÁ|~}"{
z�uf�E�| �C�fÒÃ�CÑ�Ûµz��Luf��}�z
(u, v)p = 1 � xCzL�CzL®SzL� p |~}Èuf� ÌEÍCÍ�×C�y| {
z�u\w � xC|~�Nx u uf��Í v uf�yz�C�C| wN}L�ènxCzùÛC| Ñ | �Cz�uf��ÒÃÌS�y{

ep
|~}��CÌS�E�YÍEzL�SzL�CzL�Nu\wyzÈuf��Í?ufÑ wyzL�y��u\wy| �C��ÌS�

Vp × Vp ±M� zù��}�z| w'wyÌ�ÍEzK���Cz
eB =

∏
p∈B

ep
� � xC|~�Nx�|~}*uÁ�CÌS�E�YÍEzL�SzL�CzL�Nu\wyz�ufÑ wyzL�y��u\wy| �C�ÈÛC| Ñ | �Cz�uf��ÒÃÌS�y{ÌS�

VB×VB

�"ìÎDCÌS�*uÈÛC| Ñ | �Cz�uf��ÒÃÌS�y{ � | wyxº®\ufÑ �Cz�}�| � {±1} �Ç��}�Ó�{
{
zUwy�y|~�W��uf��ÍJ��}�=Sz � �}�Ó�{
{
zUwy�y|~�W�Äuf�yzºwyxCzï}yuf{
zïuf��Í�wyxCzLÓ�z�uS�Nx�{
z�uf��wyx�u\w
e(m′,m′′) = e(m′′,m′) ±��ufÑ wyzL�y��u\wy| �C���n{
z�uf��}/wyx�u\w*ufÑ~}�Ì

e(m,m) = 1
� íÈ�îw'|~}w=��CÌ � ��ÒÃ�yÌS{4�UÑ~uS}y}���zLÑ~Í
wyxCzLÌS�yÓwyx�u\w

UB

|~}
uv{[u\£E| {[ufÑn|~}�Ìfwy�yÌS×C|~�º}��CÛ�}�×�uS�UzºÌfÒ
VB

��è©u\wyzï}�xCÌ � z�Í wyx�u\w Wp
|~}
u{[u\£E| {[ufÑn|~}�Ìfwy�yÌS×C|~�º}��CÛ�}�×�uS�UzºÌfÒ

Vp
�*uf��Í�wyxCzL�yzUÒÃÌS�yz

WB

|~}
u?{[u\£E| {[ufÑn|~}�Ìfwy�yÌS×C|~�}��CÛ�}�×�uS�Uz�ÌfÒ
VB

�/ènxC|~}*zU£E×CÑ~uf| ��}�ìÃÕ�í*uf��Í�}�xCÌ � }�wyx�u\w*wyxCz Ï ��X�zLÑ {
zL�*�S�yÌS�C×[ÌfÒ Γ �Luf�ÛµzÁ|~ÍEzL�awy| ��z�Í � | wyx>ÛµÌfwyxÄwyxCzÁÑ zUÒPw�uf��ÍºwyxCzÁ�y| �SxawA=SzL�y�CzLÑJÌfÒ�wyxCzÈ�yz�}rwy�y|~�Gwy| ÌS�ºÌfÒ eB

wyÌ
UB ×WB

�
DCÌS�ÚÛµÌfwyx�ufz�}rwyxCzUwy|~�
uf��Í?×C�NuS�Gwy|~�LufÑ/�yz�uS}�ÌS��}L�dÌS�Cz � ÌS�CÑ~Í?Ñ | =Sz�wyÌ>}�xCÌ � wyx�u\wÚwyxC|~}�yz�}rwy�y|~�Gwy| ÌS��|~}[}�Ó�{
{
zUwy�y|~�ÄÌS�[}�=Sz � �Y}�Ó�{
{
zUwy�y|~�f�2�*�Ew[wyÌ {[u�=Szï}����Nx)u }rwNu\wyzL{
zL�aw{
z�uf�C| �C�fÒÃ�CÑ � z[�CzLz�Í�uf� |~}�ÌS{
ÌS�y×CxC|~}�{ ÛµzUw � zLzL� UB

uf��Í
WB ± uf��Í�wyxCÌS�C�Sx�wyxCzLÓx�u®Sz>wyxCz�}yuf{
z?}rwy�y���Gwy�C�yz�uS}�®Sz��GwyÌS�Ä}�×�uS�Uz�}�| wÄ|~}º�CÌfwÄÌSÛ�®�| ÌS��}?ìÃ�CÌS�Äuf×C×�uf�yzL�awyÑ ÓzL®SzL�ºwy�y�Czí'wyx�u\w"wyxCzL�yzÚ|~}�u���u\wy�C�NufÑJ|~}�ÌS{
ÌS�y×CxC|~}�{ØÛµzUw � zLzL�ÄwyxCzL{ï��ènxCz � uÓ[�yÌS�C��ÍwyxC|~}ùÌSÛ�}rwNuS�UÑ z[�yz'^a�C| �yz�}ÚwyxCzÄ�UÌS��}rwy�y���Gwy| ÌS� | ��}�|~ÍEz�z�uS�Nx

Vp
ÌfÒ�u>{[u\£E| {[ufÑ'|~}�Ìfwy�yÌS×C|~�}��CÛ�}�×�uS�Uz

Kp
}����Nx[wyx�u\w

VB = UB⊕KB � xCzL�yz KB = ⊕p∈BKp
�/Ù�}y}��C{
| �C�Èwyx�u\w
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}����Nxº}�×�uS�Uz�}
Kp
�Luf�ºÛµzÚ�UÌS��}rwy�y���Gwyz�ÍJ�aÑ zUw

tB : VB → UB

Ûµz�wyxCz�×C�yÌ��rz��Gwy| ÌS�ºufÑ ÌS�C�
KB

uf��Í � �y| wyz
U ′B = UB ∩ (WB +KB), W ′B = WB/(WB ∩KB) =

⊕
p∈B

W ′p

� xCzL�yz W ′p = Wp/(Wp ∩Kp)
��ènxCzÁ{[uf×

tB
| ��ÍE���Uz�}�uf�Ä|~}�ÌS{
ÌS�y×CxC|~}�{

τB : W ′B → U ′B,uf��Í�wyxCzÁÛC| Ñ | �Cz�uf�nÒÃ�C���Gwy| ÌS�
eB

| ��ÍE���Uz�}�u�ÛC| Ñ | �Cz�uf�nÒÃ�C���Gwy| ÌS�
e′B : U ′B ×W ′B → {±1}.ènxCzÁÛC| Ñ | �Cz�uf�nÒÃ�C���Gwy| ÌS��}

U ′
B
× U ′

B
→ {±1} uf��Í W ′

B
×W ′

B
→ {±1} ÍEzK���Cz�ÍÄÛ�Ó

ì¾�Sí
θ[

B : u′1 × u′2 7→ e′B(u′1, τ
−1
B

(u′2)) and θ]
B

: w′1 × w′2 7→ e′B(τBw
′
1, w

′
2)�Luf�?Ûµz�}�xCÌ � �vwyÌÄÛµz�}�Ó�{
{
zUwy�y|~�f�ÄìÎDCÌS��wyxC|~}Áuf��Í?{
Ìa}rwÈ}��CÛ�}�z'^a�CzL�awÁuS}y}�zL��wy| ÌS��} � zuf×C×µz�ufÑJwyÌºÐ*uS}y}�zLÑ~},� }nñ��y| ���U| ×CÑ z�F'ufÑ ÑJ®Sz��GwyÌS��}�×�uS�UzÚÑ zL{
{[uS} � xC|~�Nx>uf�yz�wy�y�CzÁuf�yz�wy�y| ®a�|~ufÑ¾� í���zL�yzÁwyxCz�| {[uf�Sz�}�ÌfÒ

w′1 × w′2
�C��ÍEzL��wyxCz�}�z��UÌS��Í>{[uf×?uf��Í>ÌfÒ

τBw
′
1 × τBw′2�C��ÍEzL�ÚwyxCzl���N}rwÈ{[uf× uf�yz�wyxCz[}yuf{
zS��ènxCz Ï ��X�zLÑ {
zL�Á�S�yÌS�C×?ÌfÒ

Γ
|~}Á|~}�ÌS{
ÌS�y×CxC|~�ÈwyÌÛµÌfwyx?wyxCz
Ñ zUÒPwÈuf��Í>wyxCz
�y| �Sxaw�=SzL�y�CzLÑ^ÌfÒ

e′
B

��uf��ÍvxCzL���Uz
ufÑ~}�ÌºwyÌºwyxCzl=SzL�y�CzLÑ~}�ÌfÒ�wyxCzw � Ì
{[uf×�}Áì¾�SíG�ènxCzL�yz?|~}ï�UÌS��}�|~ÍEzL�NufÛCÑ zvÒÃ�yzLz�ÍEÌS{ | � �NxCÌ�Ìa}�| �C��wyxCz
Kp
�Úuf��Í wyxC|~}Ä�Nuf|~}�z�}�wyxC�yzLzÌSÛ�®�| ÌS��}i^a�Cz�}rwy| ÌS��},F

� �r}*wyxCzL�yzÁu[�Luf�CÌS�C|~�LufÑJ�NxCÌS|~�UzÚÌfÒ�wyxCz Kp
B

� ��Ì � }�{[ufÑ Ñ��Luf� � zÚ{[u�=Sz U ′ uf��Í W ′ B
� Ð*uf� � z
zL��}��C�yzùwyx�u\wÁwyxCz�ÒÃ�C���Gwy| ÌS��}[ì¾�SíÚuf�yz��CÌfwÁ{
zL�yzLÑ Óv}�Ó�{
{
zUwy�y|~��ÛC�EwÈufÑ �wyzL�y��u\wy| �C�ZB

ènxCzÚ{
Ìfwy| ®Sz�ÒÃÌS�nzL��}��C�y| �C�Èwyx�u\wnwyxCz�ÒÃ�C���Gwy| ÌS��}Áì¾�Sí*uf�yz�ufÑ wyzL�y��u\wy| �C��|~}'wyx�u\wnwyxCzL�ºwyxCz�Nuf�.=E}ÚÌfÒ*wyxCz�}�z
ÒÃ�C���Gwy| ÌS��}Èuf�yz
zL®SzL� ± wyx���}ÚwyxCzL| �ù�UÌS�Nuf�.=E}L� � xC|~�Nx�uf�yz
z'^a��ufÑ^wyÌïwyxCzÍE| {
zL��}�| ÌS�
ÌfÒ�wyxCz Ï ��X�zLÑ {
zL�/�S�yÌS�C×��Suf�yzn�UÌS�C�S�y�CzL�aw/{
ÌEÍ Ï wyÌ
dimU ′

B

uf��Í
dimW ′

B

�ènxCznuf��} � zL��wyÌ�wyxCz����N}rw0^a�Cz�}rwy| ÌS��uf×C×µz�uf�N}�wyÌ�Ûµzn�CzL�au\wy| ®SzS�wyxCÌS�C�SxÈwyxCzL�yzn|~}©Ñ | w�wyÑ zÒÃ�yzLz�ÍEÌS{¢| �ùwyxCz"ÌS×Ewy| {ù�C{ �NxCÌS|~�UznÌfÒ�wyxCz
Kp
¹�×�uf��wy|~�U�CÑ~uf�yÑ ÓÁ| ÒµÌS�Cz � |~}�xCz�}©wyÌÚÌSÛEwNuf| ��CÌfw"{
zL�yzLÑ ÓCj�zL{
{[uºË�ÛC�Ew�ènxCzLÌS�yzL{ Ï �wX�| ���Uz

U ′
B
⊃ UB ∩WB

��wyxCzÚÛµz�}rw"×µÌa}y}�| ÛCÑ zuf��} � zL�nwyÌ
wyxCzÈ}�z��UÌS��Í�^a�Cz�}rwy| ÌS� � ÌS�CÑ~ÍÄÛµzÚwyx�u\w � zÈ�Luf�ïuS�NxC| zL®Sz U ′
B

= UB ∩WB ±
� zÁÍEÌ�wyxC|~}"Û�ÓÄ}yu\wy|~}rÒÃÓ�| �C�ùwyxCzÈ}rwy�yÌS�C�SzL�n�yz'^a�C| �yzL{
zL�awì«Üaí

WB = (UB ∩WB)⊕ (KB ∩WB).
DCÌS�n}��C×C×µÌa}�z�wyx�u\wÁì«Üaí�xCÌSÑ~ÍC} ± wyxCzL� WB +KB = (UB ∩WB) +KB

uf��Í[| wnÒÃÌSÑ Ñ Ì � }| {
{
z�ÍE|~u\wyzLÑ Ó�wyx�u\w
ìî�fí

U ′B = UB ∩ (WB +KB) = UB ∩WB.
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ènxCzÚ{
Ìfwy| ®\u\wy| ÌS�ºÒÃÌS�Áì«Üaí*|~}'wyx�u\w � z � uf�awnwyÌ
{[u�=Sz WB ∩KB

uS}*Ñ~uf�y�SzÚuS}*×µÌa}y}�| ÛCÑ z¹æwyx�u\w�|~}L��wyÌ[�NxCÌ�Ìa}�z
KB

}�Ì�wyx�u\w�uS}n{ù���NxºÌfÒ^| w�uS}*×µÌa}y}�| ÛCÑ zÚ|~}"�UÌS�awNuf| �Cz�Í�| �
WB

��*�Ew*Ûµz��Luf��}�z
KB

{ù��}rw*Ûµz��UÌS{
×CÑ zL{
zL�awNuf�yÓùwyÌ
UB

��ÌS�CÑ Ó�wyxCz�×�uf��w'ÌfÒ
WB � xC|~�Nx�|~}�UÌS{
×CÑ zL{
zL�awNuf�yÓ
wyÌ

WB ∩ UB

|~}�u®\uf| Ñ~ufÛCÑ z�ÒÃÌS�nwyxC|~}"×C�C�y×µÌa}�zS�
X�| ���Uz�wyxCz Ï ��X�zLÑ {
zL���S�yÌS�C×

UB∩WB

|~}�|~ÍEzL�awy| ��z�Í � | wyxÈwyxCz'Ñ zUÒPw/uf��ÍÁ�y| �Sxaw4=SzL�y�CzLÑ~}ÌfÒ"z�uS�Nx�ÌfÒnwyxCz�ÒÃ�C���Gwy| ÌS��}ºì¾�SíG�^| Òùìî�fíÁxCÌSÑ~ÍC}ÚwyxCzL��wyxCz�}�z[ÒÃ�C���Gwy| ÌS��}�uf�yz
wy�y| ®�|~ufÑ*uf��ÍwyxCzL�yzUÒÃÌS�yzÁufÑ wyzL�y��u\wy| �C���^ènxCzÚÒÃÌS�y{[ufÑ�}rwNu\wyzL{
zL�aw"ÌfÒ©wyxC|~}"|~}"uS}*ÒÃÌSÑ Ñ Ì � }L�
& ���Å�¬« � n ]
RÚKNZ\OvKNMC¼�¼ILRÁX[Z,+SFPX[Z\TdF~IL¼\½¾Dy¼yødF«K�IGB�ãGI¾ø�ZSKNRGI

Kp ⊂ Vp
¿U¼\DÁRNZSKNM

p
FPO

B
IL¼[½ÃMCZ\½

VB = UB ⊕KB � ]
RùKNZ\O�¿NBEDG½ÃMCRUDùRUOCIGBEDyRÁ½ÃMCZ\½
WB = (UB ∩WB)⊕ (KB ∩WB),Â©M�F«KNM?FPX�ødT F«RGI

U ′
B

= UB ∩WB � �Ã¿ÁIL¼Çbn½ÃMCRn¿NBEOdKU½¾F«¼\OCI θ[
B

Z\OdÉ
θ]

B

ÉSRÎ��OdRNÉºFPO
(5)Z\DyRÈ½¾DGFPÀ�F«Z\T �

@��EÒÃÌS��wy�C��u\wyzLÑ ÓºwyxCzÈÌfwyxCzL��×C�yÌS×µzL��wy| z�}"ÌfÒ^wyxCz
Kp

�NxCÌa}�zL�ï| �ïwyxC|~} � uÓÄuf�yzÁ�CÌfw�u\wufÑ Ñ�ÌSÛ�®�| ÌS��}L����zL���Uz�| w*|~}*uSÍE®\uf�awNuf�SzLÌS��}©wyÌù�UÌS��}�|~ÍEzL�'ÌfwyxCzL���yz��U| ×µz�}/ÒÃÌS�*�NxCÌ�Ìa}�| �C�ÚwyxCz
Kp
�dÒÃÌS� � xC|~�Nx)ì«Üaí�ÍEÌ�z�}��CÌfwÁxCÌSÑ~ÍvÛC�Ew � z
�Luf��}rwy| Ñ Ñ/×C�yÌ\®SzÁwyx�u\wÚwyxCz�ÒÃ�C���Gwy| ÌS��}[ì¾�Síuf�yzÁufÑ wyzL�y��u\wy| �C���
DCÌS��wyxC|~}
×C�C�y×µÌa}�z � z � �y| wyz B

uS}ùwyxCz>ÍE|~}t�rÌS| �aw[�C�C| ÌS�2ÌfÒ
B′

uf��Í
B′′
� � xCzL�yz

� z[}�x�ufÑ Ñ/ufÑ � uÓE}�}��C×C×µÌa}�z�wyx�u\w Ï uf��Í ∞ uf�yz�ÛµÌfwyx�| �
B′
�lDCÌS�Èuf��Ó>ÌEÍCÍ?×C�y| {
z

p
� z�ÍEzL�CÌfwyz
Û�Ó Tp

wyxCz�}��CÛ�}�zUwÈÌfÒ
Vp
�UÌS��}�|~}rwy| �C�ïÌfÒ*wyxCÌa}�z�wy�y| ×CÑ z�}

(µ1, µ2, µ3) � | wyx
µ1µ2µ3 = 1

ÒÃÌS� � xC|~�Nx?z�uS�Nx µi
|~}�| �

o∗p/o
∗2
p

¹Öwyx�u\wÚ|~}L��z�uS�Nx
µi
|~}�wyxCz
| {[uf�Sz�ÌfÒu

p
�YuSÍE|~�Á�C�C| w��ÚènxCz�{[uf| �v×µÌS| �aw�ÌfÒ/wyxCzùÒÃÌSÑ Ñ Ì � | �C�[wyxCzLÌS�yzL{ |~}�wyx�u\w�ÒÃÌS� p | � B′′

| wzL��ufÛCÑ z�}È��}ÈwyÌ?�yzL×CÑ~uS�Uz[wyxCzÄ�UÌS{
×CÑ |~�Lu\wyz�Í�| ��ÍE���Gwy| ®SzÄÍEzK���C| wy| ÌS��ÌfÒ
Kp

��}�z�Í�| ��wyxCz×C�yÌ�ÌfÒ^ÌfÒ0j�zL{
{[uïËÁÛ�Ó�wyxCzÈ{ù���Nx>}�| {
×CÑ zL���NxCÌS|~�Uz
Kp = Tp

�i��Ì � ÌS�CzÈ�NxCÌ�Ìa}�z�} B′′ÍEzL×µzL��ÍC}"ÌS�ºwyxCzÁ×�uf��wy|~�U�CÑ~uf�"uf×C×CÑ |~�Lu\wy| ÌS� � xC|~�NxïÌS�CzÚx�uS}n| �ï{
| ��ÍJ�
���D��������� ¨ n 9�RU½

B
ãNR�½ÃMCRÄÉ\F~I2ÈL¼\FPO�½ÁBEO�F«¼\O)¼r¿

B′ ⊃ {2,∞} Z\OdÉ B′′ � ]
RÄKNZ\OKN¼\OCIG½¾DGB�KU½'X[Z,+SFPX[Z\T�F~IL¼\½¾Dy¼yødF«KÈIGB�ãGI¾ø�ZSKNRGI
Kp ⊂ Vp

IGB�KNMï½ÃMCZ\½
VB = UB ⊕KB

b
ì ò í

WB′ = (UB′ ∩WB′)⊕ (KB′ ∩WB′)Z\OdÉ
Kp = Tp

¿U¼\D�Z\TPT
p
FPO

B′′ Å Z\OdÉ (8)
FPX�ødT F«RGI�½ÃMCZ\½

U ′
B′

= UB′ ∩WB′ � G?¼\DyRN¼\À\RUDì«çaí
U ′B = ∗U

′
B′ ⊕ τBW ′B′′ = ∗U

′
B′ ⊕

(
⊕p∈B′′τBW

′
p

)
,Z\OdÉ[½ÃMCRÈDyRGIG½¾DGF«KU½¾F«¼\O ¼r¿

θ[
B

½Y¼
∗U ′B′ × ∗U ′B′

F~IÁ½¾DGFPÀ�F«Z\T ��Ã¿
B′

KN¼\O�½YZ\FPOCI?Z\TPT�½ÃMCR�¼�ÉSÉïødDGFPX[RGI
p
IGB�KNM2½ÃMCZ\½�½ÃMCR

vp(ci − cj)
Z\DyRvOd¼\½[Z\TPT

KN¼\O�ÅfDGB�RUO�½
mod 2

b�½ÃMCRUO�Â'RÄKNZ\O)KNMC¼�¼ILRº½ÃMCR
Kp

¿U¼\D
p
FPO

B′
IL¼v½ÃMCZ\½ÁZ\T IL¼

θ[
B

F~IZ\T ½YRUDGOdZ\½¾FPO�ÅÄ¼\O
U ′

B
�ènxCzºuf×C×µz�uf�Nuf���Uz
ÌfÒ

∗U ′B′
| ��uf��Í��r��}rw�u\ÒPwyzL�Äì«çaíÁ�LufÑ Ñ~}ÚÒÃÌS�ù}�ÌS{
z�zU£E×CÑ~uf��u\wy| ÌS���

j�zUw
u
Ûµz�uf��ÓùzLÑ zL{
zL�aw'ÌfÒ

U ′
B′
± wyxCzL� u |~}/| � UB

�/t>ÌS�yzLÌ\®SzL���ÒÃÌS�
p
| �

B′′
wyxCz�| {[uf�Sz
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 t �.�,	.�����â�»{�
 q �»��{ q yZ����
|�
�u �H���

ÌfÒ
u
| �
Vp
|~}�| �

Tp = Kp
uf��ÍÄwyxCzL�yzUÒÃÌS�yzÈ| �

Kp +Wp ± xCzL���Uz u |~}�| � U ′B ���Y�ïwyxC|~}
� uÓ � z�ÍEzK���Czºuï{[uf× U ′

B′
→ U ′

B
� xC|~�Nx |~}È�UÑ z�uf�yÑ Ó�uf� | ���rz��Gwy| ÌS��uf��Í � xC|~�Nx � zÍEzL�CÌfwyzS� � | wyxv}�ÌS{
zÁufÛC��}�zÚÌfÒ©�CÌfwNu\wy| ÌS���EÛ�Ó ∗ �j�zL{
{[u�Ëï|~}�wyxCz>}�×µz��U|~ufÑ��LuS}�zÄÌfÒÚènxCzLÌS�yzL{ Ï | � � xC|~�Nx B′ = B

uf��Í
B′′

|~}zL{
×EwrÓS�>�*�EwÈwyxCz�×C�yÌ�ÌfÒnÌfÒcj�zL{
{[u Ë�|~}Èu>�Cz��Uz�}y}yuf�yÓ?}rwyzL×;ì«uf��Í | ��ÍEzLz�Í�wyxCz�{
Ìa}rw}��CÛ�}rwNuf�awy|~ufÑE}rwyzL×µí©| �ùwyxCzn×C�yÌ�ÌfÒµÌfÒµènxCzLÌS�yzL{ Ï �/ð��Czn{[u��rÌS�^uf×C×CÑ |~�Lu\wy| ÌS��ÌfÒdènxCzLÌS�yzL{Ï |~}nwyÌ
w � |~}rwyz�ÍÄ�U�C�y®Sz�} Γb
� � xCzL�yz � zÈ�Luf�ºwNu�=Sz b wyÌ
ÛµzÈuf�ï| �awyzL�SzL���0j�zUw S

ÍEzL�CÌfwyzwyxCzù}�zUw�ÌfÒ/Û�uSÍÄ×C�y| {
z�}nÒÃÌS�
Γ
| wN}�zLÑ Ò©¹ wyx�u\w�|~}L�

2,∞ uf��ÍºwyxCzÈÌEÍCÍï×C�y| {
z�}�ÍE| ®�|~ÍE| �C�
(c1−c2)(c1−c3)(c2−c3) ± uf��ÍùÑ zUw B ⊃ S

ÛµznwyxCz"}�zUw�ÌfÒµÛ�uSÍù×C�y| {
z�}©ÒÃÌS�
Γb
� � xC|~�NxwyxCzL�yzUÒÃÌS�yz��UÌS�awNuf| ��}�ufÑ ÑCwyxCz�ÌEÍCÍ[×C�y| {
z�}'ÍE| ®�|~ÍE| �C�

b
�0DCÌS�*}�| {
×CÑ |~�U| wrÓ � z�uS}y}��C{
znwyx�u\w

b
|~}nuÈ�C�C| w�u\wnzL®SzL�yÓ�×C�y| {
z�ÌfÒ

S
�"ìt?�zÁ�Luf�ºufÑ � uÓE}'uf�y�Nuf�C�Sz"wyxC|~}*Û�Ó
wy�yz�u\wy| �C� Γb

uS}wyxCz�w � |~}rw*ÌfÒ Γc
Û�Ó

b/c
� � xCzL�yz c |~}/wyxCz�Ñ~uf�y�Sz�}rw*ÍE| ®�|~}�ÌS��ÌfÒ b � xC|~�Nx�|~}'uÈ�C�C| w*ÌS�EwN}�|~ÍEz

S
� í è�ÌïÍEz�}y�U�y| ÛµzùwyxCz
zK<dz��GwÁÌfÒ�w � |~}rwy| �C��� � z
ÍEzL�CÌfwyz�Û�Ó db

wyxCz[ÍE| {
zL��}�| ÌS�?ÌfÒ�wyxCzÏ ��X�zLÑ {
zL�"�S�yÌS�C×ÄÌfÒ
Γb
�yzL�auf�NÍEz�ÍºuS}"u
®Sz��GwyÌS��}�×�uS�UzÚÌ\®SzL�

F2 ± uf��Í � z � �y| wyz d = d1ÒÃÌS�nwyxCzÁÍE| {
zL��}�| ÌS�ÄÌfÒ�wyxCz Ï ��X�zLÑ {
zL�n�S�yÌS�C×ºÌfÒ
Γ
| wN}�zLÑ Òr�/�îw�|~}n�CÌ � ×µÌa}y}�| ÛCÑ z�wyÌ
×C�yÌ\®Sz�yz�}��CÑ wN}*ufÛµÌS�Ew

db − d
��wyxCzÚ�Nx�uf�C�Sz�| ��wyxCzÚÍE| {
zL��}�| ÌS�ºÌfÒJwyxCz Ï ��X�zLÑ {
zL�'�S�yÌS�C×ºuS}'ÌS�Cz�SÌ�z�}©ÒÃ�yÌS{

Γ
wyÌ

Γb
�^ènxCzL�yz"|~}^�yz�uS}�ÌS�ÈwyÌÁzU£E×µz��Gw/wyx�u\w'}rwNu\wyzL{
zL�awN}�ufÛµÌS�Ew^wyxCz"×�uf�y| wy| z�}ÌfÒ

d
uf��Í

db � | Ñ Ñ'Ûµzº}�| {
×CÑ zL�ùuf��Í�{ù���Nx z�uS}�| zL�ÚwyÌv×C�yÌ\®Szùwyx�uf��}rwNu\wyzL{
zL�awN}ÈufÛµÌS�EwwyxCzL| ��uS�Gwy��ufÑ'®\ufÑ �Cz�}L�>ènxCz[w � Ìv{[u��rÌS�ÁÒ«uS�GwN}J=��CÌ � ��ufÛµÌS�Ew db
uf�yzCj�zL{
{[uv�vuf��ÍènxCzLÌS�yzL{ � ± j�zL{
{[uº��|~}�uf�>z�uS}�Ó>�UÌS��}�z'^a�CzL���UzÈÌfÒ/wyxCzùÑ~uS}rwÚ}�zL�awyzL���UzùÌfÒ'ènxCzLÌS�yzL{Ï �Cuf��ÍïènxCzLÌS�yzL{ �ù|~}�uf�Äz�uS}�Óº�UÌS��}�z'^a�CzL���Uz�ÌfÒ0j�zL{
{[u�Õ
ÛµzLÑ Ì � �

& ���Å�¬«ñ² n �Ã¿
b
F~I[FPO

o∗p
¿U¼\DÄRUÀ\RUD��

p ∈ S
b�½ÃMCRUO

db ≡ dim(US ∩WS ) mod 2Â©MCRUDyR
WS = ⊕p∈SWp

Z\OdÉ[½ÃMCR
Wp

X�B�IG½nãNR�ÉSRÎ��OdRNÉ[Â/FP½ÃM>DyRGI¾ø�RNKU½'½Y¼
Γb
Z\OdÉ[Od¼\½Â/FP½ÃM[DyRGI¾ø�RNKU½^½Y¼

Γ � HdM�B�I db mod 2
¼\O�T ��ÉSRîø�RUOdÉI�¼\OÄ½ÃMCRÚKUT ZINILRGIÚ¼r¿

b
FPOÄ½ÃMCR

k∗p/k
∗2
p¿U¼\D

p
FPO

S �
è�Ì�×C�yÌ\®Sz j�zL{
{[u�Õ � zÚ�CzLz�Í�wyÌ�wNu�=Sz B′ = S \ {p} ± wyx���}*wyxCzÚÑ~uS}rw�}�zL�awyzL���UzÚÌfÒènxCzLÌS�yzL{ Ï |~}n�CÌfw�uf×C×CÑ |~�LufÛCÑ z�wyxCÌS�C�SxºwyxCzÁ�yz�}rw"ÌfÒ©wyx�u\wnwyxCzLÌS�yzL{ |~}L�

& ���Å�¬«Ú¤ n 9�RU½
p
ãNR�Z\O ¼�ÉSÉÚødDGFPX[RÈFPO

S
IGB�KNMï½ÃMCZ\½

vp(c1 − c2) > 0, vp(c1 − c3) = vp(c2 − c3) = 0.
9�RU½

b
FPO
k∗
ãNRºIGB�KNM�½ÃMCZ\½

b
F~IÄFPO

k∗2q

¿U¼\D>Z\TPT
q
FPO

S
¼\½ÃMCRUDÄ½ÃMCZ\O

p
Z\OdÉ

b
F~I>Z

� B�ZSÉ\DyZ\½¾F«KùOd¼\O�WYDyRGIGF«É\B�RùZ\½ p � HdMCRUO d Z\OdÉ db
MCZ\À\R
¼yøSø�¼IGFP½YR"ø�Z\DGFP½¾F«RGI �

�îw©|~}��CÌfw©x�uf�NÍ�wyÌ�}rwNu\wyz'uf��ÍÁ×C�yÌ\®Sz^wyxCz*uf��ufÑ ÌS�S�Cz�ÌfÒ.j�zL{
{[u�Õ"ÒÃÌS��wyxCz*�LuS}�z
p =∞ �wyxCÌS�C�Sx�wyxCz�×C�yÌ�ÌfÒ*Ò«ufÑ Ñ~}ÈÌS�EwN}�|~ÍEz
wyxCz�{[uS�NxC| �CzL�yÓ�ÍEz�}y�U�y| Ûµz�Í�| � wyxC|~}ù}�zL{
| ��uf���ÄènxCz�UÌS{ùÛC| ��u\wy| ÌS�vÌfÒ�wyxC|~}��yz�}��CÑ wÁuf��Í�j�zL{
{[uºÕºÓ�| zLÑ~ÍC}ÚènxCzLÌS�yzL{ �E�[ì«ènxCz[uf��ufÑ ÌS�S�CzÈÌfÒ

j�zL{
{[uùÕùÒÃÌS�
p = 2

�Luf�ºÛµzÁ�UÌS���µÍEzL�awyÑ Ó�uS}y}�zL��wyz�ÍJ��ÌS��wyxCzÚÛ�uS}�|~}*ÌfÒ©uùÑ~uf�y�Sz�uf{
ÌS�C�awÌfÒ����C{
zL�y|~�LufÑµzL®�|~ÍEzL���UzS�Euf��Í
wyxCzÚ×C�yÌ�ÌfÒ�ÌfÒ�| wn×C�yÌSÛ�ufÛCÑ Ó
�yz'^a�C| �yz�}��CÌ��Cz � |~ÍEz�uS}L�^�*�Ew
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zL®SzL��wyxCz�}rwNu\wyzL{
zL�aw�| ��®SÌSÑ ®Sz�}^}�ÌÁzU£�wyzL��}�| ®Sz"uÁ}�zL×�uf�Nu\wy| ÌS�ùÌfÒJ�LuS}�z�}©wyx�u\w'| w�|~}/�C�CÑ | =SzLÑ Ó}�Ì�ÌS�ºwyÌ[uf×C×µz�uf�"| �ï×C�y| �aw�� í
���D���������ÇÆ n 9�RU½

b′, b′′
FPO
k∗
ãNRºIGB�KNM�½ÃMCZ\½

b′/b′′
F~I>Z�BEO�FP½ÈZ\½�Z\TPT

p ∈ S
Z\OdÉ

b′/b′′ ≡ 1 mod 8 � 9�RU½ S ∗ ãNR�½ÃMCR�ILRU½�¼r¿ p ∈ S
¿U¼\D�Â©M�F«KNM

b′/b′′
F~I�Od¼\½^FPO

k∗2p � 9�RU½
S ∗∗

KN¼\OCIGF~IG½'¼r¿�½ÃMCR���O�FP½YRÁ¼�ÉSÉ
p
FPO

S ∗
¿U¼\D�Â©M�F«KNMÄ½ÃMCR

vp(ci− cj)
Z\DyR�Od¼\½�Z\TPT�R � B�Z\TZ\OdÉ[½ÃMCRÁIGX[Z\TPT RGIG½*½¾Â'¼º¼r¿Á½ÃMCRUX Z\DyR�RUÀ\RUO.b�½Y¼yÅaRU½ÃMCRUDÁÂ/FP½ÃM ∞ F ¿

b′/b′′ < 0 � HdMCRUO
db′ − db′′ ≡ #S

∗∗ mod 2.
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ènxCzL�yznuf�yzn}rwy| Ñ ÑE| {
×µÌS��wNuf�aw/�C��}�ÌSÑ ®Sz�ÍÈ×C�yÌSÛCÑ zL{[}^ufÛµÌS�Ew/�Nu\wy| ÌS��ufÑa×µÌS| �awN}^ÌS�
�U�C�y®Sz�}L�ÛC�Ew�| w�ÍEÌ�z�}"�CÌfw�uf×C×µz�uf�nwyx�u\w"wyxCzLÓÄ�Luf�ïÛµzÈu\w�wNuS�W=Sz�ÍºÛ�ÓºzLÑ zL{
zL�awNuf�yÓ�{
zUwyxCÌEÍC}L�nð��wyxCzùÌfwyxCzL��x�uf��ÍJ��wyxCzù�SzLÌS{
zUwy�y|~�È�UÑ~uS}y}�| �µ�Lu\wy| ÌS�ïÌfÒ/®\uf�y| zUwy| z�}L� � xC|~�Nx>{ù��}rw�Ûµz�u[×C�yzU��yz'^a�C|~}�| wyz^ÒÃÌS�©}rwy��ÍEÓ�| �C�nwyxCz'uS}y}�ÌE�U|~u\wyz�Í����C{ùÛµzL�JwyxCzLÌS�yÓS��|~}�ÌS�CÑ Ó��yz�uS}�ÌS��ufÛCÑ Ó��UÌS{
×CÑ zUwyz| �ºÍE| {
zL��}�| ÌS��}�Ë�uf��Í Ï �^ènxC|~}*}��C�S�Sz�}rwN}/wyx�u\w*ÌS�Cz�}�xCÌS�CÑ~Í��UÌS���UzL�awy�Nu\wyz�ÌS�
wyxCzÚ}rwy��ÍEÓÌfÒJ�Nu\wy| ÌS��ufÑE×µÌS| �awN}�ÌS��}��C��Ò«uS�Uz�}L�©ènxCz�}�| {
×CÑ z�}rw*}�ÌS��w�ÌfÒ�}��C��Ò«uS�Uz�}�uf�yznwyxCÌa}�z�ÍEz�}y�U�y| Ûµz�ÍÛ�Ó>wyxCz[�SzLÌS{
zUwyzL�N}�uS}Ú�Nu\wy| ÌS��ufÑ/}��C��Ò«uS�Uz�}�¹Öwyx�u\wÈ|~}L�JwyxCÌa}�z � xC|~�Nx uf�yz�ÛC| �Nu\wy| ÌS��ufÑ Ñ Óz'^a�C| ®\ufÑ zL�aw*wyÌ
u�×CÑ~uf�CzÚu\ÒPwyzL�"uf�ºzU£�wyzL��}�| ÌS�ºÌfÒ�wyxCzÚ�S�yÌS�C��Í���zLÑ~ÍJ�^�îÒ � zÚÍEÌ��CÌfw�ufÑ Ñ Ì �u���zLÑ~ÍÄzU£�wyzL��}�| ÌS���E�Nu\wy| ÌS��ufÑJ}��C��Ò«uS�Uz�}*Ò«ufÑ ÑJ| �awyÌ
w � ÌùÒ«uf{
| Ñ | z�},F
� ñ^zL���U| Ñ~}nÌfÒ/�UÌS�C|~�L}L�E�S| ®SzL�ºÛ�ÓÄuf�Äz'^a��u\wy| ÌS�ÄÌfÒ�wyxCzÚÒÃÌS�y{

ìrËí
a0(U, V )X2

0 + a1(U, V )X2
1 + a2(U, V )X2

2 = 0

� xCzL�yz�wyxCz ai(U, V )
uf�yz�xCÌS{
ÌS�SzL�CzLÌS��}*×µÌSÑ Ó��CÌS{
|~ufÑ~}nÌfÒ�wyxCzÈ}yuf{
zÁÍEzL�S�yzLzS�

9CVÇÉ ¾wÔ'Â�Ô�Õ�ÕWÖÇÀ
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� -�zLÑnñ^zLéLéLÌ?}��C��Ò«uS�Uz�}ùÌfÒ�ÍEzL�S�yzLz d � � xCzL�yz 0 6 d 6 9
�/ÌSÛEwNuf| �Cz�Í�Ì\®SzL�

C
Û�ÓÛCÑ Ì � | �C���C× 9− d ×µÌS| �awN}nÌfÒ P2 | �Ä�SzL�CzL�NufÑd×µÌa}�| wy| ÌS���/ènxCzL| �nwyxCzLÌS�yÓ[Ûµz��UÌS{
z�}{
ÌS�yz��UÌS{
×CÑ |~�Lu\wyz�ÍùwyxCz�}�{[ufÑ Ñ zL�

d
|~}L��DCÌS�

d > 5
wyxCz�{[u��rÌS�����C{ùÛµzL���¾wyxCzLÌS�yzUwy|~�×C�yÌSÛCÑ zL{[}�x�u®Sz�ÛµzLzL� }�ÌSÑ ®Sz�ÍJ��uf��Í>ÒÃÌS�

d = 4
�UÌS��}�|~ÍEzL�NufÛCÑ zù×C�yÌS�S�yz�}y}�x�uS}Ú�yzU��UzL�awyÑ Ó
ÛµzLzL�Ä{[uSÍEz ± ÛC�Ew*wyxCzÁ}��C��Ò«uS�Uz�} � | wyx d 6 3
}rwy| Ñ Ñd×µÌa}�z�{[u��rÌS�'×C�yÌSÛCÑ zL{[}L�

-�zLÑ/ñ^zLéLéLÌ>}��C��Ò«uS�Uz�}�ÌfÒnÍEzL�S�yzLz�Õ>uf�yzùwyxCz
�CÌS�E�Y}�| �C�S�CÑ~uf��| �awyzL�N}�z��Gwy| ÌS��}�ÌfÒ*w � Ì^a��uSÍE�y|~�L}Á| �
P4 �?ènxCÌa}�z�ÌfÒ�ÍEzL�S�yzLz��vuf�yz[wyxCzº�CÌS�E�Y}�| �C�S�CÑ~uf�È�U�CÛC|~�º}��C��Ò«uS�Uz�}L�

� xC|~�Nx2x�u®SzÄuf�2zL�CÌS�y{
ÌS��}�ÛC�Ew[Ñ~uf�y�SzLÑ Ó�| �y�yzLÑ zL®SzL�aw�Ñ | wyzL�Nu\wy�C�yzS�2�Y�)�UÌS�awy�NuS}rw��wyxCÌa}�zvÌfÒùÍEzL�S�yzLz
d < 3

uf�yzv�CÌfwÄÌS�Cz�} � xC|~�Nx wyxCz?���C{ùÛµzL���¾wyxCzLÌS�y|~}rw � ÌS�CÑ~Í��u\wy�C�NufÑ Ñ Ó
wyxC| �.=ºÌfÒ/uS}n×C�y| ÌS�y| wrÓ
wNuf�y�SzUwN}L�
�Y�ºÛµÌfwyx�wyxCz�}�zÚ�LuS}�z�}�wyxCz�{[uf| �Ä�UÌS���rz��Gwy�C�yzS�EÍE�Cz�wyÌ[Ð'ÌSÑ Ñ | Ìfw��YènxCÔLÑ :L�Cz�uf��Í�XEuf��}����f��|~}wyx�u\w"wyxCzÁÌS�CÑ Ó�ÌSÛ�}rwy�y���Gwy| ÌS�ºwyÌ
zL| wyxCzL�"wyxCzJ��uS}y}�zÚ×C�y| ���U| ×CÑ zÚÌS� � z�u�=ºuf×C×C�yÌ£E| {[u\wy| ÌS�|~}�wyxCz[�*�Nuf�CzL�rêEtvuf�C| �>ÌSÛ�}rwy�y���Gwy| ÌS���È�*�EwÚwyÌ � ÌS�>=ïÌS�vwyxCz�}�z�×C�yÌSÛCÑ zL{[}�ÌS�Cz�x�uf�NÍEÑ Ó�CzLz�ÍC}�wyÌ�=��CÌ � � x�u\wÚwyxCz[�*�Nuf�CzL�rêEtvuf�C| �vÌSÛ�}rwy�y���Gwy| ÌS�?|~}L�ù�Y� {ùÓ>®�| z � �JwyxCz
�y| �Sxaw
� uÓ�wyÌ[}rwy��ÍEÓ
wyxCzÚÌSÛ�}rwy�y���Gwy| ÌS��wyÌùwyxCz:��uS}y}�z�×C�y| ���U| ×CÑ z
ìPÒÃÌS�"zU£Cuf{
×CÑ zí/ÒÃÌS�"uf��Ó[×�uf���wy|~�U�CÑ~uf�nÒ«uf{
| Ñ Ó�ÌfÒ©�Nu\wy| ÌS��ufÑd®\uf�y| zUwy| z�}*|~}nwyÌ�����ÍÄu
}���u��U| zL�aw��UÌS��ÍE| wy| ÌS��ÒÃÌS��}�ÌSÑ �CÛC| Ñ | wrÓzL®SzL�yÓ � xCzL�yzÈÑ ÌE�LufÑ Ñ ÓÄwyÌÄ| {
×CÑ Ó?}�ÌSÑ �CÛC| Ñ | wrÓï�SÑ ÌSÛ�ufÑ Ñ ÓS�Juf��ÍvÌS�CÑ ÓïwyxCzL�vwyÌï}�zLz�xCÌ � wyxC|~}�UÌS��ÍE| wy| ÌS�ï�UÌS{
×�uf�yz�} � | wyxÄwyxCzÈ�*�Nuf�CzL�rêEtvuf�C| �Ä�UÌS��ÍE| wy| ÌS���DCÌS�[wyxCz?{
zUwyxCÌEÍC} � xC|~�Nx;�[uf{ ufÛµÌS�Ew�wyÌ�ÍEz�}y�U�y| ÛµzS�"| wÄ|~}��Cz��Uz�}y}yuf�yÓ�wyÌ�| �awy�yÌf�ÍE���UzHXE�NxC| �CéLzLÑm� }J��Ó�×µÌfwyxCz�}�|~}L��X��C×C×µÌa}�z � z�uf�yz
�S| ®SzL�8���C| wyzLÑ Ó�{[uf��Ó?×µÌSÑ Ó��CÌS{
|~ufÑ~}
F1(X), . . . , Fn(X)

| �
Z[X ] � | wyx�×µÌa}�| wy| ®Sz
Ñ z�uSÍE| �C�ï�UÌ�zKu��U| zL�awN} ± |~}�wyxCzL�yz
uf� uf�yÛC| �wy�Nuf�y| Ñ ÓÚÑ~uf�y�Sz�×µÌa}�| wy| ®Sz'| �awyzL�SzL�

x
}����NxÈwyx�u\w/ufÑ ÑSwyxCz

Fi(x)
uf�yz'×C�y| {
z�}WBÄènxCzL�yz*uf�yz�w � ÌÌSÛ�®�| ÌS��}nÌSÛ�}rwy�y���Gwy| ÌS��}'wyÌ
wyxC|~},F�ÌS�CzÁÌS�"{
ÌS�yzÚÌfÒ©wyxCz

Fi(X)
{[uÓ�Ò«uS�GwyÌS�y| éLzÚ| �

Z[X ]
�ÌS�"wyxCzL�yzÁ{[uÓºÛµz�u
×C�y| {
z

p
}����Nxïwyx�u\w�ÒÃÌS��uf��Óº®\ufÑ �CzÁÌfÒ

x mod p
u\w�Ñ z�uS}rw�ÌS�CzÈÌfÒwyxCz

Fi(x)
|~}'ÍE| ®�|~}�| ÛCÑ z�Û�Ó

p
�nìÎDCÌS�*uf�[zU£Cuf{
×CÑ z�ÌfÒdwyxCz�}�z��UÌS��Í
ÌSÛ�}rwy�y���Gwy| ÌS���a�UÌS��}�|~ÍEzL�

X
uf��Í

X2 + 2 � | wyx p = 3
� íºènxCzù}�z��UÌS��ÍïÌSÛ�}rwy�y���Gwy| ÌS�>�Luf�ïÌS�CÑ ÓÄx�uf×C×µzL� � | wyxCÌS�EwwyxCz����N}rw/| Ò

p 6
∑

degFi
�S}�Ì�wyxCz"}�z��UÌS��ÍÈÌSÛ�}rwy�y���Gwy| ÌS�ù|~}^z�uS}�ÓÚwyÌ�wyz�}rw^ÒÃÌS����XE�NxC| �CéLzLÑm� }

��Ó�×µÌfwyxCz�}�|~}Ú|~}�wyx�u\wÚwyxCz�}�z[uf�yzùwyxCz[ÌS�CÑ Ó>ÌSÛ�}rwy�y���Gwy| ÌS��},F�| ��ÌfwyxCzL� � ÌS�NÍC}L�J| Òn�CzL| wyxCzL�ÌfÒ^wyxCzL{ x�uf×C×µzL��} � zù�Luf�v�NxCÌ�Ìa}�zÈuf�vuf�yÛC| wy�Nuf�y| Ñ Ó�Ñ~uf�y�Sz x }�Ì
wyx�u\w�zL®SzL�yÓ Fi(x)
|~}�u×C�y| {
zS�^ènxCzL�yz�}�zLzL{[}^wyÌÈÛµz��CÌÈxCÌS×µz�ÌfÒd×C�yÌ\®�| �C�ÚwyxC|~}�| �
wyxCz"ÒÃÌS�yz�}�zLz�ufÛCÑ znÒÃ�Ewy�C�yz ± ÛC�EwwyÌ�×C�yÌ\®SzÁ�yz�}��CÑ wN}�}��CÛ��rz��Gw�wyÌ�XE�NxC| �CéLzLÑm� }���Ó�×µÌfwyxCz�}�|~}�}�xCÌS�CÑ~Ívu\w�Ñ z�uS}rw�}�xCz�Í>Ñ | �Sxaw�ÌS�wyxCz
�C��ÍEzL�yÑ Ó�| �C�ï���C{ùÛµzL�ÚwyxCzLÌS�yÓS��t>ÌS�yzLÌ\®SzL���µwyxCzL�yz
|~}Áuf��uS}y}�ÌE�U|~u\wyz�Ív�yz�}��CÑ w � xC|~�Nx�Luf�>Ûµzù×C�yÌ\®Sz�ÍJ�i? | wyx>wyxCz�}yuf{
zù}�zUw��î�C×��d�NxCÌ�Ìa}�zÈuf�

N >
∑

degFi ± wyxCzL�>wyxCzL�yzÈ|~}uf��ufÑ �SzLÛC�Nuf|~�Á| �awyzL�SzL�
ξ � | wyx [Q(ξ) : Q] = N

}����Nxvwyx�u\wÚz�uS�Nx
(Fi(ξ))

|~}Úuº×C�y| {
z|~ÍEz�ufÑE| �
Q(ξ)

��@�}�| �C��wyxC|~}L�f| Ò � zn�Luf�
ÍEz�ÍE���Uz*ÒÃ�yÌS{ XE�NxC| �CéLzLÑm� }0��Ó�×µÌfwyxCz�}�|~}/}���u��U| zL�aw�UÌS��ÍE| wy| ÌS��}/ÒÃÌS�'wyxCz���uS}y}�z�ñ��y| ���U| ×CÑ z�wyÌÈxCÌSÑ~Í
ÒÃÌS�*uù�UzL��wNuf| �
Ò«uf{
| Ñ Ó
ÌfÒ�®\uf�y| zUwy| z�}L�fwyxCzL�
� z��Luf�>×C�yÌ\®SzÚwyxCz��UÌS�y�yz�}�×µÌS��ÍE| �C�[�yz�}��CÑ w�ÒÃÌS��wyxCzùzU£E|~}rwyzL���UzùÌfÒ��Nu\wy| ÌS��ufÑ��\�Y�UÓE�UÑ z�}�ÌfÒÍEzL�S�yzLzïË � | wyxCÌS�Ew�uf��Ó?uf��ufÑ ÌS�SÌS��}�x�Ó�×µÌfwyxCz�}�|~}L�ÄènxC|~}Á|~}È×�uf��wy|~�U�CÑ~uf�yÑ Ó>®\ufÑ ��ufÛCÑ z
ÒÃÌS�-�zLÑ^ñ^zLéLéLÌº}��C��Ò«uS�Uz�}�ÌfÒ'ÍEzL�S�yzLzùÕ���ÒÃÌS� � xC|~�Nx Ð'ÌS�NuÓºx�uS}�}�xCÌ � �ïwyx�u\w�wyxCzùzU£E|~}rwyzL���Uz
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ÌfÒ"�Nu\wy| ÌS��ufÑ'�\�Y�UÓE�UÑ z�}ÁÌfÒ�ÍEzL�S�yzLz>Ë�| {
×CÑ | z�}ÁwyxCzºzU£E|~}rwyzL���Uz�ÌfÒ��Nu\wy| ÌS��ufÑ�×µÌS| �awN}L�vènxCz�UÌS�y�yz�}�×µÌS��ÍE| �C�J^a�Cz�}rwy| ÌS�[ÒÃÌS�*�U�CÛC|~��}��C��Ò«uS�Uz�}/|~}*}rwy| Ñ ÑdÌS×µzL���Euf��Í�ÒÃÌS�*×µzL���U| Ñ~}'ÌfÒ��UÌS�C|~�L}}����Nxïuf�ïuS}y}�zL��wy| ÌS�º|~}�ÍEzK���C| wyzLÑ Ó�Ò«ufÑ~}�zS�
DCÌS��uf×C×CÑ |~�Lu\wy| ÌS��}*ÌS�CzÚ�CzLz�ÍC}nwyÌ
{
ÌEÍE| ÒÃÓ�XE�NxC| �CéLzLÑm� }A��Ó�×µÌfwyxCz�}�|~}"| �ÄwyxC�yzLz � uÓE},F�rª   � ð��Cz��CzLz�ÍC}'wyÌ�ÛµzÁufÛCÑ z�wyÌ�| {
×µÌa}�z�Ñ ÌE�LufÑd�UÌS��ÍE| wy| ÌS��}*ÌS�

x
u\wnz�uS�Nxº×C�y| {
z�| �uÁ�S| ®SzL�����C| wyz�}�zUw

B ± ÛC�Ewn| �º�UÌS{
×µzL��}yu\wy| ÌS�[ÌS�Cz�wyxCzL�ºÌS�CÑ Ó��yz'^a�C| �yz�}/wyx�u\w'wyxCz
Fi(x)

uf�yz
z�uS�Nx z'^a��ufÑ�wyÌïwyxCz�×C�yÌEÍE���GwùÌfÒ"×µÌ � zL�N}ÚÌfÒ"×C�y| {
z�}Á| � B
uf��Í�ÌS�Cz×C�y| {
zÚÌS�EwN}�|~ÍEz

B
�

�rª«ª   � ð��CzÚ�CzLz�ÍC}nwyÌ � ÌS�>=[Ì\®SzL�"uf�ïuf�yÛC| wy�Nuf�yÓ�ufÑ �SzLÛC�Nuf|~�����C{ùÛµzL�i��zLÑ~ÍJ��rª«ª«ª   � �îw*}���u��Uz�}/wyÌJ=��CÌ � wyxCz��UÌS�y�yz�}�×µÌS��ÍE| �C�Á�yz�}��CÑ w/ÒÃÌS�'xCÌS{
ÌS�SzL�CzLÌS��}/×µÌSÑ Ó��CÌf�{
|~ufÑ~}
Gi(Y, Z)

| �Äw � Ì
®\uf�y|~ufÛCÑ z�}L�ènxCz"x�Ó�×µÌfwyxCz�}�|~}/{
ÌEÍE| ��z�Í
uS}^| �vìÃ|Pí^uf��ÍïìÃ| |Pí/�Luf�
z�uS}�| Ñ ÓÈÛµz�ÍEz�ÍE���Uz�ÍùÒÃ�yÌS{ XE�NxC| �CéLzLÑm� }ÌS�y| �S| ��ufÑ/x�Ó�×µÌfwyxCz�}�|~}L�ºè�Ì>®\uf�yÓv| w�uS}Ú| �;ìÃ| | |PíÁ�Luf��ÌS�CÑ Ó?{[u�=Sz[| wÈ{
ÌS�yz[Ñ | =SzLÑ Ó>wyÌ>Ûµzwy�y�CzS��uf��Í�×µzL�yx�uf×�}�ufÑ~}�Ìvz�uS}�| zL�ÈwyÌ?×C�yÌ\®Sz ± | ��ÍEzLz�Í���z�u\wyxE�Y�*�yÌ � � x�uS}�}�xCÌ � � wyx�u\w
Y 3 + 2Z3 wNu�=Sz�}n| �����C| wyzLÑ Óº{[uf��Ó�×C�y| {
zÚ®\ufÑ �Cz�}L�
?�zÄufÑ~}�Ì>�CzLz�Í wyÌ�ÍEzK���Cz�wyxCz�j�zL�SzL��ÍE�yz
ÒÃ�C���Gwy| ÌS�

L(B;F,G;α, β)
��j�zUw

B
Ûµzu8���C| wyz>}�zUw[ÌfÒ�×CÑ~uS�Uz�}�ÌfÒ

Q
uf��Í�Ñ zUw

α, β
Ûµzï| �awyzL�SzL�N}
�UÌS×C�y| {
zÄÌS�EwN}�|~ÍEz

B
�rj�zUw

F (U, V ), G(U, V )
Ûµz"xCÌS{
ÌS�SzL�CzLÌS��}©�UÌS×C�y| {
zn×µÌSÑ Ó��CÌS{
|~ufÑ~}^| �

Z[U, V ]
�auf��Í�uS}y}��C{
zwyx�u\w

B
�UÌS�awNuf| ��} ∞ uf��ÍÄufÑ ÑdwyxCzÁ×C�y| {
z�}

p
u\w � xC|~�NxºwyxCzÁ�yz�ÍE���Gwy| ÌS�ºÌfÒ FG mod px�uS}"u��yzL×µz�u\wyz�Í�Ò«uS�GwyÌS���/ènxCzL� � z � �y| wyz

L(B;F,G;α, β) =
∏

p
(F (α, β), G(α, β))p

� xCzL�yz[wyxCzºÌS�EwyzL�ùÛC�NuS�W=SzUwÈ|~}ÁwyxCz���| Ñ ÛµzL��w[}�Ó�{ùÛµÌSÑ¾��wyxCzº×C�yÌEÍE���Gw�|~}ÁwNu�=SzL��Ì\®SzL�ùufÑ Ñ×C�y| {
z�}
p
ÌS�EwN}�|~ÍEz

B � xC|~�NxÄÍE| ®�|~ÍEz G(α, β)
��uf��Í[wyxCz�ÒÃ�C���Gwy| ÌS�Ä|~}nÍEzK���Cz�Í[ÒÃÌS�*wyxCÌa}�z

α× β | � Z× Z
}����Nxºwyx�u\w

α, β
uf�yzÚ�UÌS×C�y| {
zÚÌS�EwN}�|~ÍEz

B
uf��Í

F (α, β), G(α, β)
uf�yzÛµÌfwyx?�CÌS�CéLzL�yÌ��:DCÌS�Úuf��Ó

p
| �vwyxCz
×C�yÌEÍE���Gw��

F (α, β)
{ù��}rwÚÛµz
u

p
�YuSÍE|~�È�C�C| w ± }�Ì L�Luf�ïufÑ~}�Ì
ÛµzÁ�yzL�auf�NÍEz�Í�uS}*wyxCzÁ®\ufÑ �CzÁÌfÒ^u
�UzL��wNuf| ��^a��uSÍE�Nu\wy|~���yz�}�|~ÍE�CzÁ}�Ó�{ùÛµÌSÑ¾�

& ���Å�¬« � n �µB�øSø�¼ILRÄ½ÃMCZ\½
(degF )(degG)

F~I>RUÀ\RUO Å ½ÃMCRUO L(α, β)
F~IïKN¼\O�½¾FPO�B�¼\B�IFPO?½ÃMCRÈ½Y¼yø�¼\T ¼yÅ���FPOdÉ\B�KNRNÉºãK�

B �ènxC|~}�u\wc���N}rwÚ}�| �Sxaw�}��C�y×C�y|~}�| �C�[�yz�}��CÑ w�|~}�z�uS}�ÓºwyÌ�×C�yÌ\®SzÁÛ�ÓÄ| ��ÍE���Gwy| ÌS���µ��}�| �C�[wyxCzÒ«uS�GwN}*wyx�u\w
L(F,G) = L(F −GH,G)ÒÃÌS��uf��Ó�xCÌS{
ÌS�SzL�CzLÌS��}*×µÌSÑ Ó��CÌS{
|~ufÑ

H
| �

Z[U, V ]
ÌfÒ/uf×C×C�yÌS×C�y|~u\wyz�ÍEzL�S�yzLzS�Cuf��Í

L(F,G)L(G,F ) =
∏

v∈B
(F (α, β), G(α, β))vÛ�Ó�wyxCz���| Ñ ÛµzL��w�×C�yÌEÍE���Gw"ÒÃÌS�y{ù�CÑ~uC�i��zL�yzÚwyxCzÈ�y| �Sxaw�x�uf��Í>}�|~ÍEzÁ|~}��UÌS�awy| ���CÌS��}n| �ïwyxCzwyÌS×µÌSÑ ÌS�SÓÄ| ��ÍE���Uz�ÍvÛ�Ó

B
� ?�z�}�x�ufÑ Ñ^ÍEz�}y�U�y| ÛµzÈwyxCz
�UÌS��ÍE| wy| ÌS�

L(B;F,G;α, β) = 1uS}*wyxCzJj�zL�SzL��ÍE�yzÚ�UÌS��ÍE| wy| ÌS�>uS}y}�ÌE�U|~u\wyz�Í � | wyx F uf��Í G �
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��Ì � �UÌS��}�|~ÍEzL��wyxCz[×µzL���U| Ñ'ÌfÒn�UÌS�C|~�L}[ìrËíG� � xCzL�yz � | wyxCÌS�EwÈÑ Ìa}y}�ÌfÒn�SzL�CzL�NufÑ | wrÓ � z�Luf��uS}y}��C{
z�wyx�u\w�wyxCz
ai(U, V )

uf�yzº| �
Z[U, V ]

���*Ó�uf��ÌSÛ�®�| ÌS��}Èwy�Nuf��}rÒÃÌS�y{[u\wy| ÌS�
� z��Luf�>{[u�=SzÁwyxCz ai(U, V )

}>^a��uf�yzU�¾ÒÃ�yzLzÈuf��Í>�UÌS×C�y| {
zÈ| �?×�uf| �N} ± wyxCz deg ai � | Ñ Ñ©�CÌÑ ÌS�C�SzL�"ÛµzÈufÑ Ñ�z'^a��ufÑ¾�EÛC�Ew�wyxCzLÓ � | Ñ Ñ�ufÑ Ñ�}rwy| Ñ Ñ�x�u®Sz�wyxCzù}yuf{
zÚ×�uf�y| wrÓS�wj�zUw c(U, V )
Ûµzuf�[| �y�yz�ÍE���U| ÛCÑ z"Ò«uS�GwyÌS�'ÌfÒ�ÌS�Cz�ÌfÒJwyxCz

ai(U, V )
� � xCzL�yz"wyÌJ�C£[|~ÍEz�uS} � z�uS}y}��C{
z i = 0

��îÒ"ìrËí*|~}"}�ÌSÑ �CÛCÑ zÁu\w
U = α, V = β

wyxCzL�
(−a1(α, β)a2(α, β), c(α, β))p = 1ÒÃÌS��ufÑ ÑS×C�y| {
z�}

p � xC|~�NxÈÍE| ®�|~ÍEz c(α, β)
ÛC�Ew��CÌfw −a1(α, β)a2(α, β)

�e? | wyxùuf�ÚÌSÛ�®�| ÌS��}ÍEzK���C| wy| ÌS�ïÌfÒ
B
�CwyxC|~}"| {
×CÑ | z�}*wyxCzJj�zL�SzL��ÍE�yzÁ�UÌS��ÍE| wy| ÌS�

L(B;−a1a2, c;α, β) = 1.
��zL���Uz/wyxCz*}�zUw�ÌfÒ�ufÑ Ñ»j�zL�SzL��ÍE�yz��UÌS��ÍE| wy| ÌS��}�uS}y}�ÌE�U|~u\wyz�Í � | wyx�ìrËíJ|~}�u"�Cz��Uz�}y}yuf�yÓ��UÌS��ÍE| �wy| ÌS�ÈÒÃÌS�^}�ÌSÑ �CÛC| Ñ | wrÓS�e? x�u\w^|~}©�yzL{[uf�>=\ufÛCÑ z�|~}�wyx�u\w��f}��CÛ��rz��Gw©wyÌ:XE�NxC| �CéLzLÑm� }���Ó�×µÌfwyxCz�}�|~}L�wyxC|~}�}�zUw"ÌfÒ/�UÌS��ÍE| wy| ÌS��}n|~}"ufÑ~}�Ì[}���u��U| zL�aw��
���D��������� ¨ n á�INIGBEX[R �JKNM�FPOEÇ�RUT Ð IA�:�yø�¼\½ÃMCRGIGF~I � 9�RU½ A ãNRÁ½ÃMCRÁIGB�ãGILRU½*¼r¿

Z×Z
¼\OÂ©M�F«KNM�Z\TPT^½ÃMCRJ9�RîÅaRUOdÉ\DyR[KN¼\OdÉ\FP½¾F«¼\OCI[Z\DyR�Â'RUTPT W�ÉSRÎ��OdRNÉ>Z\OdÉ[MC¼\T ÉÇb�Z\OdÉï¼\O Â©M�F«KNM
(1)F~I�T ¼�KNZ\TPT ��IL¼\T B�ãUT RÁZ\½'RNZSKNMÁødT ZSKNR�FPO

B � HdMCRUOï½ÃMCR�ø�¼\FPO�½«I (α, β)
FPO

P1 Z\½/Â©M�F«KNMº½ÃM�F~IKN¼\O�F«KÈF~IÚIL¼\T B�ãUT R*¿U¼\DGX ZºÉSRUOCILRÁIGB�ãGILRU½"¼r¿
A
FPO?½ÃMCRÈ½Y¼yø�¼\T ¼yÅ���FPOdÉ\B�KNRNÉºãK�

B �
DCÌS�*wyxCzÚ×C�yÌ�ÌfÒr� � zÚuf×C×CÑ Ó�XE�NxC| �CéLzLÑm� }A��Ó�×µÌfwyxCz�}�|~}*wyÌùwyxCzÁ| �y�yz�ÍE���U| ÛCÑ z�Ò«uS�GwyÌS�N} c ÌfÒ

a0a1a2
�/�îÒ

p
|~}*wyxCzÁ×C�y| {
zÈuS}y}�ÌE�U|~u\wyz�Í � | wyxÄwyxCz c | �ÄwyxCzÈuf�y�S�C{
zL�aw�ufÛµÌ\®SzS�awyxCzL�ì Ï í

(−a1(α, β)a2(α, β), c(α, β))p = L(B;−a1a2, c;α, β) = 1.
DCÌS��wyxCzù®\ufÑ �Cz�}�ÌfÒ

α, β
�NxCÌa}�zL�����Cz��Uz�}y}yuf�yÓÄuf��Ív}���u��U| zL�awÚ�UÌS��ÍE| wy| ÌS��}"ÒÃÌS��wyxCz
}�ÌSÑ �E�ÛC| Ñ | wrÓ[ÌfÒ*ìrËí'uf�yzw�r��}rwnwyxCzÚ�UÌS��ÍE| wy| ÌS��}Úì Ï í/wyÌS�SzUwyxCzL� � | wyxÄ}�ÌSÑ �CÛC| Ñ | wrÓ�u\w*wyxCz�×CÑ~uS�Uz�}'| �

B
��uf��ÍºwyxCz�}�z � zÁx�u®Sz��CÌ � zL��}��C�yz�ÍJ�DCÌS�>×µzL���U| Ñ~}vÌfÒ[�UÌS�C|~�L}L�ÚwyxCz��*�Nuf�CzL�rêEtvuf�C| � �UÌS��ÍE| wy| ÌS��} � zL�yz�ÍEzUwyzL�y{
| �Cz�Í Û�Ó�r}�=SÌ\®E}�=�| |¾���Y�2®�| z � ÌfÒ�wyxCzv�UÌS���rz��Gwy�C�yzïÌfÒÈÐ'ÌSÑ Ñ | Ìfw��YènxCÔLÑ :L�Czïuf��Í XEuf��}����f�'| w�|~}
�CÌ}��C�y×C�y|~}�z�wyx�u\w"wyxCzLÓÄ�Luf�ÄÛµzÈ}�xCÌ � �ºwyÌ
ÛµzÁz'^a�C| ®\ufÑ zL�aw"wyÌ�wyxCzJj�zL�SzL��ÍE�yzÚ�UÌS��ÍE| wy| ÌS��}L�Ð*uf� � zÈuf×C×CÑ ÓºwyxCz�}�zÈ|~ÍEz�uS}nwyÌH-�zLÑ�ñ^zLéLéLÌ�}��C��Ò«uS�Uz�}WB?ènxCz:���N}rw�ÍE| u��U�CÑ wrÓÄ|~}nwyx�u\wufÑ wyxCÌS�C�Sx[u:-�zLÑµñ^zLéLéLÌÈ}��C��Ò«uS�Uz��UÌS�awNuf| ��}/uf�[| �����C| wrÓ�ÌfÒJ�U�C�y®Sz�}/ÌfÒJ�SzL����}/� � xCzL�CzL®SzL�| w��UÌS�awNuf| ��}Ú�Nu\wy| ÌS��ufÑ/×µÌS| �awN}L�©ÌS�Cz[�Luf�C�CÌfw � �y| wyz�ÍEÌ � ��uf��Ó?}����Nx��U�C�y®Sz�}Ú�C�awy| Ñ'ÌS�Cz=��CÌ � }"}�ÌS{
zÚ�Nu\wy| ÌS��ufÑd×µÌS| �awN}L�'ènxC|~}�uf×C×µz�uf�N}*wyÌ
ÛCÑ ÌE�W=Äuf��Óºuf×C×C�yÌauS�Nx�wyÌ�wyxCz���uS}y}�zñ��y| ���U| ×CÑ zS�JwyxCÌS�C�Sx?| wÈÍEÌ�z�}Ú�CÌfwÚ�Cz��Uz�}y}yuf�y| Ñ ÓïÛCÑ ÌE�W=vuf� uf×C×C�yÌauS�Nx>wyÌ � z�u�=vuf×C×C�yÌ£E| �{[u\wy| ÌS���nìÃ�Y�ùwyxC|~}/}�zL{
| ��uf�^����}�z � z�u�=Èuf×C×C�yÌ£E| {[u\wy| ÌS�ÈÌS��u�®\uf�y| zUwrÓ V wyÌÚ{
z�uf�Èwyx�u\w| Ò
V (Q)

|~}'�CÌfw'zL{
×EwrÓ�wyxCzL�
V (Q)

|~}*ÍEzL��}�z�| � ∏
V (Qv) � xCzL�yz v �y�C��}/wyxC�yÌS�C�Sx�ufÑ ÑwyxCz�×CÑ~uS�Uz�}�ÌfÒ

Q
� íÈ�Y��ÍEzLz�ÍJ�aÌS�Cz��Luf�[��}�z�wyxC|~}'{
zUwyxCÌEÍEÌSÑ ÌS�SÓÈwyÌù�S| ®Sz�uÁ×C�yÌ�ÌfÒJÌfÒ � z�u�=uf×C×C�yÌ£E| {[u\wy| ÌS�ÄÌS��-�zLÑ©ñ^zLéLéLÌº}��C��Ò«uS�Uz�}"ÌfÒ'ÍEzL�S�yzLzÁÕ���^a�C| wyz�ÍE| <dzL�yzL�aw�ÒÃ�yÌS{ wyxCzùÌS�Cz

� xC|~�NxÄx�uS}nÛµzLzL�ï�S| ®SzL�ÄÛ�Ó�XEufÑ ÛµzL�y�SzL��uf��Í�XZ=SÌS�yÌSÛµÌS�au\wyÌ\®d�
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Ð*uf� � zºÍEÌ>ÛµzUw�wyzL��Û�Ó?��}�| �C�v×µzL���U| Ñ~}ÈÌfÒ��U�C�y®Sz�}ÁÌfÒn�SzL����}[ËÇB4ènxCzL�yz�uf�yz[{[uf��Ó}����Nxv�U�C�y®Sz�}"ÌS��-�zLÑ�ñ^zLéLéLÌº}��C��Ò«uS�Uz�}L�CÛC�EwÚu[�Cz � ÌSÛ�}rwNuS�UÑ zÈuf×C×µz�uf�N},F*�U�y���U|~ufÑJwyÌ[wyxCz×C�yzL®�| ÌS��}�uf�y�S�C{
zL�aw � uS}"wyxCzÁÒ«uS�Gw�wyx�u\w�wyxCz���uS}y}�zÈñ��y| ���U| ×CÑ zÈxCÌSÑ~ÍC}"ÒÃÌS���UÌS�C|~�L}L��ÛC�Ew| w
�CÌfwyÌS�y| ÌS��}�Ñ Ó ÍEÌ�z�}ù�CÌfw
xCÌSÑ~Í ÒÃÌS�[�U�C�y®Sz�}ÈÌfÒ��SzL����}�ËS����Ì � zL®SzL���©wyxCzL�yzº|~}
u � uÓ�yÌS�C��ÍÄwyxC|~}�×C�yÌ\®�|~ÍEz�Í � zùuS}y}��C{
zÚwyx�u\w�wyxCz�è©u\wyzGê.X�x�u\Ò«uf�yzL®�|~�NxÄ�S�yÌS�C×ïÌfÒ�uf�>zLÑ Ñ | ×Ewy|~��U�C�y®Sz[ÍEzK���Cz�Í Ì\®SzL�Èuf��ufÑ �SzLÛC�Nuf|~�ù���C{ùÛµzL�:��zLÑ~Í |~} ���C| wyzS�ïènxC|~}Á|~}È}rwy| Ñ Ñ'�C�C×C�yÌ\®Sz�ÍJ�ÛC�Ew�|~}ùuï{ù���Nx�{
ÌS�yz[�yz�}�×µz��GwNufÛCÑ z[wyxC| �C�>wyÌ?uS}y}��C{
z
wyx�uf��XE�NxC| �CéLzLÑm� }���Ó�×µÌfwyxCz�}�|~}L�
?�z[uS�Gwy��ufÑ Ñ Ó>ÌS�CÑ Ó>�CzLz�Í>wyxC|~}�ÒÃÌS�ÚzLÑ Ñ | ×Ewy|~�
�U�C�y®Sz�} � | wyx8���C| wyz[t>ÌS�NÍEzLÑ Ñ êZ?�zL| Ñ^�S�yÌS�C×��uf��Í�wyxC|~}"{[uÓ�ÛµzÁz�uS}�| zL�*wyÌ[×C�yÌ\®Sz�wyx�uf�ºwyxCzÁ�SzL�CzL�NufÑJ�LuS}�zS�
& ���Å�¬«ñ² n 9�RU½

Γ
b'ÉSRÎ��OdRNÉº¼\À\RUD

Q
b*ãNRùZ\O�RUÀ\RUD��\Â©MCRUDyRùT ¼�KNZ\TPT �[IL¼\T B�ãUT R

2
W�KN¼\À\RUDGFPO�Å¼r¿�Z\O)RUTPT F ød½¾F«KïKUBEDGÀ\R

E � �Ã¿ÈMCZ\T ¿[½ÃMCRÄRUT RUX[RUO�½«I�¼r¿
½ÃMCR 2
W~�JRUT X[RUDÈÅfDy¼\B�ø KN¼\X[R�¿NDy¼\X½ÃMCR

2
W�É\FPÀ�F~IGF«¼\O�ø�¼\FPO�½«Iù¼r¿

E
b�½ÃMCRUO

Γ(Q)
F~IÁOd¼\½nRUX�ød½m� �

DCÌS�*| Ò
Γ(Q) � zL�yz�zL{
×EwrÓ[| w � ÌS�CÑ~Í[| ��ÍE���UzÁuf��zLÑ zL{
zL�awnÌfÒ�wyxCzÚè©u\wyzGê.X�x�u\Ò«uf�yzL®�|~�Nx�S�yÌS�C×��\uf��ÍÁwyxC|~} � ÌS�CÑ~ÍÁÛµz*wyxCznÌS�CÑ ÓÚzLÑ zL{
zL�aw/ÌfÒ�ÌS�NÍEzL� Ï | �ùwyxC|~}©�S�yÌS�C×��©�*�Ew/}�| ���Uz*Û�Óx�Ó�×µÌfwyxCz�}�|~}�wyxCzÚè©u\wyzGê.X�x�u\Ò«uf�yzL®�|~�Nx[�S�yÌS�C×[|~}%���C| wyzS�awyxC|~}n�UÌS�awy�NuSÍE|~�GwN}�wyxCz�×C�yÌS×µzL��wy| z�}ÌfÒ©wyxCzùÐ*uS}y}�zLÑ~}"}�=Sz � �Y}�Ó�{
{
zUwy�y|~��ÛC| Ñ | �Cz�uf�nÒÃÌS�y{ï��Y�?®�| z � ÌfÒ�j�zL{
{[uÄ�C�d| Ò � z
uf�yzùÑ Ì�Ì�=�| �C��ÒÃÌS���Nu\wy| ÌS��ufÑ�×µÌS| �awN}�ÌS��u�×µzL���U| Ñ/ÌfÒ Ï ��UÌ\®SzL�y| �C�a}L� � z*}�xCÌS�CÑ~ÍÁwy�yÓ�wyÌ��Luf�y�yÓ�ÌS�Ew^u Ï �YÍEz�}y�UzL�aw�ÌS�ÁwyxCzn�U�C�y®Sz�}�ÌfÒCwyxCz'�C��ÍEzL�yÑ Ó�| �C�×µzL���U| ÑCÌfÒ��auS�UÌSÛC|~uf��}L�©è�ÌÚÍEÌ�wyxC|~}^| �[u��C�C| ÒÃÌS�y{¢{[uf�C�CzL��uf×C×µz�uf�N}�wyÌÚ�yz'^a�C| �yz'wyx�u\w^wyxCzÏ �YÍE| ®�|~}�| ÌS�
×µÌS| �awN}�uf�yz�ÍEzK���Cz�Í � | wyxCÌS�Ew*u ��zLÑ~Í
zU£�wyzL��}�| ÌS� ± }�Ì � z"�CzLz�Í�wyxCz_�auS�UÌSÛC|~uf�wyÌ
x�u®Sz�wyxCzÚÒÃÌS�y{

ì«�aí
Y 2 = (X − a1(U, V ))(X − a2(U, V ))(X − a3(U, V ))

� xCzL�yz�wyxCz ai(U, V )
uf�yz�×µÌSÑ Ó��CÌS{
|~ufÑ~}*ÌfÒ�wyxCzÚ}yuf{
z�zL®SzL�ÄÍEzL�S�yzLzS����Ì � wyxCz�wNuS�Gwy|~��|~}wyÌ
| {
×µÌa}�zÚÌS�ºwyxCzÁ®\ufÑ �Cz�}nÌfÒ

U
uf��Í

V
Ñ ÌE�LufÑJ�UÌS��ÍE| wy| ÌS��}"u\wi���C| wyzLÑ Óº{[uf��Ó��Luf�yzUÒÃ�CÑ Ñ Ó�NxCÌa}�zL�)×C�y| {
z�}L�"ufÑ Ñ�ÌfÒ � xC|~�Nx � | Ñ Ñ�Ûµz�uSÍÇ�rÌS| �Cz�Í�wyÌ�wyxCz?}�zUw�ÌfÒÁÛ�uSÍ)×C�y| {
z�}L� ?�zwyxCzL� ��}�z8XE�NxC| �CéLzLÑm� }H��Ó�×µÌfwyxCz�}�|~}
wyÌ�{[u�=SzÄwyxCzv®\ufÑ �CzvÌfÒÚz�uS�Nx)| �y�yz�ÍE���U| ÛCÑ zïÒ«uS�GwyÌS�ÌfÒ"uf�

ai(U, V )
z'^a��ufÑ^wyÌïwyxCz[×C�yÌEÍE���GwÈÌfÒ*ÌS�Cz
ÒÃ�C��wyxCzL�Á×C�y| {
z � | wyx ×µÌ � zL�N}�ÌfÒnÛ�uSÍ×C�y| {
z�}L��ènxCz Ï �YÍEz�}y�UzL�awÚÌS� }����Nx�uï�U�C�y®Sz��Luf��Ûµz[�Luf�y�y| z�ÍvÌS�EwÚzU£E×CÑ |~�U| wyÑ ÓS�©uf��Í>wyxCz�UÌS��ÍE| wy| ÌS��}
u\w�wyxCzÄÛ�uSÍ�×C�y| {
z�}
�Luf��Ûµz>�NxCÌa}�zL��}�Ìvwyx�u\w
wyxCz Ï ��X�zLÑ {
zL���S�yÌS�C×�x�uS}ÌS�NÍEzL� ò uf��Í

Γ
�JwyxCz Ï �Y�UÌ\®SzL�y| �C�[wyx�u\wÁ| �awyzL�yz�}rwN}Ú��}L��|~}ÚzL®SzL�yÓ � xCzL�yzùÑ ÌE�LufÑ Ñ Óv}�ÌSÑ �CÛCÑ zS�ènxCzL�yzÈ{[uÓºÛµz�uf�>ÌSÛ�}rwy�y���Gwy| ÌS�ïwyÌº�Luf�y�yÓ�| �C�
ÌS�Ew�wyxC|~}�×C�yÌE�Uz�}y}L��uf��ÍïwyxCzùufÛ�}�zL���UzÈÌfÒ}����NxÄuf�ºÌSÛ�}rwy�y���Gwy| ÌS�º|~}"u�}���u��U| zL�aw"�UÌS��ÍE| wy| ÌS�ºÒÃÌS�*wyxCz:��uS}y}�z�ñ��y| ���U| ×CÑ z�wyÌ
xCÌSÑ~Í[ÒÃÌS�wyxCz
ÌS�y| �S| ��ufÑ©×µzL���U| Ñ¾���Y� �UÌS�awy�NuS}rw � | wyx � x�u\wÚx�uf×C×µzL�Cz�ÍvÒÃÌS�ÈènxCzLÌS�yzL{ Ï ��| wÁ|~}Ú�CÌfwÌSÛ�®�| ÌS��}'wyx�u\w"wyxC|~}��UÌS��ÍE| wy| ÌS�Ä|~}�ufÑ~}�Ì��Cz��Uz�}y}yuf�yÓ ± ÛC�Ew�| w"wy�C�y��}"ÌS�Ew"wyx�u\w�| w�|~}��UÑ Ìa}�zLÑ Ó�yzLÑ~u\wyz�ÍºwyÌ[wyxCzùufÑ �SzLÛC�Nuf|~��×�uf��w�ÌfÒ^wyxCzù�*�Nuf�CzL�rêEtvuf�C| �ÄÌSÛ�}rwy�y���Gwy| ÌS���nènxCzù�UÌS��ÍE| wy| ÌS�{ù��}rwnufÑ~}�ÌÁ| {
×CÑ Ó�wyx�u\w'wyxCz�wy�Nuf��}y�UzL��ÍEzL�awNufÑC×�uf��w'ÌfÒJwyxCz��*�Nuf�CzL�rêEtvuf�C| �
ÌSÛ�}rwy�y���Gwy| ÌS�|~}�wy�y| ®�|~ufÑ¾�JÛC�Ew � zl=��CÌ � wyÌ�ÌÄÑ | w�wyÑ z�ufÛµÌS�Ew�wyxCz[Ñ~u\w�wyzL��wyÌïÛµz[ufÛCÑ zùwyÌ>}yuÓvuf��Ó>{
ÌS�yzwyx�uf�ÄwyxC|~}L�
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ènxC|~}È{
zUwyxCÌEÍ � uS}:���N}rw�ÍEzL®�|~}�z�Í wyÌvÌSÛEwNuf| ��}�ÌSÑ �CÛC| Ñ | wrÓ �UÌS��ÍE| wy| ÌS��}ÁÒÃÌS��ÍE|~uf�SÌS��ufÑ-�zLÑ�ñ^zLéLéLÌ[}��C��Ò«uS�Uz�}*ÌfÒ/ÍEzL�S�yzLz�Õ��C�S| ®SzL�ºÛ�Óºz'^a��u\wy| ÌS��}*ÌfÒ©wyxCzÚÒÃÌS�y{
4∑

i=0

aiX
2
i = 0,

4∑

i=0

biX
2
i = 0;

ÒÃÌS��}����Nx?u�}��C��Ò«uS�UzÈzL®SzL�yÓº�CÌS��}�| �C�S�CÑ~uf��x�Ó�×µzL�y×CÑ~uf�Czù}�z��Gwy| ÌS�>x�uS}�uC�auS�UÌSÛC|~uf�>ÌfÒ^wyxCzÒÃÌS�y{¬ì«�aíG��t>ÓÄ}rwy��ÍEzL�aw��*zL��ÍEzL��uf��ÍÄ�'x�u®SzÚzU£�wyzL��ÍEz�ÍºwyxC|~}nwyÌ�uf�yÛC| wy�Nuf�yÓC-�zLÑ�ñ^zLéLéLÌ}��C��Ò«uS�Uz�}ÈÌfÒ�ÍEzL�S�yzLz[Õ���uf��Í��yzL{
Ì\®Sz�Í?wyxCzÄuf×C×µz�ufÑ'wyÌ XE�NxC| �CéLzLÑm� }���Ó�×µÌfwyxCz�}�|~}L��ènxCz×C�yÌE�Uz�}y}*| ��®SÌSÑ ®Sz�}
� �SÌS| �C��Ì\®SzL�[wyÌ�uf� zU£�wyzL��}�| ÌS� k ÌfÒÈÍEzL�S�yzLz��E�"| �;ÌS�NÍEzL�[wyÌ�ÍE|~uf�SÌS��ufÑ | éLz>ÌS�Cz®\uf�y|~ufÛCÑ z ±
� ÌSÛEwNuf| �C| �C�[u�×µzL���U| Ñ�ÌfÒ^�U�C�y®Sz�}nÌfÒ©�SzL����}ÚË � xCÌa}�z:�auS�UÌSÛC|~uf��}*x�u®Sz�wyxCzÚÒÃÌS�y{

Y 2 = (X − c0(U, V ))(X2 − c1(U, V )),uf��ÍÄ�Luf�y�yÓ�| �C��ÌS�Ew�u Ï �YÍEz�}y�UzL�aw"ÌS�ï}����Nxïu�×µzL���U| Ñ ±
� ��}�| �C�ÚwyxCz�}��CÛ�}rwy| wy�Ewyz�ÒÃÌS��XE�NxC| �CéLzLÑm� }%��Ó�×µÌfwyxCz�}�|~} � xC|~�Nx[Ó�| zLÑ~ÍC}'uÁ×µÌS| �aw'ÌS�
wyxCz-�zLÑ�ñ^zLéLéLÌ[}��C��Ò«uS�UzÚÍEzK���Cz�ÍÄÌ\®SzL�"u���zLÑ~Í

k1 � | wyx [k1 : k]
ÌEÍCÍ ±

� @�}�| �C�)Ð'ÌS�NuÓ�� }[uf�y�S�C{
zL�aw����N}rw�wyÌ�ÌSÛEwNuf| � u�×µÌS| �awïÍEzK���Cz�Í)Ì\®SzL� k ÌS�)wyxCz}��C��Ò«uS�UzS�Euf��ÍºwyxCzL���UzÚwyÌ
ÌSÛEwNuf| �ïu�×µÌS| �aw�ÍEzK���Cz�ÍÄÌ\®SzL�
Q
�

ènxCz
}���u��U| zL�awÁ�UÌS��ÍE| wy| ÌS��}�ÒÃÌS�Ú}�ÌSÑ �CÛC| Ñ | wrÓ � xC|~�Nx � z�ÌSÛEwNuf| �?uf�yzù�C�SÑ ÓS�µwyxCÌS�C�SxvwyxCzLÓuf�yzÈ×C�yÌSÛ�ufÛCÑ Óï�CÌfw�{ù���Nx?}rwy�yÌS�C�SzL��wyx�uf�vwyxCz��*�Nuf�CzL�rêEtvuf�C| �v�UÌS��ÍE| wy| ÌS��}L� ��Ì � zL®SzL�ð�Ñ | ®�| zL�_? | w�wyzL��ÛµzL�y���dÛC�C| Ñ~ÍE| �C�ºÌS� � ÌS�>=ÄÌfÒnÐ'ÌSÑ Ñ | Ìfw��YènxCÔLÑ :L�CzS��|~}��U�C�y�yzL�awyÑ ÓÄzL�C�auf�Sz�Í| �[wy�Nuf��}�Ñ~u\wy| �C�ÁwyxCz�}�z��UÌS��ÍE| wy| ÌS��}'| �awyÌ�}�zL��}�| ÛCÑ z"ÒÃÌS�y{ï��? xCzL�ºxCz�x�uS}'ÍEÌS�Cz�}�Ì��a| w � | Ñ ÑÛµz�×µÌa}y}�| ÛCÑ z�wyÌ�ÍEz�}y�U�y| Ûµz�wyxCz����C{ùÛµzL���¾wyxCzLÌS�yzUwy|~��×C�yÌSÛCÑ zL{[}'ÌfÒe-�zLÑdñ^zLéLéLÌ�}��C��Ò«uS�Uz�}'ÌfÒÍEzL�S�yzLz�Õ�uS}nÑ~uf�y�SzLÑ Ó�}�ÌSÑ ®Sz�ÍJ��Y�>�SzL�CzL�NufÑ¾��| wÚÍEÌ�z�}��CÌfw�}�zLzL{ ×µÌa}y}�| ÛCÑ zÁwyÌ�wNuS�W=�Ñ zJ-�zLÑ©ñ^zLéLéLÌº}��C��Ò«uS�Uz�}"ÌfÒ'ÍEzL�S�yzLz� � | wyxCÌS�Ewù�NuSÍE|~�LufÑ Ñ Óv�Cz � |~ÍEz�uS}L�ºènxCz�{
Ìa}rwÈ| �awyzL�yz�}rwy| �C�ï�yz�}��CÑ wN}È�U�C�y�yzL�awyÑ Ó�=��CÌ � ��yzLÑ~u\wyz�wyÌ[ÍE|~uf�SÌS��ufÑJ�U�CÛC|~�Á}��C��Ò«uS�Uz�}
a0X

3
0 + a1X

3
1 + a2X

3
2 + a3X

3
3 = 0ÍEzK���Cz�Í�Ì\®SzL�Èuf��ufÑ �SzLÛC�Nuf|~�
���C{ùÛµzL�J��zLÑ~Í

k
��ð��Cz � �y| wyz�}ÁwyxC|~}�uS}ùu>×�uf| �ÈÌfÒ��U�CÛC|~��U�C�y®Sz�}

a0X
3
0 + a1X

3
1 = cY 3, a2X

3
2 + a3X

3
3 = −cZ3

� | wyx�uï×�uf�Nuf{
zUwyzL� c ± uf��Í�ÌS�Cz[x�uS}ÚwyÌv�NxCÌ�Ìa}�z[uï®\ufÑ �Cz[ÌfÒ c ÒÃÌS� � xC|~�Nx ìÃ��}�| �C�ïwyxCzuf��ufÑ ÌS�S�CzºÌfÒ:j�zL{
{[u��aí�ÌS�Czï�Luf�)}�xCÌ � wyx�u\w�ÛµÌfwyx�wyxCz�}�z>z'^a��u\wy| ÌS��}
uf�yzï}�ÌSÑ �CÛCÑ zS�ènxCz[�CzLz�ÍvwyÌv�UÌS�awy�yÌSÑ©w � Ì�X�zLÑ {
zL�Á�S�yÌS�C×�}Ú}�| {ù�CÑ wNuf�CzLÌS��}�Ñ ÓS��uf��ÍvwyxCz[�CzLz�Í?wyÌÄwNu�=Sz| �awyÌ�uS�L�UÌS�C�awÈwyxCzº| �awyzL�NuS�Gwy| ÌS��ÛµzUw � zLzL� k uf��Í k(√−3)
Ûµz��Luf��}�z�ÌfÒ"wyxCzÄ×C�yz�}�zL���UzÌfÒÈ�UÌS{
×CÑ zU£2{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS� ÌS�)wyxCzv�C��ÍEzL�yÑ Ó�| �C���auS�UÌSÛC|~uf��}L�'{[u�=Sz>wyxCz?uf�y�S�C{
zL�aw{ù���Nxv{
ÌS�yz��UÌS{
×CÑ |~�Lu\wyz�ÍJ�ÁènxCzù�SÌ�ÌEÍ>�Cz � }�|~}�wyx�u\wÚÌS�Cz�ÍEÌ�z�}��CÌfw��CzLz�Í XE�NxC| �CéLzLÑm� }
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��Ó�×µÌfwyxCz�}�|~}L�fÛµz��Luf��}�z*wyxCznzU£E×C�yz�}y}�| ÌS� � xCÌa}�z*®\ufÑ �Czn{ù��}rw�zL®SzL�awy��ufÑ Ñ ÓÁÛµzn{[uSÍEznz'^a��ufÑwyÌ�wyxCzù×C�yÌEÍE���Gw�ÌfÒ'uf�v�C��}�×µz��U| ��z�Í>×C�y| {
z�uf��Í>×µÌ � zL�N}"ÌfÒ�Û�uSÍ>×C�y| {
z�}�|~}w�r��}rw c ± }�Ì
� z��Luf�$uf×C×µz�ufÑ�wyÌ�-�| �y|~�NxCÑ zUw'� }�wyxCzLÌS�yzL{ ÌS�;×C�y| {
z�}º| � uf�y| wyxC{
zUwy|~�v×C�yÌS�S�yz�}y}�| ÌS��}L�ènxCz�Û�uSÍ>�Cz � }�|~}�wyx�u\w��JuS} � zLÑ Ñ^uS}�wyxCz
�*�Nuf�CzL�rêEtvuf�C| �E�îÑ | =SzÈ�UÌS��ÍE| wy| ÌS��} � xC|~�NxvÌS�CzzU£E×µz��GwN}L� � z�x�u®SzÁwyÌÄ| {
×µÌa}�zÈwyxCz
�UÌS��ÍE| wy| ÌS�>wyx�u\w c ÍEÌ�z�}��CÌfwÁ�UÌS�awNuf| � √−3

�ÁènxC|~}�UÌS��ÍE| wy| ÌS��|~}È�UzL��wNuf| �CÑ Ó?uf� uf��wyzUÒ«uS�GwÁÌfÒ'wyxCz[{
zUwyxCÌEÍJ�^uf��Í?x�uS}Ú�CÌfwyxC| �C�ÄwyÌvÍEÌ � | wyxwyxCz[uS�Gwy��ufÑ©×C�yÌSÛCÑ zL{ ± | wÈ�UÌS{
z�}�ÒÃ�yÌS{ wyxCz�Ò«uS�Gw�wyx�u\w � z
ÍEÌÄ�CÌfw =��CÌ � xCÌ � wyÌºwNu�=SzuS�L�UÌS�C�aw"ÌfÒ^�UÌS{
×CÑ zU£º{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ï| �\j�zL{
{[u
�
uf��ÍÄ| wN}"uf��ufÑ ÌS�S�CzS�
X�Ì�Ò«uf� � zïx�u®Szï�UÌS��}�|~ÍEzL�yz�Í�ÌS�CÑ Ó��Nu\wy| ÌS��ufÑ"}��C��Ò«uS�Uz�} ± ÛC�Ew[wyxCzL�yz>uf�yzÄ×CÑ zL�awrÓ�ÌfÒ}��C��Ò«uS�Uz�} � xC|~�Nx?uf�yz:��ÛC�yz�Í>Û�Óï×µzL���U| Ñ~}�ÌfÒ'�U�C�y®Sz�}�ÌfÒ��SzL����}ÈËùÛC�EwÁuf�yzÈ�CÌfw��Nu\wy| ÌS��ufÑ¾�Ù �SÌ�ÌEÍºzU£Cuf{
×CÑ zÚ|~}*wyxCzÚÒ«uf{
| Ñ ÓºÌfÒ�!Á�
}��C��Ò«uS�Uz�}

ìÃÕ�í
V : a0X

4
0 + a1X

4
1 + a2X

4
2 + a3X

4
3 = 0Ì\®SzL�

Q
�C}��CÛ��rz��Gw"wyÌ�wyxCzÈ�UÌS��ÍE| wy| ÌS�

ì¾�Sí
a0a1a2a3 is a square.ènxCzL�yzÚ|~}"uf�ïÌSÛ�®�| ÌS��}*{[uf×ºÒÃ�yÌS{
V
wyÌ
wyxCzJ^a��uSÍE�y|~�

W : a0Y
2
0 + a1Y

2
1 + a2Y

2
2 + a3Y

3
3 = 0,uf��ÍºwyxCzÈ�UÌS��ÍE| wy| ÌS� ì¾�Sí*| {
×CÑ | z�}nwyx�u\w�z�uS�NxÄÌfÒ©wyxCzÚw � Ì
×µzL���U| Ñ~}"ÌfÒ^Ñ | �Cz�}"ÌS� W |~}�ÍEzU�

���Cz�Í�Ì\®SzL�
Q
�/ènxCz�}�z�×µzL���U| Ñ~}'×C�CÑ ÑdÛ�uS�W=�wyÌÈw � Ìù×µzL���U| Ñ~}*ÌfÒ��U�C�y®Sz�}�ÌfÒ��SzL����}�Ë�ÌS� V �uf��Í
| w'wy�C�y��}'ÌS�Ew�wyx�u\w'wyxCz��auS�UÌSÛC|~uf��}^ÌfÒJwyxCz��U�C�y®Sz�}/| ��zL| wyxCzL�'×µzL���U| Ñµx�u®SznwyxCz�ÒÃÌS�y{ì«�aíG�w?�zÈ�Luf�ÄwyxCzL�yzUÒÃÌS�yzÁuf×C×CÑ Ó[wyxCzÈ{[uS�NxC| �CzL�yÓ�ufÛµÌ\®SzS�Cuf��ÍÄÌSÛEwNuf| �ï}���u��U| zL�aw��UÌS��ÍE| �wy| ÌS��}/ÒÃÌS�/wyxCz_��uS}y}�z"ñ��y| ���U| ×CÑ z�wyÌÁxCÌSÑ~Í
ÌS��}��C��Ò«uS�Uz�}"ìÃÕ�í � xC|~�Nx�}yu\wy|~}rÒÃÓùwyxCz��UÌS��ÍE| wy| ÌS�ì¾�SíG��ènxCz�}�zÚ�UÌS��ÍE| wy| ÌS��}nuf�yz��CÌfw"{ù���NxÄ}rwy�yÌS�C�SzL�'wyx�uf��wyxCzÁufÑ �SzLÛC�Nuf|~���*�Nuf�CzL�rêEtvuf�C| ��UÌS��ÍE| wy| ÌS��}L�Cuf��ÍÄ{[uÓ � zLÑ Ñ�uS�Gwy��ufÑ Ñ Ó�ÛµzÁz'^a�C| ®\ufÑ zL�aw"wyÌ
wyxCzÚÒÃ�CÑ Ñ©�*�Nuf�CzL���Ytvuf�C| �º�UÌS�E�ÍE| wy| ÌS��} ± uS}^��}���ufÑ¾� � z"ÍEÌÁ�CÌfw/ÓSzUww=��CÌ � zL�CÌS�C�Sx
ufÛµÌS�Ew^wyxCznwy�Nuf��}y�UzL��ÍEzL�awNufÑC�*�Nuf�CzL�rêtvuf�C| �>�UÌS��ÍE| wy| ÌS��}*wyÌ
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ON THE MOD p REDUCTIONS OF AN ELLIPTIC
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Abstract . A fixed elliptic curve defined over the rational numbers gives rise, through
reduction modulo primes of good reduction, to infinitely many elliptic curves (the reductions)
defined over finite fields. In this note I discuss the Tate–Shafarevich groups of these reductions
considered as being defined over their function fields. Assuming the Generalized Riemann
Hypothesis when the curve has no complex multiplications, it is shown that these groups are
trivial for a positive proportion of primes, provided the elliptic curve has an irrational point
of order two. This is joint work with A.C. Cojocaru.

1. Background

Let E be an elliptic curve defined over Q and of conductor N. For a prime
p - N, the reduction of E modulo p is an elliptic curve Ep defined over the
finite field k with p elements. There is great interest in the behavior of these
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reductions as p varies. The most basic questions concern the size of Ep(k), the
finite abelian group of k rational points of Ep. Define ap as usual by

(1) |Ep(k)| = p+ 1− ap

where, for a set S, we write |S| or #S for its cardinality. The Riemann hy-
pothesis for Ep, proven by Hasse, states that

|ap| 6 2
√
p

Still unproven are the Sato–Tate conjecture in the case of a curve without
complex multiplication (CM) counting primes p where ap/

√
p lies in a given

subinterval of (−2, 2) and the Lang–Trotter conjecture counting primes p with
a given value of ap.

Also of interest is the structure of Ep(k) as an abelian group, in particular its
cyclicity. It is easy to see that Ep(k) may be cyclic only if E has an irrational
point of order two, that is, a point of order two not in E(Q). Assuming this
and the Generalized Riemann Hypothesis (GRH) for Dedekind zeta functions,
Serre [Ser85] (see [Mur83] for the proof) showed that Ep(k) is cyclic for a
positive proportion of primes:

#{p 6 x : p - N and Ep(k) is cyclic} ∼ cE π(x)

as x→∞, where cE is a positive constant depending only on E and π(x) is the
number of primes 6 x. Without assuming GRH, R. Murty [Mur83] showed
this holds for CM elliptic curves. In general, R. Gupta and R. Murty [GM90]
showed that there are infinitely many, in fact � x/log2x, such primes.

2. Definition of the local Tate–Shafarevich group

A new aspect emerges when one considers the mod p reduction Ep as being
defined over its function field. If K = K(Ep) is the function field of Ep/k, then
Ep naturally defines a constant elliptic curve over K. The resulting elliptic
curve has a number of nice features; the group Ep(k) may be identified with
the torsion points Ep(K)tor of the finitely generated Mordell–Weil group Ep(K)
and the k-endomorphisms of Ep may be identified with the Mordell–Weil lattice
Ep(K)/Ep(K)tor. In view of these features, one is naturally led to consider the
Tate–Shafarevich group of Ep/K. Recall that a principal homogeneous space
over E/F , where for now E is any elliptic curve over an arbitrary field F , is
a smooth curve C/F together with a simply transitive algebraic group action
of E on C defined over F . The isomorphism classes of principal homogeneous
spaces for E/F form an abelian group, the Weil–Châtelet group WC(E/F ),
whose identity class consists of those homogeneous spaces whose curves have an
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F -rational point. The group operation comes from a natural identification of
WC(E/F ) with the cohomology group H1(G,E), where G = Gal(F̄/F) with
F̄ the separable closure of F . Since K is a global field we may define the
Tate–Shafarevich group

Xp = X(Ep/K)

to be those elements of WC(Ep/K) which, for all primes ν of K, are in the
kernel of the canonical map

WC(Ep/K)→WC(Ep/Kν),

where Kν is the completion of K at the prime ν. We call Xp the Tate–
Shafarevich group of Ep and are interested in its behavior as p varies over
primes of good reduction for E.

3. Results

It is known that |Xp| is finite, hence a square. In fact, there is an ex-
plicit formula for it coming from the Hasse–Weil L-function for Ep/K, since
the Birch/Swinnerton-Dyer conjecture is a theorem in this case due to Milne
[Mil68]. This formula allows us to detect when |Xp| is divisible by a fixed
square. More precisely, there is a Galois extension Jn of Q so that n2 divides
|Xp| if and only if p splits in Jn and p - n. This field is closely related to
the modular curve X0(n). An application of the Chebotarev theorem yields
the following result which implies, in particular, that |Xp| may be arbitrarily
large.

Theorem 3.1. The group Xp contains elements of any fixed prime order `
for a positive proportion of primes p.

Our principal interest is to count primes for which Xp is trivial. This
happens if and only if for any principal homogeneous space over Ep/K the
curve C has a point over K if it does over Kν for all ν. Our main result shows
when this local-global principle holds for many reductions.

Theorem 3.2. Suppose that E has an irrational point of order two. If E does

not have CM assume GRH. Then Xp is trivial for a positive proportion of

primes p.
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Actually, we give an asymptotic formula for the number of such primes with a
power savings in the remainder term, at least under GRH. Furthermore, since
Ep(k) can be shown to be cyclic whenever Xp is trivial, the first assumption
of Theorem 3.2 is necessary and its conclusion may be viewed as a refinement
of the existence aspect of Serre’s result about cyclicity of Ep(k).

4. Outline of the proof

I give here only a very brief sketch of the proof of Theorem 3.2. For details
see [CD04]. In the CM case it is proven using the Chebotarev Theorem for
a fixed finite extension and the proof does not require GRH. In the non-CM
case, Theorem 3.2 is proven using a variant of Serre’s sieve method. The strong
uniformity needed in the non-CM case is obtained by assuming GRH. A serious
new difficulty is caused by the fact that the field Jn does not contain the full
nth cyclotomic field. Thus the Brun–Titchmarsh theorem, which is used in
Serre’s argument to estimate the terms with large n, must be replaced. This
is possible and essential use is made of the fact that |Xp| is a square. This
allows us to employ a second sieving device, a “square sieve”, to estimate the
remainder term.

We obtain an asymptotic formula for

πsha(x) = # {p 6 x : p - N and Xp is trivial} .
Here we assume GRH for the Dedekind zeta functions of the division fields of
E. We are able to use directly the inclusion-exclusion principle in its most basic
form beginning with the expansion of the delta symbol for m ∈ Z+:

∑

n|m
µ(n) = δ(m) =

{
1, if m = 1

0, if m 6= 1,

where µ(· ) denotes the Möbius function. This yields immediately the starting
formula

πsha(x) =
∑

p6x
p-N

δ(bp) =
∑

p6x
p-N

∑

n|bp

µ(n),

where we have written |Xp| = b2p. It is shown that bp 6 2
√
p/3 and so in this

summation n < 2
√
x. After rearrangement, the sum can thus be written

πsha(x) =
∑

n<2
√

x

µ(n)#{p 6 x : p - N and n|bp}.
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This gives

πsha(x) =
∑

n6y

µ(n)πn(x) +
∑

y<n<2
√

x

µ(n)πn(x),

where πn(x) is defined by

πn(x) = #{p 6 x : p - N and n2 divides |Xp|}
and y = y(x) is a parameter chosen later.

We show that for a certain Galois extension Jn of Q that n2 divides |Xp|
if and only if p splits in Jn and p - n. Then we can apply a conditional
Chebotarev Theorem as in [Ser81] to the first term giving

(2) πsha(x) =


∑

n6y

µ(n)cn


π(x) +

∑

y<n<2
√

x

µ(n)πn(x) +O(yx1/2logxyN),

where cn = [Jn : Q]−1. In this way we are led to seek an asymptotic evaluation
in y of

C(y) =
∑

n6y

µ(n)cn

and an upper bound in x and y for

D(x, y) =
∑

y<n<2
√

x

πn(x).

We establish the following two results about C(y) and D(x, y). Define

c =



∑

n|B
µ(n)cn




∏

`-B
` prime

(
1− 1

`(`2 − 1)

)
,

where cn = [Jn : Q]−1 and B = 2AEN, where AE is the product of the
exceptional primes for E.

Proposition 4.1. Suppose that E does not have CM. Then

C(y) =
∑

n6y

µ(n)cn = c+O(y−2B2)

with an absolute implied constant. Furthermore, c > 0 if and only if c2 6= 1. In

fact,

c > (1− c2)
∏

`-B
` prime

(
1− 1

`(`2 − 1)

)
.
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The second result is more difficult and uses a sieve that detects squares in
conjunction with a certain estimate for a character sum involving ap from (1)
that is itself conditional upon GRH.

Proposition 4.2. Suppose that E does not have CM and let ε > 0 be given.

Assume GRH. Then, for 1 6 y 6 2
√
x and x > 1, we have the uniform bound

D(x, y)� y−2x
35
18+ε,

where the implied constant depends only on ε and E.

Theorem 3.2 in the non-CM case is a consequence the a more precise result,

which follows from the previous two propositions and (2) after taking y = x
13
27 .

Proposition 4.3. Suppose E does not have CM and assume GRH. Then, for

any ε > 0 we have

# {p 6 x : p - N and Xp is trivial} = c π(x) +O(x
53
54+ε),

where the implied constant depends only on ε and E. Here c is positive if and

only if E has an irrational point of order two and is given by

c =



∑

n|B
µ(n)cn



∏

`-B

(
1− 1

`(`2 − 1)

)
,

where cn = [Jn : Q]−1 and B = 2AEN , with AE being the product of the

exceptional primes for E.

5. Some problems

One open problem is to prove unconditionally the existence of infinitely many
primes p for which Xp is trivial for any non-CM curve E with an irrational
point of order 2. The method used in the cyclicity problem [GM90], which
relies on sieve arguments for primes in arithmetic progressions, is not directly
applicable since the field Jn does not contain the nth cyclotomic field.

It follows from [Mil68] that, under the same conditions as in Theorem 2, the
Brauer groups of the reductions of E × E are trivial for a positive proportion
of primes. It seems interesting to consider similar questions for the reductions
of more general elliptic surfaces.
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de France 1978, in Collected papers, volume III, Springer-Verlag, p. 67–70.





¡J¢�£ ¤'¥�¦i¢�£h§ ¨"©�¤'¥�¨eª~«�¨~£h§ £h¬'£ �®�¥�¦�§ «�¢�¯"¨
° ±�²�³w´�µ�¶�· ¸�¹»º'¼'½�¾�¿»À Á~Â�Ã»À»Ä�Ä�l�Å�Ä�ÔKÆ
È4ÉÇÊ Ë ¾�ÌÎÍ Ê Ï~Ð>Ï0ÑeÒWÏÎÏmÊ ÉÇÓ ¾ É Â�Ô�Õ�ÕWÖ

Û�éëÞ�ÚwÛCâ�ñ ÛHì�Ø\æ Þ�Ú�Ø\æèØ\Üu Hì�Þ�Ú0æèÚoÞ�Ù m\ä ãcæ�â�Ü � éëÞ�ÛHÛ
ÛHì�âCØ\Ü]p

äNócÙ�õ�$'Q2MPO%õ4´
� ��ïG&����
%/���(�$è!ò Ð &��
ì���%�&��
� é�	´&!�G� " ��&��
� 	¯�
� é�	Wþ.ÿ���� �����
	�� �W'�è!ò4ý$����� �G&�þ.ý$����� �G&�þ " 1 þç+&!�G&���& " × "  )/´�

•
)+*-,/.!02143(F�:�F�9�w�8�:)ë(BC5�9�?!8l<2E�A(:�J�6�F�9^<�7!9

KML!N�O-P�Q�R!O�Sÿ. h Ê Í Ï ¾�¿ . Y _CZ Ê ÍW_CZf_�ÌÎÃ YÇÊ ÍWZAÍ[aWÌÎ¾ Ê ÉKÏ Ì>_,¿ V ]�¾�¿ Ê É�í a�\ ZA¾�Ì)Å T Ê ÏÎÏeÏWY ¾
_�Ì-XKÀ . Y ¾�X�aWÌÎ¾V Ím¾�¿ Ï _´]�a�\ ] V \ a Ï ¾ ÏWY ¾ T Ê ÏÎÏ4Ó Ì>_ V ÃÇÍl_�`.ÃÇÌ>_ T ¾
] ÏmÊ Ë ¾E{ VÇÉ ¿�\ ¾�Íla É ¿ Ï _faWÃÇÃÇÌ>_�a�] Y ÏWY ¾g]
_ É Í Ï Ì V ] ÏmÊ _ É _�`
Ã V Í Y�� ` _�Ì h aWÌÎ¿ÇÍ Ê ÉcÏWYÇÊ Í ÏWY ¾
_�Ì-XKÀ

mbn ¤U¥ �L�\¦�§©¨©¡f��ª«¦ ¥
ènxCz�}�z�uf�yzù�CÌfwyz�}�ÒÃ�yÌS{ u�Ñ z��Gwy�C�yz��S| ®SzL�v| �vwyxCz�X��C{
{
zL� Ï �S�fÕ�ÌS�vwyxCzùÒÃÌSÑ Ñ Ì � | �C�ÌE�L�LuS}�| ÌS��},FËS�wX�zL{
| ��uf�"ÌS�ïufÑ �SzLÛC�Nuf|~���SzLÌS{
zUwy�yÓ�u\w"wyxCzJ@��C| ®SzL�N}�| wrÓ[ÌfÒ����fw�wy| �C�SzL���.�S�C�CzÈçÏ �/è�ÌS×µÌSÑ ÌS�S|~�LufÑJ}�zL{
| ��uf����@��C| ®SzL�N}�| wrÓ�ÌfÒ/�*ÌS�C���.�S�C�Cz
Ë��C�8X��C{
{
zL��XE�NxCÌ�ÌSÑ�:�?�ÌS�>=E}�xCÌS×�ÌS��t>Ìfwy| ®Sz�}L�

K
�YènxCzLÌS�yÓS�©uf��Í�Ù��y| wyxC{
zUwy|~�LufÑ��zLÌS{
zUwy�yÓ�| ��X�z�}rwy�y|Mj�zL®\uf�awyz[ìÃ�îwNufÑ ÓCíG���S�C�Cz Ïfò �%�S�CÑ Ó Ï

� � | Ñ Ñn}�xCÌ � wyx�u\wùwyxCÌS�C�Sx��nufÑ {
zL�rêZ? | w�wùwyxCzLÌS�yÓ�|~}ù�CÌfw[uf��ÌS�y| zL�awyz�Í�wyxCzLÌS�yÓ�| �wyxCz�}�zL��}�z
ÌfÒnñ/uf�C| � uf��Í�X�{
| �y�CÌ\®d��}�ÌS{
z
ÌfÒcz Ê   ¥+�b� ~ �¾wyz��NxC�CÌSÑ ÌS�SÓv�Luf��Ûµz�uf×C×CÑ | z�ÍwyÌ�| w���ènxCzÄ{[uf| ��wyÌ�ÌSÑ*{[u�=�| �C�vwyxC|~}
u\w[ufÑ Ñn×µÌa}y}�| ÛCÑ zº|~}
u>w � |~}rwyz�Í�ÒÃÌS�y{ ÌfÒ�ènxCÌS{

9CVÇÉ ¾El ÏWY Â�Ô�Õ�ÕWÖÇÀ



�!p�� y r ������y�����G�

|~}�ÌS{
ÌS�y×CxC|~}�{[}L� ;/£E|~}rwyzL���Uz>ÌfÒÚ}����Nx2|~}�ÌS{
ÌS�y×CxC|~}�{[}
| � ��?)�¾wyxCzLÌS�yÓ�zL��ufÛCÑ z�}
��}
wyÌuS�NxC| zL®Sz�wyxCzÚÒÃÌSÑ Ñ Ì � | �C�
�SÌaufÑ~}L�
�G��?�zn�yzL×C�yÌ\®Sz/wyxCz*ÒÃÌS�y{ù�CÑ~uS}�ÒÃÌS�©wyxCz�]ÄFP½¾½dÅfDy¼\B�øµI�¼r¿�ødDy¼�ÈLRNKU½¾FPÀ\RÚãUBEOdÉ�T RGI�ÌSÛEwNuf| �Cz�Í�yz��UzL�awyÑ ÓºÛ�ÓvÐ'x�uf�yÑ z�}c? ufÑ wyzL��z �   �W�b� ~ ��Ù�}�ÌS×C×µÌa}�z�ÍÄwyÌ[wyxCzù{
zUwyxCÌEÍC}�ÌfÒfz �   �W�b� ~ �

� znÍEÌÚ�CÌfw/{[u�=Sznuf��ÓÚ��}�znÌfÒ�wy�y|~uf�C�S�CÑ~u\wyz�Í�<\ÍEzL�y| ®Sz�ÍÁ�Lu\wyzL�SÌS�y| z�}L���Y��}rwyz�uSÍJ� � z*×C�yÌ\®�|~ÍEzuÁ�SzLÌS{
zUwy�y|~�"×C�yÌ�ÌfÒgz �   ¥+� º �D~ �a�yz�}�zL{ùÛCÑ | �C�ù}�ÌS{
zLxCÌ � uf��Í[| ��}�×C| �yz�Í
Û�Ó�wyxCz�×C�yÌ�ÌfÒJÌfÒwyxCz�×C�yÌ��rz��Gwy| ®Sz"ÛC�C��ÍEÑ z�wyxCzLÌS�yzL{ | �¿z Ê   ¥+�b� ~ �aÛ�Ó���}�| �C�ù}�ÌS{
z�Û�uS}�|~�ÁìÃÛC�Ew*| {
×µÌS��wNuf�awuf��Í �CÌS�awy�y| ®�|~ufÑPíÚ×C�yÌS×µzL��wy| z�}ÈÌfÒnwyxCzºwyxCzLÌS�yÓ?ÌSÛEwNuf| �Cz�Í�Û�Ó �nufÑ {
zL��uf��Í���| Ñ Ñ zS��ènxCz}yuf{
zÁuf×C×C�yÌauS�NxÄufÑ Ñ Ì � }'wyÌ[�UÌS{
×C�EwyzÈ}�ÌS{
zÚÌfÒ©wyxCz:? | w�w��S�yÌS�C×�}*ÌfÒ/�UÌS{
×CÑ zUwyzLÑ Óº}�×CÑ | w×C�yÌ��rz��Gwy| ®Sz ^a��uSÍE�y|~�L}L�
���G��?�z
ÍEzK���Cz8�i�IGFPO�X[ZyøµIG�d|¾� zS� �d×C��}�xE�¾ÒÃÌS� � uf�NÍC}�ufÑ ÌS�C�º�UÑ Ìa}�z�Í>zL{ùÛµz�ÍCÍE| �C�a}L��ÒÃÌS�? | w�w'�S�yÌS�C×�}©zU£CuS�GwyÑ ÓÈwyxCz�}yuf{
z � uÓÈ| w � uS}/ÍEÌS�Cz"| � z Ê   ¥+�b� ~ ÒÃÌS��ÌS�y| zL�awyz�ÍÈwyxCzLÌS�y| z�}L��Cz��Uz�}y}yuf�y| Ñ Ó?wNu�=�| �C�>wyxCzºw � |~}rwy| �C�?| �awyÌ�uS�L�UÌS�C�aw�z �   ¥ ~ � Ù�{
ÌS�C�?ÌfwyxCzL��×C�yÌS×µzL��wy| z�}�yz'^a�C| �yz�ÍºÌfÒ/��ÓE}�| �ï{[uf×�}L� � zÚ×C�yÌ\®Sz�wyx�u\w"wyxCzLÓÄuf�yzÁ�UÌS{
×�u\wy| ÛCÑ z � | wyxv�UÌS{
×µÌa}�| wy| ÌS��}ÌfÒÚ�UÑ Ìa}�z�Í�zL{ùÛµz�ÍCÍE| �C�a}L� ð�Û�}�zL�y®Sz�wyx�u\w[| w�|~}ùwyxC|~}
×C�yÌS×µzL��wrÓ wyx�u\w[×C�yÌ\®Sz�Í wyÌ Ûµz>u{
Ìa}rw�ÍEzLÑ |~�Lu\wyzÁ| �¬z Ê   ¥+�b� ~ ± | wN}�×C�yÌ�ÌfÒ©wyxCzL�yzÁ�yz'^a�C| �yz�ÍºwyxCz � xCÌSÑ zÈ{[uS�NxC| �CzL�yÓºÌfÒ©wyxCz×�uf×µzL���"ð�Û�}�zL�y®Sz�ÒÃ�C��wyxCzL��wyx�u\w � zÈ�Luf�C�CÌfw��yz � �y| wyzÚwyxCzÁ×C�yÌ�ÌfÒ^�S| ®SzL�ï| � z Ê   ¥+�b� ~ ÒÃÌS�? | w�wÁ�S�yÌS�C×�}�uS}�| wÚ|~}�Û�uS}�z�Í>ÌS�>wyxCz���}�zùÌfÒ"Ð'xCzL�y�?�UÑ~uS}y}�z�}L� � xC|~�Nx � z�ÍEÌº�CÌfwÚx�u®Sz| ���nufÑ {
zL�rêZ? | w�w�wyxCzLÌS�yÓS��DCÌS�ÚwyxC|~}Ú�yz�uS}�ÌS� � z
x�uSÍvwyÌ>×C�yÌ\®�|~ÍEz����N}rwÈuï�UÌS{
×CÑ zUwyzLÑ ÓÍE| <dzL�yzL�aw
×C�yÌ�ÌfÒ�| ��wyxCzï�LuS}�zºÌfÒ�ÌS�y| zL�awyz�Í wyxCzLÌS�y| z�}�z �   ¥+� º  �~ ± | w
|~}�Û�uS}�z�Í�ÌS��wyxCz×C�yÌS×µzL��wy| z�}ºÌfÒùènxCÌS{ |~}�ÌS{
ÌS�y×CxC|~}�{[}ºuf��Í wyxCz ÍEzUÒÃÌS�y{[u\wy| ÌS� wyÌ�wyxCz �CÌS�y{[ufÑ��UÌS�Cz|~}�ÌS{
ÌS�y×CxC|~}�{[}L�µÍEÌ�z�}��CÌfwÚuf×C×µz�ufÑ�wyÌïÐ'xCzL�y�v�UÑ~uS}y}�z�}�uf��Í>�Luf�>ÛµzùzU£�wyzL��ÍEz�ÍïwyÌH? | w�w�S�yÌS�C×�}L�
�����G�ènxCzw����ufÑa�SÌaufÑf| �ÁwyxC|~}©ÍE| �yz��Gwy| ÌS� � ÌS�CÑ~ÍÚÛµz�wyÌ�| �awy�yÌEÍE���Uz/ødB�IyM�W ¿U¼\DGÂ'Z\DyÉI�Z\T ¼\O�ÅZ\DLãUFP½¾DyZ\D��ÚødDy¼�ÈLRNKU½¾FPÀ\RùX[¼\D¾ø�M�F~IGXùIG�'ènxCzLÓº{ù��}rw"x�u®Sz�wyxCzÚÒÃÌS�y{

ìrËí
f∗ : W i(Y ; f∗L⊗ ωY/X)→W i+d(X ;L)

� xCzL�yz f : Y → X
|~}'uÚ×C�yÌ��rz��Gwy| ®Sz"{
ÌS�y×CxC|~}�{ ÌfÒ��UÌEÍE| {
zL��}�| ÌS�

d = dimX−dimY
�

L
|~}�u�Ñ | �Cz�uf��ÛC�C��ÍEÑ z�ÌS�

X
�duf��Í

ωY/X = ωY ⊗ (f∗ωX)−1 �Úè©u�=�| �C� L = ωX
� � z�SzUw"{[uf×�}

f∗ : W i(Y ;ωY )→ W i+d(X ;ωX) .ènxCz�}�zù{[uf×�}�{ù��}rw�Ûµz
ufÑ~}�Ìº�UÌS{
×�u\wy| ÛCÑ z � | wyx��UÌS{
×µÌa}�| wy| ÌS��}L� � xC|~�Nx>{[u�=Sz�}"wyxCz
uS}r�}�| �S�C{
zL�aw
ì Ï í

X 7→W ∗(X ;ωX)u��UÌ\®\uf�y|~uf�aw"ÒÃ�C���GwyÌS� � | wyxv�yz�}�×µz��Gw�wyÌº×C�yÌ��rz��Gwy| ®SzÁ{
ÌS�y×CxC|~}�{[}L�ÈìÎ��ÌfwyzÈwyx�u\w�wyxCzL�yzÈ|~}uS�Gwy��ufÑ Ñ Ó �CÌ?Ñ | �Cz�uf��ÛC�C��ÍEÑ zÄ®\uf�y|~ufÛCÑ zº| �$ì Ï íU�^wyxCzÄ�y| �Sxaw�x�uf��Í�}�|~ÍEzÄÍEzL×µzL��ÍC}�ÌS�
X
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ÌS�CÑ ÓS� í$ènxC|~}ÈÒÃ�C���GwyÌS���Luf� ÛµzÄ�UÌS��}�|~ÍEzL�yz�Í?wyxCzL��uS}ùuïwyxCzLÌS�yÓ?ÌfÒ��*ÌS�yzLÑ �Yt>Ì�ÌS�yz�wrÓ�×µzuS}y}�ÌE�U|~u\wyz�Í[wyÌ��nufÑ {
zL�rêZ? | w�wnwyxCzLÌS�yÓS�
�îw�|~}��CÌ � wy| {
zÈwyÌº}yuÓ�wyx�u\wùÂ'R�Â'¼\DyQºÂ/FP½ÃMïIGX[¼�¼\½ÃM � B�ZIGFPW ødDy¼�ÈLRNKU½¾FPÀ\R
À\Z\DGF«RU½¾F«RGI�Ì\®SzL�u ��zLÑ~Í

k
ÌfÒ
char 6= 2

� Ù�Ñ Ñ�wyxCzv�yz�}��CÑ wN}=<|~ÍEz�uS}[�UÌS�CÑ~Í)Ûµzv×µÌa}y}�| ÛCÑ Ó�zU£�wyzL��ÍEz�Í2wyÌ�yzL�S�CÑ~uf�Ú�CÌ�zUwyxCzL�y|~uf��}y�NxCzL{
z�}ÚÌfÒ%���C| wyzC!Ú�y�CÑ Ñ�ÍE| {
zL��}�| ÌS��ÌS� � x�u\wyzL®SzL�ÚÑ~uf�y�SzL�Á�UÑ~uS}y}ÌfÒ/}y�NxCzL{
z�}L��ÛC�Ew � z � ÌS�M� w�ÍE|~}y�U��}y}*wyxC|~}L�Ù"�L�UÌS�NÍE| �C��wyÌÅz Ê   ¥+�b� ~ �dwy�Nuf��}rÒÃzL�N}�ÒÃÌS�Ú×C�yÌ��rz��Gwy| ®Szù{
ÌS�y×CxC|~}�{[}Ú}�xCÌS�CÑ~ÍvÛµz
| �awy�yÌf�ÍE���Uz�ÍïufÑ ÌS�C�ùwyxCzÚÒÃÌSÑ Ñ Ì � | �C�
�S�C|~ÍEzLÑ | �Cz�}L�ËS�w-�z��UÌS{
×µÌa}�zÈu�×C�yÌ��rz��Gwy| ®Sz
f : Y → X

uS}
Y

j
↪→ X × Pn p−→ X

� � xCzL�yz j |~}�u�UÑ Ìa}�z�ÍºzL{ùÛµz�ÍCÍE| �C���Ï �N-�zK���Cz>u>wy�Nuf��}rÒÃzL�
p∗ : W i(X × Pn; p∗L ⊗ ωn

X) → W i−n(X ;L)
ÒÃÌS�[uf��Ó}����Nx$×C�yÌ��rz��Gwy| ÌS�

p : X × Pn → X
� � xCzL�yz ωn

X = ωX×Pn/X = p∗nωPn

� � | wyx
pn : X × Pn → Pn ��C��-�zK���Cz

f∗
uS}
p∗j∗

� � xCzL�yz j∗ |~}�wyxCz[�UÌS�y�yz�}�×µÌS��ÍE| �C�Ä��ÓE}�| ��{[uf×���uf��Ív×C�yÌ\®Szwyx�u\w"wyxC|~}�ÍEÌ�z�}n�CÌfw�ÍEzL×µzL��ÍïÌS�ºwyxCzÈ�NxCÌS|~�UzÚÌfÒ^u
ÍEz��UÌS{
×µÌa}�| wy| ÌS�
f = pj

�Õ���ñ��yÌ\®Sz*wyx�u\w
(fg)∗ = f∗g∗

ÒÃÌS��uf��Óù�UÌS{
×µÌa}yufÛCÑ z*×C�yÌ��rz��Gwy| ®Sz
f
uf��Í

g
�SuS} � zLÑ ÑCuS}ÌfwyxCzL�'}rwNuf��ÍCuf�NÍù×C�yÌS×µzL��wy| z�}^ÌfÒd×C��}�xE�¾ÒÃÌS� � uf�NÍC}L�\zS� ��� �a�UÌS{
×�u\wy| ÛC| Ñ | wrÓ � | wyx[×C�CÑ Ñ �îÛ�uS�W=E}L�×C�yÌ��rz��Gwy| ÌS��ÒÃÌS�y{ù�CÑ~uC�EzUwN�f��ì«}�zLz¼z Ê   ¥+�b� ~ �CÕ�� ËS� Ï ~ íG�Ð'ÌS���UzL�y�C| �C� Ï � �CÌSÛ�}�zL�y®Sz�wyx�u\w

ωn
X
∼= OX×Pn(−n− 1)

��|¾� zS� �EwyxCzÁw � |~}rw�|~}"ÌEÍCÍ � xCzL�
n
|~}"zL®SzL�ïuf��ÍÄ®�|~}�zÚ®SzL�N}yuC��Ù"�L�UÌS�NÍE| �C�ùwyÌ¿z �   �W�b� ~ �Dz �   ¥+� º �D~ ì«ufÑ~}�Ì[}�zLzJX�z��Gwy| ÌS� ÏÛµzLÑ Ì � íG� W i(X × Pn; p∗L ⊗ ωn

X)
|~}�|~}�ÌS{
ÌS�y×CxC|~�ÚwyÌ

W i−n(X ;L)
| �vwyxCz����N}rwÁ�LuS}�zuf��Í��UÌS�awNuf| ��}�| wùuS}ÚuïÍE| �yz��GwÈ}��C{
{[uf��Í?| ��wyxCz[}�z��UÌS��Í��LuS}�zS��ènx���}Ú| � zL| wyxCzL�È�LuS}�z

� zÚ��u\wy�C�NufÑ Ñ Ó��SzUw�u
ÍEzK���C| wy| ÌS�ïÌfÒ p∗ �Ð'ÌS���UzL�y�C| �C���C� uf��Í Õ�� ��}�ÌS{
z�uS}y}�zL��wy| ÌS��}�uf�yzvwyÌ�Ûµz�®SzL�y| ��z�Í)ÓSzUw���uf��Í;}�ÌS{
z�UÌS�CÑ~Í[wy�C�y�ÄÌS�EwnwyÌ
Ûµz�wyz��NxC�C|~�LufÑ Ñ Ó��UÌS{
×CÑ |~�Lu\wyz�ÍJ�0��Ì � zL®SzL���a| w"|~}nÌ\®SzL�NufÑ Ñµ�UÑ z�uf� � x�u\wwyÌv×C�yÌ\®Sz�uf��Í xCÌ � wyÌ?ÍEÌv| w��v�Y� wyxCzº�yz�}rwÈÌfÒnwyxC|~}ù�CÌfwyz � z � | Ñ Ñ*�UÌS{
{
zL�awùÌS� wyxCzÍEzK���C| wy| ÌS�ïÌfÒ/ènxCÌS{ |~}�ÌS{
ÌS�y×CxC|~}�{[}"uf��ÍºwyxCzL| ��uf×C×CÑ |~�Lu\wy| ÌS��}n{
zL�awy| ÌS�Cz�ÍÄ| �ï�nuf��ÍÄ���ufÛµÌ\®SzS�

�^n�� e ª«�L�� �§ � ¾©¦b¡æª«��¦b¡�¦���½+¾©ª«��¡��
DCÌS��u>®Sz��GwyÌS�ÈÛC�C��ÍEÑ z

p : E → X
ÌfÒ"�Nuf�.=

n
Ì\®SzL�ùuv}�{
Ì�Ìfwyx

X
�UÌS��}�|~ÍEzL�ÁwyxCzuS}y}�ÌE�U|~u\wyz�ÍH!�Ìa}�éL�CÑJ�UÌS{
×CÑ zU£�ìÃÌfÒ^®Sz��GwyÌS�"ÛC�C��ÍEÑ z�}nÌ\®SzL�

E
í�F

K(E) = (0→ ∧np∗E∨ → ∧n−1p∗E∨ → . . .→ ∧1p∗E∨ → ∧0p∗E∨ → 0)�îwÄ|~}C=��CÌ � �2wyx�u\wÄ| wÄ|~}�zU£CuS�GwºÌ�< X
�"|¾� zS� �"| wN}º�UÌSxCÌS{
ÌSÑ ÌS�SÓ�}�xCz�u®Sz�}�uf�yz>Ñ ÌE�Lu\wyz�ÍÌS�

X
ì
z Á°µ » ® |�~ �Mz µ ¨ �W¶ º ~ �*Ù�×C×����"íG�/Ù�}

(∧ip∗E∨)∨ ∼= ∧n−ip∗E∨ ⊗ ÍEzUw p∗Eì«�Luf�CÌS�C|~�LufÑ Ñ ÓCíG�CwyxCzÁwyzL�y{[}�ÌfÒ
K(E)

�Luf�>Ûµzù�Luf�CÌS�C|~�LufÑ Ñ Óº|~ÍEzL�awy| ��z�Í � | wyxïwyxCzÈwyzL�y{[}



�!p�p y r ������y�����G�

ÌfÒ
K(E)∨[n] ⊗ ÍEzUw p∗E∨ ÍEzL�S�yzLz � |~}�z ± xCzL�yz � z[uS}y}��C{
zùwyx�u\w K(E)

|~}ÁÑ ÌE�Lu\wyz�Ív| �ÍEzL�S�yzLz�}
n
wyxC�yÌS�C�Sx

0
�/è©u�=�| �C�
| �awyÌ[uS�L�UÌS�C�awnwyxCzÈ}�| �S�ï�UÌS��®SzL�awy| ÌS��}'| ��®SÌSÑ ®Sz�Íº| �ºwyxCzÍEzK���C| wy| ÌS�ùÌfÒµu�ÍE��ufÑE�UÌS{
×CÑ zU£Èuf��ÍÁwyxCz*wy�Nuf��}�Ñ~u\wy| ÌS�ÁÒÃ�C���GwyÌS��� � z'�SzUw/uf�ù|~}�ÌS{
ÌS�y×CxC|~}�{ÌfÒ/�UÌS{
×CÑ zU£Ez�}
Θ(E) : K(E)→ K(E)∨[n]⊗ det p∗E∨ .�îw?�Luf� Ûµz��NxCz��W=Sz�Í wyx�u\w

(K(E),Θ(E))
|~}vu)}�Ó�{
{
zUwy�y|~�

n
�Y}�×�uS�Uz�| � wyxCz�}�zL��}�zuSÍEÌS×Ewyz�Í�ÒÃÌS��ÍEzL�y| ®Sz�ÍH? | w�w��S�yÌS�C×�}cz Á   �W�b� ~ �Dz Á   �W� m ~ �ènxC|~}"�S| ®Sz�}"uf�ïzLÑ zL{
zL�aw

κ(E) ∈ Wn
X (E;

ÍEzUw
p∗E∨)

�nÙ"ÍEÌS×Ewy| �C�
wyxCzÚwyzL�y{
| �CÌSÑ ÌS�SÓ��}�z�ÍÄ| � z Á°µ » ® |G~ ÒÃÌS�
K0
� � z � | Ñ Ñ��LufÑ Ñ κ(E)

wyxCzJ!�Ìa}�éL�CÑ �YènxCÌS{Î�UÑ~uS}y}L�/�Y�v�LuS}�zÚÌfÒu�wy�y| ®�|~ufÑ^ÛC�C��ÍEÑ z
E = X × An � K(E)

Ûµz��UÌS{
z�}�wyxCz�!�Ìa}�éL�CÑ^�UÌS{
×CÑ zU£?�UÌS��}�|~ÍEzL�yz�ÍÛ�Óº�nufÑ {
zL�"uf��Íï��| Ñ Ñ z�z Á Ä � º ~ ��X�z��Gwy| ÌS��}"��uf��Íï�ù| �ºwyzL�y{[}nÌfÒnìÃ�yzL�S�CÑ~uf�Gí'}�z'^a�CzL���Uz�}| �>uïìÃ×µÌSÑ Ó��CÌS{
|~ufÑPí'�y| �C����îÒ
L
|~}"u�Ñ | �Cz�uf�"ÛC�C��ÍEÑ zÁÌ\®SzL�

X
�C�UÌS��}�|~ÍEzL�nwyxCzÚ×�uf| �y| �C� z Ä �·�b� ~ F

Wn
X (E;

ÍEzUw
p∗E∨)×W i(E; p∗L)→W i+n

X (E; (
ÍEzUw

p∗E∨)⊗ p∗L).t>�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ïÛ�Ó
κ(E)

Ó�| zLÑ~ÍC}�u�{[uf×
ì«�aí

κ(E) ?− : W i(E; p∗L)→W i+n
X (E; (

ÍEzUw
p∗E∨)⊗ p∗L).

?�zÄÍEzL�CÌfwyzºÛ�Ó
th(E)

wyxCzÄ�UÌS{
×µÌa}�| wy| ÌS��ÌfÒïì«�aí � | wyx W i(X ;L)
∼=−→ W i(E; p∗L)ìÃxCÌS{
ÌfwyÌS×�Ó�| ��®\uf�y|~uf���UzíG�

j�ÌE�LufÑ | éL| �C��� � zù�Luf�>uS}y}��C{
zÁwyx�u\w�ÛµÌfwyx E uf��Í L uf�yzÚwy�y| ®�|~ufÑ�ÛC�C��ÍEÑ z�}L��| � � xC|~�Nx�LuS}�zvì«�aíÚ|~}ùuf��|~}�ÌS{
ÌS�y×CxC|~}�{�Û�Ó�u>�yz�}��CÑ wùÌfÒ_Xd�^��| Ñ Ñ z·z ÄÄª �W�b� ~ �/ènxCzLÌS�yzL{¬çC� ��ì«}�zLzufÑ~}�Ì"z Á Ä � º ~ ��ènxCzLÌS�yzL{ ò � Ï íG���*ÓºtvuÓSzL���~}�| zUwyÌS�y|~}*uf�y�S�C{
zL�aw � zÚ�CÌ � �SzUw
���D����������� n HdMCR
X[Zyø

th(E) : W i(X ;L⊗ detE) → W i+n
X (E; p∗L)

F~I
Z\O�F~IL¼\WX[¼\D¾ø�M�F~IGX ¿U¼\D�Z\O��[T FPOdRNZ\DùãUBEOdÉ�T R
L
¼\À\RUD

X �
DCÌSÑ Ñ Ì � | �C��z Á°µ » ® |G~ uf��Í¼z Ê   ¥+�b� ~ � � z'�LufÑ Ñ th(E)

u�ènxCÌS{ |~}�ÌS{
ÌS�y×CxC|~}�{ �Nu\wyxCzL�wyx�uf�>�LufÑ Ñ | �C�
| w�u
ÍEÔL®�|~}y}yuf�Sz�|~}�ÌS{
ÌS�y×CxC|~}�{ÎuS}n| � z ÄÄª �W�b� ~ �

� n � ªÃ�L�����\¦µ¨[½^�
¦b�f½©�\¦ «  �¡f��ª �  >�^¨ ¥ § �  ��
ènxCzïwyxCzLÌS�yzL{[}
×C�yÌ\®Sz�Í�| �³z �   ¥+� º �D~ � | wyx)wyxCz>xCzLÑ × ÌfÒÁènxCÌS{�|~}�ÌS{
ÌS�y×CxC|~}�{[}uS}y}�zL��w^wyx�u\w�ÒÃÌS�*uÚ®Sz��GwyÌS�/ÛC�C��ÍEÑ z

E
Ì\®SzL�

X
ÌfÒd�Nuf�.=

r+1
uf��Í[uÚÑ | �Cz�uf��ÛC�C��ÍEÑ z

L/X
� zÚx�u®Sz�ÒÃÌS��ufÑ Ñ i
ì«uaí

W i(P(E); p∗L) ∼= W i(X ;L)
| Ò
r
|~}nzL®SzL� ±ìÃÛµí

W i(P(E); p∗L⊗O(2l + 1)) = 0
| Ò
r
|~}"ÌEÍCÍ ±ì«��í

W i(P(E); p∗L⊗O(2l+ 1)) ∼= W i−r(X ;L⊗ detE)
| Ò
r
|~}nzL®SzL� ±
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ì«Í�í
W i(P(E); p∗L) ∼= W i(X ;L)⊕W i−r(X ;L⊗ detE)

| Ò
r
|~}*ÌEÍCÍºuf��Í

E
�Luf�Ûµz��yzL×C�yz�}�zL�awyz�Í[uS}'uf��zU£�wyzL��}�| ÌS�

0→ E′ → E → E′′ → 0 � | wyx E′ uf��Í E′′ ÌfÒ�ÌEÍCÍ�Nuf�.=d�
è�Ì
| Ñ Ñ ��}rwy�Nu\wyzÚÌS�C�"{
zUwyxCÌEÍC}L� � z � | Ñ Ñ�}�=SzUwN�Nx�ì«uaí*Û�Ó�×C�yÌ\®�| �C�ùwyx�u\w

p∗ : W i(X ;L)→W i(P(E); p∗L)|~}Èuf��|~}�ÌS{
ÌS�y×CxC|~}�{ï�º�*Ó�tvuÓSzL���~}�| zUwyÌS�y|~}L�dwyxC|~}ÈÑ ÌE�LufÑ | éLz�}�wyÌ>wyxCzº�LuS}�z
ÌfÒnwy�y| ®�|~ufÑ
Euf��Í

L
� �îw
wyxCzL�yzUÒÃÌS�yzÄ}���u��Uz�}ÈwyÌ }�xCÌ � wyx�u\w p∗ : W i(X) → W i(X × Pr)

|~}
uf�|~}�ÌS{
ÌS�y×CxC|~}�{�| Ò
r ≡ 0 mod 2

����zU£�w � z��yz�ÍE���Uz[wyxC|~}ÁwyÌvwyxCzº�LuS}�z X = pt ±w� z
� | Ñ Ñ*×C�yÌ\®Sz
wyx�u\w p∗ : W i(pt) → W i(Pr)

|~}ùuf��|~}�ÌS{
ÌS�y×CxC|~}�{ï�/uf��Í�wyxCzº�yz�uSÍEzL�ù|~}}��C�S�Sz�}rwyz�Í�wyÌ[| ��}�zL��w
X ×− wyxC�yÌS�C�SxCÌS�EwnwyxCzÈ×C�yÌ�ÌfÒ^uf��Íï�NxCz��W=[wyx�u\w�| w � ÌS�>=E}L��ènxCzÌS�CÑ Ó��yzUÒÃzL�yzL���Uz � zÚ�CzLz�ÍÄ|~}*wyÌ
wyxCz�ÒÃÌSÑ Ñ Ì � | �C�[}�| {
×CÑ ÓºÑ Ì�Ì�=�| �C�ùÒ«uS�Gw��

»^T Z\FPX I\�ùì¾��| Ñ Ñ zícj�zUw
j : A1 − 0 → A1 ÍEzL�CÌfwyzÈwyxCzÈ��u\wy�C�NufÑ�zL{ùÛµz�ÍCÍE| �C�Äuf��ÍïÑ zUw tÍEzL�CÌfwyzÈwyxCz��UÌ�ÌS�NÍE| ��u\wyzÁÌS�

A1 − 0
ìÃ|¾� zS� �

A1 − 0 ∼= spec k[t, t−1]
íG��ènxCzL�>wyxCzù{[uf×

(j∗, t∗j∗) : W i(A1)⊕W i(A1)→W i(A1 − 0)
|~}nuf�º|~}�ÌS{
ÌS�y×CxC|~}�{4ÒÃÌS�"ufÑ Ñ

i
� � xCzL�yz

t∗
|~}nwyxCzÁ| ��®SÌSÑ �Ewy| ÌS�ïÌS�

W i(A1 − 0)
�S| ®SzL�ÄÛ�Ó�wyxCzÈ{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ïÌfÒ/u[}�Ó�{
{
zUwy�y|~�ÒÃÌS�y{ÎÛ�Ó

t
�

»^T Z\FPX ² � W i(P1; O(2l+1)) = 0
ÒÃÌS�'uf��Ó

i
ì � xC|~�Nx[|~}/wyxCz�}�| {
×CÑ z�}rw*�LuS}�z�ÌfÒdÒÃÌS�y{ù�CÑ~uìÃÛµí�íG�

¢*Dy¼�¼r¿ n �*Ó Ï �î×µzL�y| ÌEÍE|~�U| wrÓÈ| �ùw � |~}rwy| �C���f| w'}���u��Uz�}©wyÌÁ×C�yÌ\®Sz W i(P1; O(1)) = 0
ÒÃÌS��ufÑ Ñ

i
�'Ð'ÌS��}�|~ÍEzL��wyxCzÚtvuÓSzL���~}�| zUwyÌS�y|~}/}�z'^a�CzL���Uz�ÒÃÌS�

P1 = A1
0 ∪A1

∞ � | wyx O(1)
w � |~}rwy| �C��F

. . .→W i(P1; O(1)) →W i(A1
0; O(1)|A1

0
)⊕W i(A1

∞; O(1)|A1
∞

)→
→W i(A1

0 ∩ A1
∞; O(1)|A1

0∩A1
∞

)→ . . . .

è��y| ®�|~ufÑ | éL| �C�
O(1)

ÌS�
A1

0

�
A1
∞
uf��Í

A1
0 ∩ A1

∞ = A1 − 0
� � zº�SzUw�uf��|~}�ÌS{
ÌS�y×CxC|~�}�z'^a�CzL���UzÚÌfÒ©wyxCz�ÒÃÌS�y{

. . .→W i(P1; O(1))→ W i(A1)⊕W i(A1)
(j∗,−t∗j∗)−→ W i(A1 − 0)→ . . . .ènxCzÈuS}y}�zL��wy| ÌS��ÒÃÌSÑ Ñ Ì � }*Û�ÓïÐ'Ñ~uf| {�ËS�

»^T Z\FPX ¹ �0j�zUw Pn ⊂ Pn+2 Ûµz�u�Ñ | �Cz�uf�/zL{ùÛµz�ÍCÍE| �C���©�îÒ n |~}^zL®SzL���fwyxCzL��wyxCz"×C�CÑ Ñ �îÛ�uS�W=
W i(Pn+2)→W i(Pn)

|~}"uf�ï|~}�ÌS{
ÌS�y×CxC|~}�{4ÒÃÌS��ufÑ Ñ
i
�

¢*Dy¼�¼r¿ n Ð'ÌS��}�|~ÍEzL�nwyxCzÁÑ ÌE�LufÑ | é�u\wy| ÌS�Ä}�z'^a�CzL���Uz
ìÃÕ�í

. . .→W i(Pn+2)→W i(Pn+2 − P1)→W i+1
P1 (Pn+2)→ . . . ,
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� xCzL�yz P1 ⊂ Pn+2 |~}�u
�UÌS{
×CÑ zL{
zL�awNuf�yÓ[×C�yÌ��rz��Gwy| ®Sz�Ñ | �CzS�'�*Ó�zU£C�U|~}�| ÌS���
W i+1

P1 (Pn+2) ∼= W i+1
P1 (Pn+2 − Pn).ènxCz�®\uf�y| zUwrÓ

Pn+2 − Pn �Luf� Ûµz���u\wy�C�NufÑ Ñ Ó��UÌS��}�|~ÍEzL�yz�Í�uS}Èu (n + 1)
�YÍE| {
zL��}�| ÌS��ufÑ®Sz��GwyÌS�/ÛC�C��ÍEÑ z�Ì\®SzL�

P1 � � xC|~�Nx � z � | Ñ ÑµÍEzL�CÌfwyz�Û�Ó Vn+1
�©�îw*�Luf�
Ûµz�z�uS}�| Ñ Ó�}�zLzL��wyx�u\w

detVn+1
∼= OP1(n+ 1)

��*ÓºènxCzLÌS�yzL{ ËS� ËS�
W i+1

P1 (Pn+2−Pn) = W i+1
P1 (Vn+1) ∼= W i−n(P1;

ÍEzUw
Vn+1) ∼= W i−n(P1; OP1(n+1)).ènxCz�Ñ~uS}rw*�S�yÌS�C×�®\uf�C|~}�xCz�}'Û�ÓºÐ'Ñ~uf| { Ï uS}

n+ 1
|~}'ÌEÍCÍJ��xCzL���Uz

W i+1
P1 (Pn+2) = 0

ÒÃÌS�
uf��Ó

i
�^�îw"ÒÃÌSÑ Ñ Ì � }�ÒÃ�yÌS{�ìÃÕ�í�wyx�u\w W i(Pn+2)→W i(Pn+2 − P1)

|~}nuf�Ä|~}�ÌS{
ÌS�y×CxC|~}�{ÒÃÌS�Èuf��Ó
i
���*�Ew

Pn+2 − P1 �Luf� Ûµz��UÌS��}�|~ÍEzL�yz�Í�uS}ÁuÄ®Sz��GwyÌS�ÚÛC�C��ÍEÑ z�Ì\®SzL� Pn ���*ÓxCÌS{
ÌfwyÌS×�Ó[| ��®\uf�y|~uf���Uz � zÁuf�yzÚÍEÌS�CzS�ènx���}*ÒÃÌS��uf�ÄzL®SzL�
r � zÚx�u®SzÚu
}�z'^a�CzL���UzÚÌfÒ^|~}�ÌS{
ÌS�y×CxC|~}�{[}

W i(Pr)→W i(Pr−2)→ . . .→W i(P2)→W i(pt).ènxCz[×C�CÑ Ñ �îÛ�uS�W=
p∗ : W i(pt) → W i(Pr)

}�×CÑ | wN}ÚwyxCz��UÌS{
×µÌa}�| wy| ÌS� uf��Í�{ù��}rwÈÛµz�uf�|~}�ÌS{
ÌS�y×CxC|~}�{4wyÌ�Ì��wDCÌS�y{ù�CÑ~uÄì«uaí*|~}"×C�yÌ\®Sz�ÍJ�è�Ì
×C�yÌ\®Sz
ìÃÛµí'ÒÃÌS�
r ≡ 1 mod 2

� � zÚ�SzUw�|~}�ÌS{
ÌS�y×CxC|~}�{[}
W i(Pr; O(2l+ 1))→W i(Pr−2; O(2l+ 1))→ . . .→W i(P1; O(2l + 1)) = 0Û�Ó�zU£CuS�GwyÑ Ó�wyxCz*}yuf{
z��yz�uS}�ÌS�C| �C���MDCÌS��wyxCz'×C�yÌ�ÌfÒCÌfÒ�ì«��í�uf��Í[ì«Í�íJwyxCz'�yz�uSÍEzL��|~}��yzUÒÃzL�y�yz�ÍwyÌ¿z �   ¥+� º �D~ �*ènxCzÚwyzL�y{ ÌfÒ/ÍEzL�S�yzLz

i− d | ��ì«��í"uf��Í ì«Í�í"uf×C×µz�uf�N} � xCzL� � zÈuf×C×CÑ Óu
ènxCÌS{ |~}�ÌS{
ÌS�y×CxC|~}�{ï��ÌfÒ^�UÌS�C�N}�zS�
º[n � ªÃ�L�Ö���\¦µ¨[½^�[¦b�"¡S¦b¡¬½ �  a��  � ���!½ � ªÃ��XJ¨© C§��\ª«¡S�

�Y�·z �   ¥+� º �[~ �EuÁÒÃÌS�y{ù�CÑ~uÈ|~}*ufÑ~}�Ì�ÍEz�ÍE���Uz�Í[ÒÃÌS�'wyxCz�? | w�w"�S�yÌS�C×�}�ÌfÒ©uù�UÌS{
×CÑ zUwyzLÑ Ó}�×CÑ | w�^a��uSÍE�y|~�
Q = Q((d + 1)H)

| ���UzL��wNuf| � �LuS}�z�}L��Û�Ó?��}�| �C�ÄwyxCzº}yuf{
z
{
zUwyxCÌEÍC}L�
X����Nxïul^a��uSÍE�y|~�Ú�Luf�ÄÛµzÈÍEzK���Cz�ÍÄÛ�Ó

x0y0 + x1y1 + . . .+ xdyd = 0
| �

P2d+1 �w��zL�yz
� zÚ�UÌS��}�|~ÍEzL�*zL®SzL�yÓawyxC| �C�ùÌ\®SzL� pt = spec k

��ÛC�EwnwyxCzÁ}yuf{
z��Luf�ºÛµzÁÍEÌS�Cz�Ì\®SzL�*uùÛ�uS}�z
X
��?�z � zL�yz�ufÛCÑ z�wyÌù�SzUw*ÒÃÌS�y{ù�CÑ~uS}'| ��wyxCz�ÒÃÌSÑ Ñ Ì � | �C���LuS}�z�}'| � � xC|~�Nx�wyxCzÚ�yz�}�×µz��Gwy| ®SzÑ ÌE�LufÑ | é�u\wy| ÌS�Ä}�z'^a�CzL���UzÁ}�×CÑ | wN}nÒÃÌS��}�| {
×CÑ zÁ�yz�uS}�ÌS��}L�
ìÃzí*�îÒ

d
|~}nzL®SzL����wyxCzL�

W i(Q) ∼= W i(pt)⊕W i−2d(pt)
ÒÃÌS��ufÑ Ñ

i
�

ìPÒNín�îÒ
d
|~}nÌEÍCÍJ�EwyxCzL�

W i(Q; O(2l + 1)) = 0
ÒÃÌS��ufÑ Ñ

i
�

ènxCz�}�z>ÒÃÌS�y{ù�CÑ~uS}�uf�yz>ÌSÛEwNuf| �Cz�Í � | wyx wyxCzvxCzLÑ ×;ÌfÒÈu$KNRUTPTÁÉSRNKN¼\X�ø�¼IGFP½¾F«¼\O2ÌfÒ Q �-�zK���Cz
Pd

x,P
d
y ⊂ P2d+1 Û�Ó wyxCzÄz'^a��u\wy| ÌS��} y0 = y1 = . . . = yd = 0

uf��Í
x0 =

x1 = . . . = xd = 0
�yz�}�×µz��Gwy| ®SzLÑ ÓS�¢ènxCzL�

Pd
x,P

d
y ⊂ Q

uf��Í | wºwy�C�y��}ºÌS�Ew�wyx�u\w



�vu°w)�K��� t ���
 q w)�,
 q 
{�8��4w)� q �kwh� z.y4x q ��{ % u°wh���8�����.
{ � �!p ¸

Q − Pd
x

��u\wy�C�NufÑ Ñ Óvx�uS}ùuï®Sz��GwyÌS�ÁÛC�C��ÍEÑ zº}rwy�y���Gwy�C�yz�Ì\®SzL�
Pd

y

� � | wyx wyxCz�×C�yÌ��rz��Gwy| ÌS�
(x0 : y0 : . . . : xd : yd) 7→ (y0 : . . . : yd)

�*uf��Í�®�|~}�zÄ®SzL�N}yuC��ènxC|~}
{[u�=Sz�}
Q
uDyRUT Z\½¾FPÀ\RÈKNRUTPT BET Z\D�I¾ø�ZSKNR � | wyxºu[ËU�Y}rwyzL×ïIGX[¼�¼\½ÃM���Ñ wy�Nu\wy| ÌS���^�îw � uS}/��}�z�Í[| �·z � Ä � º ~ wyÌ�UÌS{
×C�Ewyzùuf�vuf�yÛC| wy�Nuf�yÓ�ÌS�y| zL�awyz�ÍºwyxCzLÌS�yÓºÌfÒ�}����Nx>uC^a��uSÍE�y|~�f��uS} � zLÑ Ñ�uS}�| wN}�{
Ìfwy| ®�|~�ÍEz��UÌS{
×µÌa}�| wy| ÌS���^�Y��? | w�w"wyxCzLÌS�yÓ � zÁ�UÌS��}�|~ÍEzL�nwyxCzÁÑ ÌE�LufÑ | é�u\wy| ÌS�Ä}�z'^a�CzL���Uzì¾�Sí

. . .→W i
Pd

x
(Q)→W i(Q)→W i(Q− Pd

x)→ . . .

| � � xC|~�Nx W i(Q − Pd
x) ∼= W i(Pd

y)
Û�Ó�xCÌS{
ÌfwyÌS×�Óv| ��®\uf�y|~uf���UzS�Ä�îÒ

d
|~}ÈzL®SzL����wyxCzL�

W i(Pd
y) ∼= W i(pt)

ì«�LuS}�zÈì«uaí^| �HX�z��Gwy| ÌS� Ï íG�fwyxCz�×C�CÑ Ñ �îÛ�uS�W=
W i(pt)→W i(Q)

}�×CÑ | wN}wyxCzL�yzUÒÃÌS�yz[ì¾�SíG�Cuf��Í � zÚ�SzUw
W i(Q) ∼= W i(pt)⊕W i

Pd
x
(Q) .

��zU£�w � z��UÌS{
×C�EwyznwyxCz�ÍEzUwyzL�y{
| ��uf�aw�ÌfÒdwyxCz"®Sz��GwyÌS�/ÛC�C��ÍEÑ z (Q−Pd
y)→ Pd

x

�auf×C×CÑ Ó�u
ènxCÌS{ |~}�ÌS{
ÌS�y×CxC|~}�{¢uf��ÍÁÒÃÌS�y{ù�CÑ~uùì«��í�ÌfÒX�z��Gwy| ÌS� Ï �Suf��ÍÈ�SzUw

W i
Pd

x
(Q) ∼= W i−2d(pt)

�
� xC|~�NxÄ×C�yÌ\®Sz�}ÚìÃzíG�è�ÌÚ×C�yÌ\®SzÁìPÒNíG� � z��UÌS��}�|~ÍEzL��ìÃÕ�í � | wyx[uf�
ÌEÍCÍùw � |~}rw��/ènxCzL� W i(Q−Pd

x; O(2l+1))®\uf�C|~}�xCz�}�Û�Ó�ìÃÛµíG� � xCzL���Uz W i(Q; O(2l + 1)) ∼= W i
Pd

x
(Q; O(2l + 1))

���*ÓºwyxCzù}yuf{
z
�yz�uS}�ÌS�C| �C��uS}^ufÛµÌ\®Sz*uf��Í�uf×C×CÑ Ó�| �C�
ìÃÛµí^uf�auf| � � z"}�xCÌ � wyx�u\w W i

Pd
x
(Q; O(2l+1)) = 0

�
� xC|~�NxÄ×C�yÌ\®Sz�}ÚìPÒNíG�
ª ���¬«���¬¨ n ?�zº�Luf�C�CÌfwÁÓSzUwùuf×C×CÑ ÓvwyxCz[{
zUwyxCÌEÍC}ÁÌfÒkz � Ä � º ~ wyÌ�? | w�wù�S�yÌS�C×�}ÚÌfÒuf�yÛC| wy�Nuf�yÓ[�UzLÑ Ñ �CÑ~uf�"®\uf�y| zUwy| z�}"uS}n×C��}�xE�¾ÒÃÌS� � uf�NÍC}*uf�yzÁ}rwy| Ñ Ñ�Ñ~uS�W=�| �C��| �ÄwyxC|~}nwyxCzLÌS�yÓS�

Â^n Ä�����ª ¥ ¡� �½^���î¦�� � ªÃ�L�Ö���\¦µ¨[½^�
Ý"z��LufÑ Ñw���N}rw�xCÌ � ��ÓE}�| ��{[uf×�}�uf�yzºÍEzK���Cz�Í�| � z Ê   ¥+�b� ~ ÒÃÌS��ÌS�y| zL�awyz�Í�wyxCzLÌS�y| z�}L�j�zUw
j : Y ↪→ X

Ûµzvu��UÑ Ìa}�z�Í�zL{ùÛµz�ÍCÍE| �C� ÌfÒÁ}�{
Ì�Ìfwyx)®\uf�y| zUwy| z�}�ÌfÒÁ�UÌEÍE| {
zL��}�| ÌS�
d = dimX − dimY

�Euf��Í�Ñ zUw
NX/Y

ÍEzL�CÌfwyz�wyxCz��CÌS�y{[ufÑµÛC�C��ÍEÑ z�wyÌ
Y
| �
X
�/ènxCzL�

j∗ : Ai(Y )→ Ai+d(X)
|~}"ÍEzK���Cz�ÍïuS}*wyxCzÈ�UÌS{
×µÌa}�| wy| ÌS�

Ai(Y )
th(NX/Y )

// Ai+d
Y (NX/Y )

d(X,Y )

∼=
// Ai+d

Y (X) // Ai+d(X) ,

� xCzL�yzìÃ|Pí
th(NX/Y )

|~}ÄwyxCz�ènxCÌS{æ|~}�ÌS{
ÌS�y×CxC|~}�{ uS}y}�ÌE�U|~u\wyz�Í wyÌ2wyxCz�®Sz��GwyÌS�ÄÛC�C��ÍEÑ z
NX/Y ±ìÃ| |Pí

d(X,Y )
|~}[wyxCz2ÉSR«¿U¼\DGX[Z\½¾F«¼\O ½Y¼�½ÃMCR?Od¼\DGX[Z\T�KN¼\OdRvF~IL¼\X[¼\D¾ø�M�F~IGXùI[ÒÃÌS�[wyxCzzL{ùÛµz�ÍCÍE| �C�

Y ↪→ X ±ìÃ| | |Pí/wyxCzÚÑ~uS}rwÚìPwy�y| ®�|~ufÑPí'uf�y�yÌ � |~}*uf�ºzU£�wyzL��}�| ÌS��ÌfÒ©}��C×C×µÌS��w�� � xC|~�Nxº|~}nuf�Äu\w�wy�y| ÛC�EwyzÌfÒ/uf��Ó��UÌSxCÌS{
ÌSÑ ÌS�SÓ
wyxCzLÌS�yÓS���CÌfw��Cz��Uz�}y}yuf�y| Ñ Ó[ÌS�y| zL�awNufÛCÑ zS�
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�Y�C�S�yz�ÍE| zL�awïìÃ|PíG�*|¾� zS� �*ènxCÌS{ |~}�ÌS{
ÌS�y×CxC|~}�{[}L� � uS}�| �awy�yÌEÍE���Uz�Í�ÒÃÌS�[�nufÑ {
zL�rêZ? | w�wwyxCzLÌS�yÓv| ��X�z��Gwy| ÌS�)ËS�ºÐ'ÌS���UzL�y�C| �C� ìÃ| |PíG� � z
ÌS�CÑ Ó?�UÌS{
{
zL�awÚwyx�u\wÁwyxCz�ÍEzUÒÃÌS�y{[u\wy| ÌS�|~}�ÌS{
ÌS�y×CxC|~}�{[}
d(X,Y )

ufÑ~}�Ì
zU£E|~}rw"| �>uf��ÓS�E�CÌfw��Cz��Uz�}y}yuf�y| Ñ Ó[ÌS�y| zL�awNufÛCÑ zÚ�UÌSxCÌS{
ÌSÑ ÌS�SÓwyxCzLÌS�yÓÚuf��ÍÚwyx�u\w©wyxCzL| �©zU£E|~}rwyzL���Uz'|~}��CÌfw^uf�Èz�uS}�Ó�Ò«uS�Gw�z Ê   ¥+�b� ~ � Ï � Ï � ò �4��Ì � zL®SzL���UwyxC|~}�Luf�?Ûµz[{
ÌEÍE| ��z�ÍvwyÌ�? | w�wÈ�S�yÌS�C×�}�ufÑ {
Ìa}rwÁ}rwy�Nuf| �Sxaw�ÒÃÌS� � uf�NÍJ�Èè©u�=�| �C�Ä| �awyÌ>uS�L�UÌS�C�awwyxCzÁÑ | �Cz�uf�"ÛC�C��ÍEÑ zÁ®\uf�y|~ufÛCÑ zS� � zÁ�SzUw�ÍEzUÒÃÌS�y{[u\wy| ÌS�Ä|~}�ÌS{
ÌS�y×CxC|~}�{[}*ÌfÒ�wyxCzÚÒÃÌS�y{
W ∗Y (NX/Y ; p∗LY ) ∼= W ∗Y (X ;L) ,

� xCzL�yz L |~}Äu�Ñ | �Cz�uf�ºÛC�C��ÍEÑ z?Ì\®SzL� X � LY = j∗L
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z�y| �SÌS�yÌS��}'ÌS�CÑ Óºu\ÒPwyzL���UÌS�awy�y| ÛC�Ewy| ÌS��}nÌfÒ0-ù����| Ñ ÛµzL��w�uf��Í�D*��XEufÑ ®SzL�y|d| � Ë�çCË Ï �
��Ì � u��UzL�awy�C�yÓÚÑ~u\wyzL� � z*�Luf{
z�wyÌ�wyxCz'�yz�ufÑ | é�u\wy| ÌS�Úwyx�u\w©wyxCz'w � Ì��UÑ~uS}y}�|~�LufÑa}��CÛ��rz��GwN}ÍEz�}y�U�y| Ûµz�ÍÄufÛµÌ\®SzÚuf�yzÚuS�Gwy��ufÑ Ñ Ó
w � Ì�Ò«uS�UzUwN}nÌfÒ�wyxCzÁ}yuf{
zÁ}rwyÌS�yÓS�/ènxCzÚ×C�C�y×µÌa}�z�ÌfÒ�wyxC|~}Ñ z��Gwy�C�yzÚ|~}nwyÌ
zU£E×CÑ~uf| �ºwyxC|~}nÒ«uS�Gw��

�^n�� ¾l  Á  a��¾l · >XJ¨© E��ª«¦ ¥ �
? | wyxÄwyxCz Ï �\wyxï�UzL�awy�C�yÓ[wyxCzL�yzÁ�UÌS{
zÁu
�SzL�CzL�NufÑ | é�u\wy| ÌS��ÌfÒ^z'^a��u\wy| ÌS�

(
Ë
)
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j�zUw
g
Ûµz�u�}�zL{
|~}�| {
×CÑ z|j�| z�ufÑ �SzLÛC�Nu � | wyx }�| {
×CÑ z��yÌ�ÌfwN} α1, . . . , αr

���UÌS�yÌ�ÌfwN}
α∨1 , . . . , α

∨
r

�'Ñ zUw
z1, ..., zn

Ûµz>ÍE|~}rwy| ���Gw��UÌS{
×CÑ zU£����C{ùÛµzL�N}L�
Λ1, . . . ,Λn g

� � zL| �SxawN}L�
l1, . . . , lr

�CÌS�E�î�CzL�au\wy| ®Sz�| �awyzL�SzL�N}L�ènxCzÁ�*zUwyxCzÁÙ���}yu\wyéÁz'^a��u\wy| ÌS�º|~}*wyxCzÚÒÃÌSÑ Ñ Ì � | �C�
ufÑ �SzLÛC�Nuf|~��z'^a��u\wy| ÌS��ÒÃÌS�"®\uf�y|~ufÛCÑ z�}
t
(j)
i

�
j = 1, . . . , r

�
i = 1, . . . , lj

F

n∑

s=1

−(Λs, αi)

t
(i)
j − zs

+
∑

s, s6=i

ls∑

k=1

(αs, αi)

t
(i)
j − t

(s)
k

+
∑

s, s6=j

(αi, αi)

t
(i)
j − t

(i)
s

= 0.

ènxCzÚz'^a��u\wy| ÌS�
(
Ë
)
|~}*wyxCzÈ�LuS}�zÚÌfÒ

g = sl2
uf��Í

Λi = mi
�

��Ìfwyz^wyx�u\w�z'^a��u\wy| ÌS�
(
Ë
)
|~}�}�Ó�{
{
zUwy�y|~� � | wyxÁ�yz�}�×µz��GwJwyÌ�×µzL�y{ù�EwNu\wy| ÌS��}JÌfÒ�®\uf�y|~ufÛCÑ z�}

� | wyx�wyxCzº}yuf{
z��C×C×µzL�ù| ��ÍEzU£J�>�Y� � x�u\wÈÒÃÌSÑ Ñ Ì � } � z�ÍEÌv�CÌfw�ÍE|~}rwy| �C�S�C|~}�x�}�ÌSÑ �Ewy| ÌS��}
� xC|~�NxïÍE| <dzL��Û�Óº}����Nxï×µzL�y{ù�EwNu\wy| ÌS��}L�ènxCz��*zUwyxCz"z'^a��u\wy| ÌS�

(
Ë
)
uf×C×µz�uf�yz�Íù| ��wyxCz��*zUwyxCz�Ù���}yu\wyén{
zUwyxCÌEÍ
ÌfÒJÍE|~uf�SÌS��ufÑ | éU�| �C�ùuÁ�UzL��wNuf| ��}�zUw'ÌfÒ��UÌS{
{ù�Ewy| �C�Á{[u\wy�y|~�Uz�}L�a�LufÑ Ñ z�Í���uf{
| Ñ wyÌS�C|~uf��}/ÌfÒ��Úuf��ÍE| ��{
ÌEÍEzLÑ¾�

;'uS�Nx�}�ÌSÑ �Ewy| ÌS�vÌfÒ'�*zUwyxCz�z'^a��u\wy| ÌS�v×C�yÌEÍE���Uz�}�uf�?zL| �SzL��®Sz��GwyÌS���_?�z�zU£E×µz��Gw�wyx�u\wÁufÑ ÑzL| �SzL��®Sz��GwyÌS�N}^uf�yz"ÌSÛEwNuf| �Cz�Í�wyxC|~} � uÓ�uf��Í�wyxC|~}�Ñ z�uSÍC}/��}/wyÌÁwyxCz"ÒÃÌSÑ Ñ Ì � | �C�È�UÌS���rz��Gwy�C�yzì � z�}�=�| ×?}�ÌS{
zÁwyz��NxC�C|~�LufÑ^�UÌS��ÍE| wy| ÌS��} � xC|~�Nx?uS}y}��C�yzÁwyx�u\w�wyxCz����C{ùÛµzL��ÌfÒ'}�ÌSÑ �Ewy| ÌS��}|~}n| ��ÍEzLz�ÍH���C| wyzÈuf��Íºwyx�u\w"wyxCzÈ}�| wy��u\wy| ÌS�Ä|~}n�SzL�CzL�y|~��í�F
HdMCRÈO�BEX[ãNRUDÈ¼r¿ÚIL¼\T BE½¾F«¼\OCIù¼r¿

(
I
)
R � B�Z\T IÁ½ÃMCRÈX�BET ½¾F ødT F«KUFP½m�Ä¼r¿ LΛ∞

FPO
LΛ1 ⊗ · · · ⊗ LΛn .

��zL�yz
LΛ

ÍEzL�CÌfwyz�}�wyxCz[| �y�yz�ÍE���U| ÛCÑ z
g
�î{
ÌEÍE�CÑ z � | wyx xC| �SxCz�}rw � zL| �SxawN} Λ

uf��ÍvwyxCz
� zL| �Sxaw Λ∞

|~}"zU£E×CÑ |~�U| wyÑ Óº�S| ®SzL�ºÛ�Ó

Λ∞ =

n∑

i=1

Λi −
r∑

i=1

liαi.

ènxCzl��zL| �CzU��Xawy| zLÑ wÎ�rz�}ÚwyxCzLÌS�yzL{ ®SzL�y| ��z�}�wyxCz[�UÌS���rz��Gwy�C�yz�| �?wyxCz[�LuS}�z�ÌfÒ
sl2 � xCzL�ufÑ ÑdwyxCz � zL| �SxawN}"uf�yz��CzL�au\wy| ®Sz[ì«uf��Í Lmi

uf�yz }/zL�y{[u�{
ÌEÍE�CÑ z�}NíG�

� n Ê ¦�½^¨ �  E��ª«¦ ¥ �
DC�yÌS{ �CÌ � ÌS� � z � | Ñ Ñ�ÍEz�ufÑ � | wyx2wyxCzv�LuS}�z � xCzL� ufÑ Ñ � zL| �Sxaw Λi

uf�yzï| �awyzL�S�NufÑÍEÌS{
| ��uf�aw��
j�zUw

yi =
∏li

j=1(x − t
(i)
j )
�J?�z
}yuÓÄwyx�u\wÚwyxCz

r
�¾wy�C×CÑ z
ÌfÒ'×µÌSÑ Ó��CÌS{
|~ufÑ~}

y = {yi}�yzL×C�yz�}�zL�awN}
t
(j)
i

�e?�z��LufÑ ÑCuf�
r
�¾wy�C×CÑ z"ÌfÒµ×µÌSÑ Ó��CÌS{
|~ufÑ~}

y
�SzL�CzL�y|~�'| Ò

yi
x�uS}©�CÌÚ{ù�CÑ wy| ×CÑ z�yÌ�ÌfwN}L�aÍEÌ�z�}��CÌfw'®\uf�C|~}�x�u\w

zi
uf��Í[ÍEÌ�z�}��CÌfw*x�u®Sz��UÌS{
{
ÌS�[�yÌ�ÌfwN} � | wyx yj � xCzL�CzL®SzL�

(αi, αj) < 0
�
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?�zÈufÑ~}�Ì
}�zUw
Ti(x) =

n∏

s=1

(x − zs)
〈Λs,α∨i 〉.

ènxCz*ÒÃÌSÑ Ñ Ì � | �C�ÚÑ zL{
{[u�|~}�uf�
uSÍCuf×EwNu\wy| ÌS��ÌfÒµwyxCz_Xawy| zLÑ wÎ�rz�}/ÌSÛ�}�zL�y®\u\wy| ÌS�ÈwyÌÚwyxCz��LuS}�zÌfÒ^| �awyzL�S�NufÑ � zL| �SxawN}nuf��ÍÄ�SzL�CzL�NufÑj�| zÁufÑ �SzLÛC�NuC�
& ���Å�¬«ñ²4�
� n z » � � � ~ HdMCR
½¾B�ødT R

y
DyRîødDyRGILRUO�½«I�Z�[�RU½ÃMCR�IL¼\T BE½¾F«¼\O F ¿�Z\OdÉï¼\O�T �ÄF ¿FP½*F~I�ÅaRUOdRUDGF«K�Z\OdÉ�½ÃMCRUDyRùR>+SF~IG½�ø�¼\T �\Od¼\X�F«Z\T I

ỹi
ILZ\½¾F~IÃ¿W�\FPO�Å

W (yi, ỹi) = Ti

∏

j, aij<0

y
−〈αj ,α∨i 〉
j ,

Â©MCRUDyR
W (u, v) = u′v − uv′ ÉSRUOd¼\½YRGIÈ½ÃMCR\]ùDy¼\OCIyQ\F«Z\O ¼r¿Á½¾Â'¼�¿NBEOdKU½¾F«¼\OCI �

¢*Dy¼�¼r¿ n ð��Cz>�Luf��wy�yz�u\w
(
Ë
)
uS}[uf��z'^a��u\wy| ÌS�2ÌfÒ�wyxCz����N}rw[ÌS�NÍEzL�ùÒÃÌS�
wyxCzï�C�.=��CÌ � �ÒÃ�C���Gwy| ÌS�

ỹi
��ènxCzï}�ÌSÑ �Ewy| ÌS��|~}
uf��| �awyzL�S�NufÑ � xC|~�Nx�Ûµz��UÌS{
z�}
u?×µÌSÑ Ó��CÌS{
|~ufÑ*| ÒÚuf��ÍÌS�CÑ Óv| Òn}�ÌS{
z��yz�}�|~ÍE�Cz�}�®\uf�C|~}�x���;%^a��u\wy| ÌS�

(
Ë
)
|~}ÚzU£CuS�GwyÑ ÓïwyxCz[®\uf�C|~}�xC| �C�ï�UÌS��ÍE| wy| ÌS�ÒÃÌS�nwyxCz�}�zÁ�yz�}�|~ÍE�Cz�}L�

��Ìfwyz�wyx�u\w/| ÒCwyxCz*×µÌSÑ Ó��CÌS{
|~ufÑ
ỹi
zU£E|~}rwN}�wyxCzL�ù| w^|~}©�CÌfw^�C�C|h^a�CzS�\| w/|~}�×�uf�Nuf{
zUwyzL�y| éLz�ÍÛ�Ó[wyxCzÈ�NxCÌS|~�UzÚÌfÒ�wyxCzÁ| �awyzL�S�Nu\wy| ÌS�ï�UÌS��}rwNuf�aw��

& ���Å�¬«ñ²4�W¨ n z » � � � ~ �Ã¿
y
DyRîødDyRGILRUO�½«IÈZ�[�RU½ÃMCRÁIL¼\T BE½¾F«¼\O�Z\OdÉ[½ÃMCRÁÀ\RNKU½Y¼\D

y
(i) :=

(y1, . . . , ỹi, . . . , yr)
F~I�ÅaRUOdRUDGF«Kù½ÃMCRUO

y
(i) Z\T IL¼�DyRîødDyRGILRUO�½«IÈZl[�RU½ÃMCRÁIL¼\T BE½¾F«¼\O �

¢*Dy¼�¼r¿ n ènxCz"×C�yÌ�ÌfÒµ|~}/ÍEÌS�Cz"®�|~uÚ�UÌS{
×�uf�y|~}�ÌS�ÈÌfÒJ�*zUwyxCz"z'^a��u\wy| ÌS��}�ÒÃÌS�/éLzL�yÌ�z�}^ÌfÒ
y
uf��Í

y
(i) ��}�| �C��wyxCz:?��yÌS��}�=�|~uf�Ä|~ÍEzL�awy| wrÓ (

Ë
)
�

ènx���}�}rwNuf��wy| �C�[ÒÃ�yÌS{ uº}�ÌSÑ �Ewy| ÌS�vÌfÒ'�*zUwyxCz�z'^a��u\wy| ÌS�
(
Ë
)
� � zùÌSÛEwNuf| �?u[Ò«uf{
| Ñ Ó>ÌfÒ�Cz � }�ÌSÑ �Ewy| ÌS��} y

(i) uf��Í � z[�Luf� �yzL×µz�u\wÚwyxCz[×C�yÌE�Uz�ÍE�C�yz � xC|~�Nx � z[�LufÑ Ñ^wyxCz[�yzL×C�yÌf�ÍE���Gwy| ÌS�2×C�yÌE�Uz�ÍE�C�yzºÌS���Uzïuf�auf| ����ènxCz>�UÑ Ìa}��C�yzºÌfÒ�wyxCzÄÒ«uf{
| Ñ Ó�ÌfÒ��*zUwyxCz>}�ÌSÑ �Ewy| ÌS��}ÌSÛEwNuf| �Cz�ÍïÒÃ�yÌS{ uº�S| ®SzL�>ÌS�Cz�®�|~uº}����L�Uz�}y}�| ®Szùuf×C×CÑ |~�Lu\wy| ÌS�vÌfÒ/wyxCz��yzL×C�yÌEÍE���Gwy| ÌS�v×C�yÌf��Uz�ÍE�C�yzÚ|~}��LufÑ Ñ z�ÍÄu�×µÌS×C�CÑ~u\wy| ÌS����îw/|~}^z�uS}�ÓÚwyÌÁ}�zLz*wyx�u\w'u�×µÌS×C�CÑ~u\wy| ÌS�ù|~}�uf�ù| �y�yz�ÍE���U| ÛCÑ z����C| wyzU�YÍE| {
zL��}�| ÌS��ufÑE®\uf�y| zUwrÓS�
���D���������Ç²4��² n z » � �b� ~ blz µ �(  �b� ~ á�O��*ø�¼yødBET Z\½¾F«¼\OïF~I"F~IL¼\X[¼\D¾ø�M�F«KÚ½Y¼È½ÃMCR�¿NBETPT�è"ZLÅÀ\Z\DGF«RU½m�

Gt/Bt ¼r¿�½ÃMCR�9�Z\O�ÅfT Z\OdÉI�É\B�Z\T�¼r¿ g � G?¼\DyRN¼\À\RUD
½ÃMCR�ÉSRNKN¼\X�ø�¼IGFP½¾F«¼\O)¼r¿ù½ÃMCRø�¼yødBET Z\½¾F«¼\O?Â/FP½ÃMÄDyRGI¾ø�RNKU½�½Y¼
½ÃMCRùÉSRîÅfDyRNRGIÈ¼r¿�ø�¼\T �\Od¼\X�F«Z\T I�KN¼\FPOdKUF«ÉSRGIÁÂ/FP½ÃMÄ½ÃMCR�["DGBaMCZ\½ÉSRNKN¼\X�ø�¼IGFP½¾F«¼\O � �GO[ø�Z\DG½¾F«KUBET Z\D�RNZSKNM�ø�¼yødBET Z\½¾F«¼\O�KN¼\O�½YZ\FPOCI�Z[BEO�F � B�R [�RU½ÃMCRÁIL¼\T BE½¾F«¼\OÂ©M�F«KNM?KN¼\DGDyRGI¾ø�¼\OdÉIÈ½Y¼ºZºÉS¼\X�FPOdZ\O�½*FPO�½YRîÅfDyZ\T�Â'RUF ÅM�½"Z\½*FPO'��O�FP½m� � 2
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º[n µ ¨©¡�¾©��ª«  ¥  >XJ¨© E��ª«¦ ¥ �
ènxCz�×C�yÌ�ÌfÒ�ÌfÒ©ènxCzLÌS�yzL{4�C� �È|~}*Û�uS}�z�Í[ÌS�[wyxCzÚ�UÌS�C�Cz��Gwy| ÌS��ÌfÒJwyxCzÚ�*zUwyxCz�;%^a��u\wy| ÌS�wyÌ>wyxCzÄ}�ÌS{
z�ÌSÛ��rz��GwN}ù�LufÑ Ñ z�Í�t>| �C�Nu>ÌS×µzL�N}L��DCÌS�ÈwyxCzº×C�C�y×µÌa}�z�}ÈÌfÒnwyxC|~}ùÑ z��Gwy�C�yz � z�yz�}rwy�y|~�Gw^ÌS�C�/�UÌS��}�|~ÍEzL�Nu\wy| ÌS�ÚwyÌ�wyxCz"�LuS}�z'ÌfÒ

slr+1 � xCzL�ùwyxCz"t>| �C�Nu�ÌS×µzL�^|~}©z'^a�C| ®\ufÑ zL�awwyÌ[u[}y�LufÑ~uf�nÍE| <dzL�yzL�awy|~ufÑ�ÌS×µzL�Nu\wyÌS�����| ®SzL��uf�
r
�¾wy�C×CÑ zÄÌfÒ�×µÌSÑ Ó��CÌS{
|~ufÑ~}

y
��ÍEzK���CzÄuv}y�LufÑ~uf�ùÍE| <dzL�yzL�awy|~ufÑ'ÌS×µzL�Nu\wyÌS�ÈÌfÒÌS�NÍEzL�

r + 1
Û�Ó[wyxCzÚÒÃÌS�y{ù�CÑ~u.F

D(y) = (∂ − ln′(

Qr
s=1 Ts

yr
)) (∂ − ln′(

yr

Qr−1
s=1 Ts

yr−1
)) . . . (∂ − ln′(

y2T1

y1
)) (∂ − ln′(y1))

=

0 → r
Y

i

( ∂ − ln′ (
yr+1−i

Qr−i
s=1 Ts

yr−i
) ) .

j�zUw��CÌ � y
�yzL×C�yz�}�zL�aw�uf�

slr+1
�*zUwyxCz�}�ÌSÑ �Ewy| ÌS�vuf��ÍïÑ zUw

P
ÛµzùwyxCz��UÌS�y�yz�}�×µÌS��ÍE| �C�×µÌS×C�CÑ~u\wy| ÌS�ÄÌfÒ/�*zUwyxCzÁ}�ÌSÑ �Ewy| ÌS��}L�

���D���������¦¤+�
� n z » � � � ~
� �Ã¿ y1 ∈ P

½ÃMCRUO
D(y1) = D(y) �

� á�TPTJIL¼\T BE½¾F«¼\OCIù¼r¿ D(y)u = 0
Z\DyRnø�¼\T �\Od¼\X�F«Z\T I � G?¼\DyRN¼\À\RUDÈ½ÃMCRGILR"ø�¼\T �\Od¼\X�F«Z\T IZ\DyRÈDyRUT Z\½¾FPÀ\RUT �ÚødDGFPX[R �

� HdMCR�¼yø�RUDyZ\½Y¼\D
D(y)

F~I%QJB�KNMaIGF«Z\O�Â/FP½ÃM�IGFPO�ÅfBET Z\D�ø�¼\FPO�½«I
z1, . . . , zn

Z\OdÉ ∞ Â/FP½ÃMR>+Gø�¼\OdRUO�½«I�ÅfFPÀ\RUO ãK�

zi : 0, (Λi, α1) + 1, (Λi, α1 + α2) + 2, . . . , (Λi,

r∑

j=1

αj) + r

∞ : l, l+ (Λ∞, α1) + 1, l + (Λ∞, α1 + α2) + 2, . . . , l + (Λ∞,
r∑

j=1

αj) + r,

Â©MCRUDyR
l
F~IÁIL¼\X[RùOd¼\O�OdRîÅaZ\½¾FPÀ\RùFPO�½YRîÅaRUD�Z\OdÉ

Λ∞
F~IÈ½ÃMCRùBEO�F � B�RÈFPO�½YRîÅaRUD�ÉS¼\X�FPWOdZ\O�½'Â'RUF ÅM�½"¼�KNKUBEDGFPO�Å�FPO

P � 2

?�zÈ�LufÑ Ñ
D(y) = D(P )

wyxCzÚÒÃ�C��ÍCuf{
zL�awNufÑ�ÌS×µzL�Nu\wyÌS�nÌfÒ�wyxCzÁ×µÌS×C�CÑ~u\wy| ÌS�
P
�

���D���������¦¤+�W¨ n z » � � � ~ 9�RU½
D
ãNR"ZcQJB�KNMaIGF«Z\O�É\F Í�RUDyRUO�½¾F«Z\TC¼yø�RUDyZ\½Y¼\D"¼r¿*¼\DyÉSRUD

r+1Â/FP½ÃM�ø�¼\T �\Od¼\X�F«Z\T�QSRUDGOdRUT/Z\OdÉÄR>+Gø�¼\OdRUO�½«IùZIùFPO;HdMCRN¼\DyRUX Ç´� I � á�INIGBEX[RÈFPO�ZSÉSÉ\FP½¾F«¼\O½ÃMCZ\½"½ÃMCR�ø�¼\T �\Od¼\X�F«Z\T I
FPO?QSRUDGOdRUT�Z\DyR
DyRUT Z\½¾FPÀ\RUT �ÈødDGFPX[R � HdMCRUO D F~I[Z�¿NBEOdÉSZ\X[RUO�½YZ\T¼yø�RUDyZ\½Y¼\D�¼r¿�IL¼\X[Rnø�¼yødBET Z\½¾F«¼\O
P
¼r¿
slr+1

[�RU½ÃMCRÁIL¼\T BE½¾F«¼\OCI �
ènxCzL�yzUÒÃÌS�yz � z�x�u®Sz�uÁÌS�CzU�¾wyÌf�îÌS�Cz"�UÌS�y�yz�}�×µÌS��ÍEzL���Uz"ÛµzUw � zLzL�[×µÌS×C�CÑ~u\wy| ÌS�[uf��Í[ÍE| ÒP�ÒÃzL�yzL�awy|~ufÑJÌS×µzL�Nu\wyÌS�N} � | wyxï×µÌSÑ Ó��CÌS{
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X/K

Ûµz�u�^a�C| �awy|~�l-�zLÑ�ñ^zLéLéLÌ>}��C��Ò«uS�Uz�Ì\®SzL�ÁuÄ���C{ùÛµzL� ��zLÑ~Í
K
�l?�z[x�u®Sz

X = XK = BlP1,P2,P3,P4 P2 �µ|¾� zS���SzLÌS{
zUwy�y|~�LufÑ Ñ ÓS� X |~}"wyxCzùÛCÑ Ì � �î�C×vÌfÒ P2 | �>ÒÃÌS�C�×µÌS| �awN}n| �ï�SzL�CzL�NufÑd×µÌa}�| wy| ÌS���0? | wyxCÌS�Ew�Ñ Ìa}y}nÌfÒ^�SzL�CzL�NufÑ | wrÓS� � zÚ{[uÓºuS}y}��C{
z�wyx�u\w
P1 = [1, 0, 0], P2 = [0, 1, 0], P3 = [0, 0, 1], P4 = [1, 1, 1].
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X�| ���Uz�wyxCzL�yz'|~}�u��C�C|h^a�Cz'×C�yÌ��rz��Gwy| ®�| wrÓ�wNu�=�| �C��uf�yÛC| wy�Nuf�yÓ��SzL�CzL�y|~�/×µÌS| �awN}
P1, P2, P3, P4ìÃ|¾� zS� �©ÍE|~}rwy| ���GwÈuf��Í?�CÌÄwyxC�yzLz
ÌfÒ'wyxCzL{��UÌSÑ Ñ | �Cz�uf�Gí"wyÌ

[1, 0, 0], . . . , [1, 1, 1]
uS}ÚufÛµÌ\®SzS�wyxCzº�SzLÌS{
zUwy�yÓ?ÛµzLxC| ��Í wyxC|~}ùÌ\®SzL�

K
|~}Äì � xCzL�yz P5 ∈ X

|~}ÈwyxCzº×µÌS| �aw � z � uf�awÈwyÌÍEz�}y�U�y| Ûµzí�F
X = SL3 \\{(P1, . . . , P5) ∈ P2}

= SL3 \\
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y1 y2 y3 y4 y5
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Gr(3, 5)
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GL3

� � z�x�u®Sz GL3 \\M(3 × 5) ∼= Gr(3, 5)
� � xCzL�yz

� zÄ| �awyzL�y×C�yzUwùwyxCzºwyxC�yzLzÄ�yÌ � }ÈÌfÒ�u 3 × 5
{[u\wy�y| £�uS}�uvÛ�uS}�|~}L��ènxC|~}ù| {
×CÑ | z�}ùwyx�u\w

SL3 \\M(3× 5)
|~}nwyxCzÈ�UÌS�CzÚÌ\®SzL�*wyxC|~}����NuS}y}�{[uf�C�C|~uf���ènxCzL�yzUÒÃÌS�yzS�

X ∼= Cone(Gr(3, 5))//G5
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����zL�yzS�
Gr(3, 5)

|~}/zL{ùÛµz�ÍCÍEz�Í
| �awyÌ
P9 Û�ÓwyxCzÁñ�Ñ ���W=SzL�"zL{ùÛµz�ÍCÍE| �C���ènxCzc�r{
| �NuS�UÑ z���|~}nwyx�u\w"wyxC|~}n�SzL�CzL�NufÑ | éLz�}'wyÌ[�CÌS�E�Y�UÑ Ìa}�z�Í���zLÑ~ÍC}L�

ª ���¬«���¬¨ n ènxCz"×µzL�y{ù�EwNu\wy| ÌS���S�yÌS�C×
S5
ÌfÒµwyxCzi��®Szn×µÌS| �awN}�uS�GwN}^ÌS�ùwyxCz�}�| wy��u\wy| ÌS���uf��ÍÄuS�Gwy��ufÑ Ñ Ó

Aut(X) = S5
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-�z�}y�UzL�aw�ÍCu\wNuùÒÃÌS�
X
|~}"�S| ®SzL�ÄÛ�Ó��yzL×C�yz�}�zL�awNu\wy| ÌS��}

ρ : Gal(K/K)→ S5
�wj�zUw

TρÛµz/wyxCz/�CÌS��}�×CÑ | w�ÒÃÌS�y{$ÌfÒ
G5
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�UÌS�y�yz�}�×µÌS��ÍE| �C�*wyÌ
ρ
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X
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Cone(Gr(3, 5))//Tρ
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Pic(X)
|~}ÁÒÃ�yzLz[ÌfÒ"�Nuf�.=
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�\j�zUw

TX
Ûµz[wyxCzH��ÔL�yÌS�E��X�zL®SzL�y|©wyÌS�y��}L��|¾� zS� �^| wN}�Nx�uf�NuS�GwyzL�*�S�yÌS�C×Ä|~}

χ∗(TX) = Pic(X)
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TX
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Tx
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X}�Ì�wyx�u\wï�S| ®SzL�$uf�;zLÑ zL{
zL�aw
λ ∈ χ∗(TX)

ìÃ|¾� zS� �
λ : TX → Gm

íG��wyxCzL�
M
×
λ
∼=

Lλ−{0
�Y}�z��Gwy| ÌS� } uS} Gm

�îÛC�C��ÍEÑ z�}'Ì\®SzL�
X
����zL�yzS�

Lλ ∈ Pic(X)
|~}�wyxCz�Ñ | �Cz�ÛC�C��ÍEÑ zuS}y}�ÌE�U|~u\wyz�ÍºwyÌ

λ
Û�Ó

χ∗(TX) ∼= Pic(X)
�duf��Í

Mλ
|~}"wyxCz�uS}y}�ÌE�U|~u\wyz�ÍÄÛC�C��ÍEÑ zÈwyÌ[wyxCz×C�y| ���U| ×�ufÑJÛC�C��ÍEÑ z

U → X
| ��ÍE���Uz�ÍÄÛ�Ó[wyxCzÁ�yzL×C�yz�}�zL�awNu\wy| ÌS�

λ
�

�A� «����gÊ-�F¤ n ËS� j�zUw
X = Pn ��ènxCzL� U = An+1 − {0} |~}ÈwyxCzÄ�UÌS�y�yz�}�×µÌS��ÍE| �C��C�C| ®SzL�N}yufÑµwyÌS�N}�ÌS� � | wyxÄwyxCzÚwyÌS�y��}"uS�Gwy| �C�[ÍE|~uf�SÌS��ufÑ Ñ ÓS�e?�zÁx�u®Sz U /Gm

∼= X = Pn �
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TX
ÌS�

Cone(Gr(3, 5))
� ènxCzL� wyxCz?�C�C| ®SzL�N}yufÑ�wyÌS�N}�ÌS�

U
|~}�wyxCz?ÌS×µzL�$}��CÛ�}�zUwÄÌfÒ

Cone(Gr(3, 5))
ÌS� � xC|~�Nx TX

uS�GwN}*ÒÃ�yzLzLÑ ÓS�
ènxCzÈufÛ�}rwy�NuS�Gw�uf×C×C�yÌauS�NxºwyÌ[�C�C| ®SzL�N}yufÑJwyÌS�N}�ÌS�N}*|~}�uS}nÒÃÌSÑ Ñ Ì � },FnÐ'xCÌ�Ìa}�zÈu[{
| �C| {[ufÑ}�zUw
L1, . . . ,Lr

�SzL�CzL�Nu\wy| �C�
Pic(X)

Ì\®SzL�
Z
��-�zL�CÌfwyz

Lj−{0
�Y}�z��Gwy| ÌS� } Û�Ó L

×
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��j�zUw
U = L

×
1 × · · · ×L×r

�*ènxCzL�
TX → U → X

|~}�u
TX
�î×C�y| ���U| ×�ufÑJÛC�C��ÍEÑ zùÍEzK���C| �C�wyxCzÁ�C�C| ®SzL�N}yufÑµwyÌS�N}�ÌS���

��Ì � zL®SzL���LwyxC|~}©ufÛ�}rwy�NuS�Gw^ÍEzK���C| wy| ÌS�È|~}©�CÌfw©®SzL�yÓ���}�zUÒÃ�CÑ¾�fzS� ��� ��ÒÃÌS�©���C{ùÛµzL��wyxCzLÌS�yzUwy|~�uf×C×CÑ |~�Lu\wy| ÌS��}L�
ª ���¬«���ÌÆ n ð�®SzL���CÌS�E�Y�UÑ Ìa}�z�Í���zLÑ~ÍC}L� � z"{[uÓù�CÌfw*Ûµz�ufÛCÑ z"wyÌùÍEz�}y�UzL��ÍùwyxCz��C�C| ®SzL���}yufÑdwyÌS�N}�ÌS�
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DCÌS�ÈzU£Cuf{
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�Ä�îwù|~}È�SzLÌS{
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P1 �EÛC�Ew�| w�x�uS}n�CÌ
Ñ | �CzÁÛC�C��ÍEÑ zÁ|~}�ÌS{
ÌS�y×CxC|~��wyÌ OP1(1)
Ì\®SzL�*wyxCzÁ�S�yÌS�C��ÍC��zLÑ~ÍJ�/�îwÌS�CÑ Óvx�uS}�Ñ | �Cz[ÛC�C��ÍEÑ z�}ÚÌfÒnzL®SzL��ÍEzL�S�yzLzS��}�ÌºwyxCzL�yz[�Luf�C�CÌfwÁzU£E|~}rwÈuÄ�C�C| ®SzL�N}yufÑ©wyÌS�N}�ÌS�Ì\®SzL�*wyxCzÁ�S�yÌS�C��Í���zLÑ~ÍJ�

mbn � nÖ� ¦���  � ¡S¦�¦��\§©ª ¥  E�� >�\ª ¥ �µ� a � ¦+�2�\ª ¥ �µ� n
£ ��¤k¥+¦
§
¦���¥�ª n j�zUw

X
Ûµzïuv×C�yÌ��rz��Gwy| ®Sz�®\uf�y| zUwrÓ � | wyx�×C�yÌS×µzL��wy| z�}ùuS}ùufÛµÌ\®SzS� j�zUw

L1, . . . ,Lr
ÛµzÈu�Û�uS}�|~}nÌfÒ

Pic(X)
��ènxCzL�ÄwyxCz�Ð'Ì£��y| �C�
ÌfÒ

X
|~}"ÍEzK���Cz�ÍïuS}

Cox(X) =
⊕

(v1,...,vr)∈Zr

Γ(X,L v1
1 ⊗ · · · ⊗L

vr
r ).

ñ��yÌS×µzL��wy| z�}nÌfÒ
Cox(X)

uf�yz�F
ËS�n�îwn|~}*�S�NuSÍEz�Í[Û�Ó

Pic(X)
F©ÒÃÌS�

λ ∈ χ∗(TX) ∼= Pic(X)
�awyxCzÚ×�uf��w*ÌfÒ©ÍEzL�S�yzLz

λ
|~}�S| ®SzL�ºÛ�Ó

Cox(X)λ = Γ(X,Lλ)
�Ï �"ènxCzÁwyÌS�y��}

TX
uS�GwN}"��u\wy�C�NufÑ Ñ ÓºÌS�

Cox(X)
F�DCÌS�

t ∈ TX
�
s ∈ Cox(X)λ

�CwyxC|~}uS�Gwy| ÌS�Ä|~}n�S| ®SzL�ÄÛ�Ó
t(s) := λ(t) · s ��C�

Cox(X)
|~}©| ��ÍEzL×µzL��ÍEzL�aw/ÌfÒCwyxCz"�NxCÌS|~�Uz'ÌfÒ��SzL�CzL�Nu\wyÌS�N}

Li
ÌfÒCwyxCznñ�|~�Luf�NÍÈ�S�yÌS�C×����| ®SzL�Úw � Ì�}�zUwN}�ÌfÒE�SzL�CzL�Nu\wyÌS�N} Li

uf��Í
Mj
��wyxCz�| ��ÍE���Uz�ÍÁ|~}�ÌS{
ÌS�y×CxC|~}�{$ÌfÒE�y| �C�a}|~}'�Luf�CÌS�C|~�LufÑCÌS�CÑ Ó��C×[wyÌÁwyxCz�uS�Gwy| ÌS�[ÌfÒJwyxCz�wyÌS�y��}

TX
�/ènxCz��yz�uS}�ÌS�
|~}�wyx�u\w�wyxCz|~}�ÌS{
ÌS�y×CxC|~}�{ÎÍEzL×µzL��}"ÌS�ïu
�NxCÌS|~�UzÚÌfÒ^|~}�ÌS{
ÌS�y×CxC|~}�{[}

Lj
∼= M

n1
1 ⊗ · · · ⊗M

nr
r , j ∈ {1, . . . , r}.

��Ì � zL®SzL����}����Nxvuf�>|~}�ÌS{
ÌS�y×CxC|~}�{ |~}��CÌfw��Luf�CÌS�C|~�LufÑmF Lj
x�uS}�uf�EwyÌS{
ÌS�y×CxC|~}�{[}�S| ®SzL�ºÛ�ÓÄ}y�LufÑ~uf�n{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS���0DCÌS��ÍEzUwNuf| Ñ~}L��}�zLz�z � � � º ~ �ènxCzÁzU£E|~}rwyzL���UzÚÌfÒ©�CÌS�E�¾wy�y| ®�|~ufÑJuf�EwyÌS{
ÌS�y×CxC|~}�{[}*{[u�=Sz�}'wyxCzÁÍEz�}y�UzL�aw"ÌfÒ^�C�C| �®SzL�N}yufÑµwyÌS�N}�ÌS�N}*uf�Ä| �awyzL�yz�}rwy| �C��^a�Cz�}rwy| ÌS���



� � ° z r ��y�,�K�����

Õ��"ènxCzÁ�S�NuSÍEz�ÍÄ×C| z��Uz�}"ÌfÒ
Cox(X) � xC|~�Nxvuf�yzÚ�CÌS�E�îéLzL�yÌ[�UÌS�y�yz�}�×µÌS��Í�wyÌ�zK<dz��Gwy| ®SzÍE| ®�|~}�ÌS�N}*ÌS�

X
�

ènxCzùÐ'Ì£º�y| �C�[ÍEÌ�z�}n�CÌfw"�CzLz�ÍºwyÌ[Ûµz ���C| wyzLÑ Óº�SzL�CzL�Nu\wyz�ÍF
�A� «����gÊ-�L¶ � » ¨N�C Cª   n j�zUw

X = BlP1,...,Pn Pr−1 Ûµz�wyxCzºÛCÑ Ì � �C×�ÌfÒ"×C�yÌ��rz��Gwy| ®Sz}�×�uS�UzÚ| �
n
×µÌS| �awN}"| �>�SzL�CzL�NufÑJ×µÌa}�| wy| ÌS�����îÒ 1

2 + 1
r + 1

n−r ≥ 1
�CwyxCzL�

Cox(X)
|~}"�CÌfw

���C| wyzLÑ Óï�SzL�CzL�Nu\wyz�Í ìÃ|¾� zS� ��ÒÃÌS�
P2 F n ≥ 9 ± ÒÃÌS� P3 F n ≥ 8

íG�c-�zUwNuf| Ñ~}��Luf�>ÛµzÈÒÃÌS�C��Íï| �
z » ¨N� � m ~ �
��Ì � zL®SzL���a| w�|~}i���C| wyzLÑ Óº�SzL�CzL�Nu\wyz�Í�| Ò^ÌS�CzÚÌfÒ©wyxCzÚÒÃÌSÑ Ñ Ì � | �C�
�UÌS��ÍE| wy| ÌS��}n|~}nwy�y�Cz�FËS�"ènxCz��UÌS�Cz�ÌfÒ�zK<dz��Gwy| ®Sz�ÍE| ®�|~}�ÌS�N}

NE(X)
|~}'�SzL�CzL�Nu\wyz�Í
Û�Ó[u:���C| wyz��UÌSÑ Ñ z��Gwy| ÌS��ÌfÒ}�zL{
| �Yuf{
×CÑ zÈÑ | �CzùÛC�C��ÍEÑ z�}�ìÃzS� ��� �

X = G/P � xCzL�yz P |~}�×�uf�NufÛµÌSÑ |~�È}��CÛC�S�yÌS�C×ÌfÒ^uf�ïufÑ �SzLÛC�Nuf|~���S�yÌS�C×
G
íG�Ï �

X
|~}ÁìÃÑ ÌS��í�D�uf�CÌ
ÌfÒ/ÍE| {
zL��}�| ÌS� ≤ 3

�
�C�
X
|~}ÈwyÌS�y|~�f�v�Y��wyxC|~}��LuS}�zS��ÒÃÌS�

X − GdimX
m =

⋃N
j=1 Dj � xCzL�yz[wyxCz Dj

uf�yz
}��CÛ�®\uf�y| zUwy| z�}[ÌfÒù�UÌEÍE| {
zL��}�| ÌS�

1
��uf��Í

sj ∈ Γ(OX (Dj))
|~}��CÌS�E�îéLzL�yÌ��*wyxCzL�

Cox(X) ∼= K[s1, . . . , sN ]
�

mbn º[n �   �  E��ª«¦ ¥ �>�$ a� e  G  ¥ ¨ ¥ ª �  a�\��  � ��¦��\��¦��\�?  ¥ § � ¦+� �\ª ¥ �µ� n DC�yÌS{¬�CÌ �ÌS���©uS}y}��C{
z�wyx�u\w
Cox(X)

|~} ���C| wyzLÑ Ó?�SzL�CzL�Nu\wyz�ÍJ��j�zUw
V = Spec(Cox(X))

���îwÈ|~}u�u[�Cz � | wyx TX
�YuS�Gwy| ÌS�

TX × V → V
��D©| £>uf�ïÌS×µzL�>}��CÛ�}�zUw

U
ÌS� � xC|~�Nx TX

uS�GwN}ÒÃ�yzLzLÑ ÓS��ènxCzÚÛ�uS}�|~��Ò«uS�Gw�|~}*wyx�u\w
U
|~}"u

TX
�î×C�y| ���U| ×�ufÑJÛC�C��ÍEÑ zÁÌ\®SzL�

X
F

TX
// U

��

Xuf��Í
U
|~}"u
�C�C| ®SzL�N}yufÑµwyÌS�N}�ÌS���ènxCzÁ×C�C���NxCÑ | �CzÁ|~}*wyx�u\w"wyxC|~} � uÓS�awyxCzÈ�C�C| ®SzL�N}yufÑµwyÌS�N}�ÌS� U

|~}n��u\wy�C�NufÑ Ñ Óºu�^a��uS}�| �u�u[�Cz�®\uf�y| zUwrÓS�^ènxCzL�yzUÒÃÌS�yzS�f�S| ®�| �C�Áz'^a��u\wy| ÌS��}^ÒÃÌS�
U
|~}�z'^a�C| ®\ufÑ zL�aw/wyÌÈ�S| ®�| �C�È�SzL�CzL�Nu\�wyÌS�N}©uf��ÍÈ�yzLÑ~u\wy| ÌS��}�ÒÃÌS�

Cox(X)
�^ènxC|~}^�Luf�ÈÛµz"ÍEÌS�Cz'Û�ÓÈufÑ �SzLÛC�yÌf�î�SzLÌS{
zUwy�y|~�©{
zUwyxCÌEÍC}L�

� xC|~�Nx�{[uÓÁÛµz�}�zLzL�
uS}^uf��| {
×C�yÌ\®SzL{
zL�aw©wyÌ�wyxCznzU£E|~}rwy| �C�Ú���C{ùÛµzL�^wyxCzLÌS�yzUwy|~�'{
zUwyxCÌEÍwyÌ[�LufÑ~�U�CÑ~u\wyzÚ�C�C| ®SzL�N}yufÑµwyÌS�N}�ÌS�N}L�è�Ì�}�=SzUwN�Nx>u[×C�yÌ�ÌfÒ^ÌfÒ^wyxCz�}�zÈ�yz�}��CÑ wN}L��ÌSÛ�}�zL�y®Sz�wyx�u\w
X
|~}���u\wy�C�NufÑ Ñ ÓÄu���zLÌS{
zUwy�y|~��Y��®\uf�y|~uf�aw'ènxCzLÌS�yÓl^a�CÌfwy| zL�aw

(V //TX)λ
ìÃÛ�Ól!ÚzLzLÑ ê������bz � {·�b� ~ í�u\ÒPwyzL�*}�×µz��U| ÒÃÓ�| �C��uÑ | �Cz�uf�y| é�u\wy| ÌS�

λ ∈ χ∗(TX)
}�Ì�wyx�u\w

Lλ
|~}"uf�ïuf{
×CÑ zÁÑ | �CzÚÛC�C��ÍEÑ zÈÌS�

X
�

��Ìfwyz
wyx�u\w � z
�CzLz�Í?wyÌ>{
| £ u�u[�Cz[| ��®\uf�y|~uf�aw�wyxCzLÌS�yÓ�uf��ÍvwyxCz���}���ufÑ/×C�yÌ��rz��Gwy| ®Sz��zLÌS{
zUwy�y|~���Y��®\uf�y|~uf�aw"ènxCzLÌS�yÓ[wyÌ
| �awyzL�y×C�yzUw
(V //TX)λ

FwD©| �N}rwnwNu�=Sz�wyxCzÈu�u[�CzJ^a�CÌf�wy| zL�aw��C��ÍEzL�"wyxCzùuS�Gwy| ÌS�ÄÌfÒ
ker(λ)

� � xC|~�Nxï�S| ®Sz�}nuf�>u�u[�CzÁ®\uf�y| zUwrÓS�'ènxCzL�ÄwNu�=Sz Proj��}�| �C��wyxCzÁ�S�NuSÍE| �C�
�UÌS{
| �C��ÒÃ�yÌS{ØwyxCzÈ�Nx�uf�NuS�GwyzL�
λ
�



�4d^��yZ��w)
��:
2�����4w ���{��Ky4x���
{��,
{��:y�� t 	�
�F {bwh�21M� � � µ

ènxCzL�
Proj(

⊕
n≥0 Cox(X)nλ) = (V //TX)λ

Û�Ó?��zLÌS{
zUwy�y|~�È�Y��®\uf�y|~uf�aw�ènxCzLÌS�yÓS�
ènxCz?Ñ zUÒPwÄx�uf��Í;}�|~ÍEzv|~}

Proj(
⊕

n≥0 Γ(X,L⊗n
λ ))

� � xC|~�Nx |~}J�r��}rw X }�| ���Uz
Lλ

|~}uf{
×CÑ zS�Ù }�z��UÌS��Í�ÌSÛ�}�zL�y®\u\wy| ÌS��|~}ùwyx�u\w[�S| ®SzL�
λ ∈ χ∗(TX)

�'|¾� zS� �
λ : TX → Gm

��wyxCzuS}y}�ÌE�U|~u\wyz�Í?ÛC�C��ÍEÑ z�| ��ÍE���Uz�}
L
−1
λ

�ïènxCzL�yzUÒÃÌS�yzS��| w�}���u��Uz�}ÚwyÌ?�NxCz��W=vwyxCzº�UÑ~uf| { ÒÃÌS�uf{
×CÑ z
λ
�

?�z*x�u®Sz*uf�ù| ���UÑ ��}�| ÌS� ⊕
n≥0 Cox(X)nλ → Cox(X) � xC|~�Nxù| ��ÍE���Uz�}^u�ÍEÌS{
| ��uf�aw{[uf×

V → Cone(X ⊂ PN ,Lλ)
��ènxCzL�yzUÒÃÌS�yzS� � zÚx�u®Sz

V −−−−→ Cone(X ⊂ PN)
x

x

U −−−−→ (Cone(X ⊂ PN )− {0}) ∼= (L −1
λ )×

ènxCz�×µÌS| �awn|~},F�ð��Cz��SzUwN}'xCÌSÑ~Í[ÌfÒ�wyxCz��C�C| ®SzL�N}yufÑCwyÌS�N}�ÌS�'Û�Ó
zL{ùÛµz�ÍCÍE| �C�ù| wn| �awyÌÈwyxCzu�u[�CzÚ®\uf�y| zUwrÓ
Spec(Cox(X))

�

�^n ® XJ¨© E��ª«¦ ¥ �
¦b��¨ ¥ ª �  a�\��  � ��¦��\��¦��\�
DC�yÌS{ �CÌ � ÌS����Ñ zUw X Ûµzïu?}�{
Ì�Ìfwyx�×C�yÌ��rz��Gwy| ®Sz�®\uf�y| zUwrÓ Ì\®SzL�ùÌS��ufÑ �SzLÛC�Nuf|~�LufÑ Ñ Ó�UÑ Ìa}�z�Í���zLÑ~Í

K
ÌfÒ��Nx�uf�NuS�GwyzL�y|~}rwy|~�

0 � | wyx Pic(X) ∼= Zr � xCÌa}�z[Ð'Ì£Ä�y| �C�º|~}A���C| wyzLÑ Ó�SzL�CzL�Nu\wyz�ÍJ�©ènxCzL�yzUÒÃÌS�yzS�wyxCz��UÌS�Cz*ÌfÒdzK<dz��Gwy| ®Sz"ÍE| ®�|~}�ÌS�N}
NE(X)

|~}e���C| wyzLÑ Óù�SzL�CzL�Nu\wyz�ÍJ�

�^n>mbnÖ� ¾l  ¡  a��¾©¦�§�¦b� � ¦ �>� ª«¦�� � � ¾l± �5G�¥  �  ¥ § §   ¥ ��¨©¡ n ènxC|~}nuf×C×C�yÌauS�Nx
wyÌÈwyxCz�LufÑ~�U�CÑ~u\wy| ÌS�ÄÌfÒ�Ð'Ì£º�y| �C�a}n�Luf�ïÛµz�ÒÃÌS�C��ÍÄ| � z �¨� §[¶4® ~ �ð��
X
�^�NxCÌ�Ìa}�z[zK<dz��Gwy| ®SzºÍE| ®�|~}�ÌS�N}

D1, . . . , DN
�SzL�CzL�Nu\wy| �C�

Pic(X)
��j�zUw

W =
X\(D1 ∪ · · · ∪ DN

��X�| ���Uzº�yzL{
Ì\®�| �C�vwyxCz�}�zº�SzL�CzL�Nu\wyÌS�N}J=�| Ñ Ñ~}ÈwyxCzÄñ�|~�Luf�NÍ��S�yÌS�C×��
Pic(W ) = 0

�
?�zÁx�u®SzÚuf�ÄzU£CuS�Gw�}�z'^a�CzL���Uz

0→ K[W ]∗/K∗ →
N⊕

j=1

ZDj → Pic(X)→ 0

� xCzL�yz K[W ]∗/K∗
ÍEz�}y�U�y| Ûµz�}*wyxCzÁÑ | �Cz�uf�"z'^a�C| ®\ufÑ zL���Uz�}"uf{
ÌS�C� {D1, . . . , DN}

�
-���ufÑ | éL| �C��wyxC|~}�}�z'^a�CzL���UzÚÛ�Óºuf×C×CÑ Ó�| �C�

Hom(·,Gm)
� � zÚÌSÛEwNuf| �

1→ TX → GN
m

q−→ RW → 1.
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ª ���¬«��� » n Ù {
ÌS�y×CxC|~}�{
ϕ : Z → RW

�S| ®Sz�}nu
TX
�¾wyÌS�N}�ÌS�'F

TX
// GN

m ×RW Z

��

⊃ q−1(ϕ(z))

��
Z 3 z

ènxCz>}rwy�Nu\wyzL�SÓ�|~}
wyÌ��UÌS��}rwy�y���Gw�u
TX
�¾wyÌS�N}�ÌS�

UW
Ì\®SzL�

W � xC|~�Nx2zU£�wyzL��Í�wyÌ�u�C�C| ®SzL�N}yufÑ^wyÌS�N}�ÌS�ÁÌ\®SzL�
X
�ÄènxC|~}È}rwy�Nu\wyzL�SÓ � ÌS�>=E} � zLÑ Ñ�| ��{[uf��Ó��LuS}�z�}L��ÛC�Ewù�CÌfwÈ| ��SzL�CzL�NufÑ¾�ènxCzÚ{
ÌS�y×CxC|~}�{

ϕ : W → RW
|~}"�UÌS��}rwy�y���Gwyz�ÍºÛ�Óº�UÌS��}rwy�y���Gwy| �C�
u
}�×CÑ | w�wy| �C�

σ
wyÌwyxCzJ^a�CÌfwy| zL�aw

K[W ]∗ // K[W ]∗/K∗ :
σ

qq

��ÌfwyzÚwyx�u\w
σ
| ��ÍE���Uz�}"u

K
�YufÑ �SzLÛC�NuÈxCÌS{
ÌS{
ÌS�y×CxC|~}�{

K[RW ] = K[t1, t
−1
1 , . . . , tN−r, t

−1
N−r]→ K[W ], tj 7→ σ(tj),

� xCzL�yz[wyxCz tj ÒÃÌS�y{ u>Û�uS}�|~}ÁÒÃÌS� χ∗(RW )
uf��Í

r = Rank(Pic(X))
�8X�| ���Uz

RW
|~}u�u[�CzS��}����Nxvu
xCÌS{
ÌS{
ÌS�y×CxC|~}�{ �UÌS�y�yz�}�×µÌS��ÍC}'wyÌ�u

K
�î{
ÌS�y×CxC|~}�{

W → RW
� � xC|~�NxÍEzK���Cz�}

ϕ
�ènxCz =SzLÓ[Ò«uS�Gw�|~}nwyx�u\w"wyxCzÁ{
ÌS�y×CxC|~}�{

ϕ
zU£�wy�NuS�Gwyz�Í�ÒÃ�yÌS{

σ
�S| ®Sz�}nu�wyÌS�N}�ÌS�

TX →
UW → W

ÌS�
W
uSÍE{
| w�wy| �C�ïuf�>zU£�wyzL��}�| ÌS�>wyÌÄu��C�C| ®SzL�N}yufÑ�wyÌS�N}�ÌS�

TX → U → XÌ\®SzL�
X
�

TX
// UW

��

W

; TX
// U

��

XÙ��ÄzU£E×CÑ |~�U| wn{
zUwyxCÌEÍ�ÒÃÌS�"�UÌS��}rwy�y���Gwy| �C��}����NxÄuf�ºzU£�wyzL��}�| ÌS��|~}n�CÌfwi=��CÌ � ����ð��CÑ Ó
wyxCzzU£E|~}rwyzL���UzÚ|~}"×C�yÌ\®SzL�º| �Åz �¨� §[¶4® ~ �
ª ���¬«��� ¼ � Á  E���J�(  �g  n ��| ®SzL�ºuÈ×µÌS| �aw

P ∈ W � � z��SzUw"uÈ��u\wy�C�NufÑµ}�×CÑ | w�wy| �C� σP :
K[W ]∗/K∗ → K[W ]∗

F�ÒÃÌS�"zL®SzL�yÓ�zLÑ zL{
zL�aw�ÌfÒ
K[W ]∗/K∗

���NxCÌ�Ìa}�zÁu
�yzL×C�yz�}�zL�awy| �C�
f
}yu\wy|~}rÒÃÓ�| �C�

f(P ) = 1
�

�^n2�^nÖ� ¾l � ��� v¡¬½ �  �¦b�d��¾l �XJ¨©ª ¥ ��ª«¡ �   �´Ê  +���S¦[��¨��(�î C¡�  n j�zUw
X = BlP1,...,P4 P2ÛµzÈuf�auf| ��wyxCzÁÛCÑ Ì � �î�C×ÄÌfÒ P2 | �

P1 = [1, 0, 0], P2 = [0, 1, 0], P3 = [0, 0, 1], P4 = [1, 1, 1].
?�z � | Ñ Ñ^}�zLzùxCÌ � wyÌºÌSÛEwNuf| �vwyxCzùñ�Ñ ���W=SzL��z'^a��u\wy| ÌS��}�ÍEzK���C| �C�ºwyxCz��C�C| ®SzL�N}yufÑ�wyÌS�N}�ÌS�Û�Ó[wyxC|~}"{
zUwyxCÌEÍJ�
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Ð'ÌS��}�|~ÍEzL�ÄwyxCz zU£C�UzL×Ewy| ÌS��ufÑÈÍE| ®�|~}�ÌS�N}
Ei
uf��Í;wyxCz wy�Nuf��}rÒÃÌS�y{[}

lij
ÌfÒùwyxCz�Ñ | �Cz�}wyxC�yÌS�C�Sx

Pi
uf��Í

Pj
ì
i 6= j ∈ {1, . . . , 4} íG�?Ð'xCÌ�Ìa}�z��UÌ�ÌS�NÍE| ��u\wyz�} [x, y, z]

uf��Í Ñ zUw
u = x

z

�
v = y

z

�Ð'ÌS��}�|~ÍEzL�
div(u = x/z) = l23 +E3 − l12 −E1

div(v = y/z) = l13 +E3 − l12 −E2

div(u− 1) = l24 +E4 − l12 −E1

div(v − 1) = l14 +E4 − l12 −E2

div(u− v) = l34 +E3 +E4 − l12 −E1 −E2
��zU£�w�� � z��CÌS�y{[ufÑ | éLz"wyxCz�}�z"ÒÃ�C���Gwy| ÌS��}'Û�Ó[�UÌS��}rwy�y���Gwy| �C�ùuÈ}�z��Gwy| ÌS� σP

ÒÃ�yÌS{4uù�NxCÌa}�zL�×µÌS| �aw���}yuÓ
P = [3, 2, 1]

�^ènxC|~}"�S| ®Sz�}nu�{
ÌS�y×CxC|~}�{
ϕ : W → RW

uS}"ufÛµÌ\®SzS�Ð'ÌS��}�|~ÍEzL�"wyxCzù}�z��Gwy| ÌS��}
λij
�UÌS�y�yz�}�×µÌS��ÍE| �C��wyÌ

lij
uf��Í

ηi
wyÌ
Ei
�c@�}�| �C�
wyxCzù�CÌS���{[ufÑ | é�u\wy| ÌS��� � zÚÌSÛEwNuf| �MF

u

3
=
λ23η3
λ12η1

,
v

2
=
λ13η3
λ12η2

,
u− 1

2
=
λ24η4
λ12η1

, v−1 =
λ14η4
λ12η2

, u−v =
λ34η3η4
λ12η1η2

.

ènxCzL�[wyxCz��yzLÑ~u\wy| ÌS��}�ÛµzUw � zLzL�[wyxCz�}�z��Gwy| ÌS��} u, v, u− 1, v− 1, u− v �S| ®Sz��yzLÑ~u\wy| ÌS��}ÛµzUw � zLzL�ºwyxCzÈ}�z��Gwy| ÌS��} λij , ηi
F

3
u

3
− 2

v

2
= u− v ; −(3λ23)η2 + (2λ13)η1 + λ34η4 = 0

2
v

2
= (v − 1) + 1 ; λ14η4 − (2λ13)η3 + λ12η2 = 0

2
u− 1

2
− (v − 1) = u− v ; λ34η3 − (2λ24)η4 + λ14η1 = 0

3
u

3
= 2

u− 1

2
+ 1 ; (2λ24)η4 − (3λ23)η3 + λ12η1 = 0

−(u− v) + v(u− 1)− (v − 1)u = 0 ; λ12λ34 − (2λ13)(2λ24) + (3λ23)λ14 = 0Ý"zL×CÑ~uS�U| �C�
3λ23, 2λ13, 2λ24

Û�Óv�Cz � ®\uf�y|~ufÛCÑ z�}ÚzU£CuS�GwyÑ Óv�S| ®Sz�}�wyxCz[ñ�Ñ ���W=SzL�Á�yzLÑ~u\�wy| ÌS��}L�
�^n � nÖ� ¾l  � ¦+���\ª ¥ �� �½l½©�\¦µ C¡�¾ n Ð'ÌS��}�|~ÍEzL��u
ÍE| <dzL�yzL�aw�zU£Cuf{
×CÑ z�F

X = BlP1,P2,P3 P2 � xCzL�yz P1 = [1, 0, 0], P2 = [1, 1, 0], P3 = [0, 1, 0],|¾� zS� �
X
|~}ÈwyxCzÄÛCÑ Ì � �î�C×�ÌfÒ P2 | ��wyxC�yzLzÄ×µÌS| �awN}ùÑ Ó�| �C�?ÌS��uvÑ | �CzS��j�zUw l123 ÛµzºwyxCzwy�Nuf��}rÒÃÌS�y{ØÌfÒ©wyxC|~}"Ñ | �CzS��nuS}�|~��Ò«uS�GwN}"ÌS�

X
uf�yz�F

ËS�
NE(X) = 〈l123, E1, E2, E3〉

|~}�uÈ}�| {
×CÑ |~�U|~ufÑ��UÌS�CzS�S|¾� zS� �SwyxCzL�yz�uf�yz"�CÌÁ�yzLÑ~u\wy| ÌS��}ÛµzUw � zLzL��| wN}Ú�SzL�CzL�Nu\wyÌS�N}L�ùènxCzL�yzUÒÃÌS�yzS�dwyxCz
×C�yzL®�| ÌS��}�{
zUwyxCÌEÍ�ÍEÌ�z�}Ú�CÌfw � ÌS�>=d�
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?�zvx�u®Sz
W = X − {E1, E2, E3, l123} ∼= A2 ��uf��Í X |~}ºuf� z'^a�C| ®\uf�y|~uf�aw�UÌS{
×�uS�Gwy| �µ�Lu\wy| ÌS�ºÌfÒ

G2
a

��uS�Gwy| �C�
ÌS�
A2 Û�Ó�wy�Nuf��}�Ñ~u\wy| ÌS���Ï �"ènxCzÁuf{
×CÑ zÈ�UÌS�CzS� � xC|~�NxÄ|~}nwyxCzÈÍE��ufÑJÌfÒ©wyxCzÁzK<dz��Gwy| ®SzÁ�UÌS�CzS�E|~}"�SzL�CzL�Nu\wyz�Í�Û�Ó

{l123 +E1 +E2 +E3, l123 +E1 +E2, l123 +E1 +E3, l123 +E2 +E3}.
�C�"ènxCzÁuf�awy|~�Luf�CÌS�C|~�LufÑJÍE| ®�|~}�ÌS� −KX

|~}n�CzUÒ/uf��ÍºÛC| ����ènxCzL�yzUÒÃÌS�yzS�
X
|~}ÁìÃÑ ÌS��í�-�zLÑñ^zLéLéLÌ��

��zU£�w�� � z�uf�yznÑ Ì�Ì�=�| �C��ÒÃÌS���SzL�CzL�Nu\wyÌS�N}^uf��Í��yzLÑ~u\wy| ÌS��}^ÌfÒ Cox(X)
�/��zL�CzL�Nu\wyÌS�N}/uf�yz

λ123 ∈ Γ(OX (l123)) ⊂ Cox(X)l123 �
xC|~�Nx�|~}ù®\uf�C|~}�xC| �C�vzU£CuS�GwyÑ Ó�ufÑ ÌS�C�

l123
��uf��Í

ηj ∈ Γ(OX(Ej)) ⊂ Cox(X)Ej

ÒÃÌS�
j ∈ {1, 2, 3} �ènxCz�}�zÁ}�z��Gwy| ÌS��}"ÍEÌ
�CÌfw"�SzL�CzL�Nu\wyz�wyxCz�Ð'Ì£��y| �C�ùê�| �>�LuS}�z�} � xCzL�yz�wyxCzLÓº�SzL�CzL�Nu\wyz| w���wyxCz[{
zUwyxCÌEÍ ÌfÒ�Ð'ÌSÑ Ñ | Ìfw��YènxCÔLÑ :L�Cz � ÌS�>=E} � zLÑ Ñ¾�©ÛC�EwÈ�CÌfwÈxCzL�yzS�C?�z�{ù��}rwù�NxCÌ�Ìa}�zuSÍCÍE| wy| ÌS��ufÑ��SzL�CzL�Nu\wyÌS�N},F

Γ(OX(l123 + E1 + E2))
�UÌS�y�yz�}�×µÌS��ÍC}�wyÌ>Ñ | �Cz�uf�ÁÒÃÌS�y{[}Ú| �

x, y, z
®\uf�C|~}�xC| �C�ïu\w

P3
�J|¾� zS� �J| wÁ|~}

K2 ∼= 〈x, z〉 �ù�*z�}�|~ÍEz�} λ123η1η2
� � xC|~�Nx��Luf�vÛµz|~ÍEzL�awy| ��z�ÍïuS}

z
� � zÁ�Luf�ï�NxCÌ�Ìa}�zÁuf�CÌfwyxCzL�"}�z��Gwy| ÌS� ξ3 }����NxÄwyx�u\w ξ3η3 = −x �X�| {
| Ñ~uf�yÑ ÓS� � zvx�u®Sz ξ1 ∈ Γ(OX (l123 + E2 + E3))

}����Nx2wyx�u\w
y = ξ1η1

uf��Í
ξ2 ∈ Γ(OX (l123 +E1 +E3))

}����NxÄwyx�u\w
x− y = ξ2η2

�ènxC|~}n�S| ®Sz�}nu
xCÌS{
ÌS{
ÌS�y×CxC|~}�{
ψ : K[λ123, η1, η2, η3, ξ1, ξ2, ξ3]/〈η1ξ1 + η2ξ2 + η3ξ3〉 → Cox(X),

uf��Í�}�| ���Uz'wyxCz�ÍE| {
zL��}�| ÌS�ùÌfÒµÛµÌfwyx�ÌfÒ�wyxCz�}�zn|~}
6
ì
dim(X) = 2

uf��Í
Rank(Pic(X)) =

4
íG�C| w�|~}n�yz�uS}�ÌS��ufÛCÑ z�wyÌ[xCÌS×µz�wyx�u\w"wyxC|~}"|~}�uf�Ä|~}�ÌS{
ÌS�y×CxC|~}�{ï�
ª ���¬«��� ��À n ènxCzL�

η1ξ1 + η2ξ2 + η3ξ3
|~}�wyxCz�z'^a��u\wy| ÌS�vÌfÒ/wyxCz��C�C| ®SzL�N}yufÑ�wyÌS�N}�ÌS�

TX → U → X
| �ÄwyxCzÈ}�zL��}�z�wyx�u\w

U ⊂ V := SpecK[λ123, η1, η2, η3, ξ1, ξ2, ξ3]/〈η1ξ1 + η2ξ2 + η3ξ3〉.
�µ½¾DyZ\½YRîÅ���¼r¿Á½ÃMCRnødDy¼�¼r¿ n D©| �N}rw��a�UÌS��}�|~ÍEzL�

ψ
| ��ÍEzL�S�yzLz�}

ν
�UÌS�y�yz�}�×µÌS��ÍE| �C��wyÌùuÚ�CzUÒ�Ñ | �CzÛC�C��ÍEÑ z�}*ÌS�

X
�wX����Nx�Ñ | �Cz�ÛC�C��ÍEÑ z�}nuf�yz�}�zL{
| �Yuf{
×CÑ z�uf��Í[| ��wyxC|~}n�LuS}�z�zL®SzL���SÑ ÌSÛ�ufÑ Ñ Ó�SzL�CzL�Nu\wyz�ÍJ���*Ó�| ��ÍE���Gwy| ÌS�ÈÌS��wyxCz'zK<dz��Gwy| ®Sz/{
ÌS�CÌS|~ÍÚÌS��Û�ÓÚuf×C×CÑ |~�Lu\wy| ÌS�ÚÌfÒCun®\uf�C|~}�xC| �C�wyxCzLÌS�yzL{ï� � zÁ�Luf�Ä×C�yÌ\®Sz�wyx�u\w ψ |~}"}��C�Î�rz��Gwy| ®SzÚ| �ÄwyxCz�}�zÁ�CzUÒ/ÍEzL�S�yzLz�}L��Y��ÍEzL�S�yzLz�}
ν
�UÌS�y�yz�}�×µÌS��ÍE| �C�ºwyÌv�CÌfwù�Cz��Uz�}y}yuf�y| Ñ Ó>�CzUÒ�ÍE| ®�|~}�ÌS�N}

ν
� � z��yz�ÍE���Uz
wyÌwyxCz
�CzUÒn�LuS}�zùwyxCz�ÒÃÌSÑ Ñ Ì � | �C� � uÓ�FÚ��| ®SzL� s ∈ Cox(X)ν = Γ(X,Lν)
�JwyxCzL�yz�zU£E|~}rwN}uv�CzUÒ�Ñ | �CzÄÛC�C��ÍEÑ z

m
�'u?}�z��Gwy| ÌS�

µ ∈ Cox(X)m
uf��Í

a, b1, b2, b3 ∈ Z≥0
}�Ì>wyx�u\w

s = µλa
123η

b1
1 η

b2
2 η

b3
3

�ÚènxC|~}�ÒÃÌSÑ Ñ Ì � }"ÒÃ�yÌS{ wyxCzù�SzLÌS{
zUwy�y|~�ÚÒ«uS�Gw�wyx�u\w��J�S| ®SzL�>zK<dz��Gwy| ®Sz
D
ÌS�

X
� � zÁ�Luf� � �y| wyz D = M + F

ÒÃÌS��u�Û�uS}�z�×µÌS| �aw"ÒÃ�yzLzÁÍE| ®�|~}�ÌS�
M
uf��ÍÄu��C£Ez�ÍÍE| ®�|~}�ÌS�

F
}��C×C×µÌS��wyz�Íº| � {l123, E1, E2, E3}

�
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Ð'zùÍEÌE�U�C{
zL�awÚ�UÌS�awy| zL�aw�z�}y}�zL�awy| zLÑ Ñ zL{
zL�aw�Ñ z�}��CÌfwyz�}�Í� �C�vzU£E×µÌa}�ÔÁÒ«uf| w?Kº��Ì�zUw�wy| �E��SzL�È×µÌS�C�©Ñ~u��UÌS�EÒÃÔL�yzL���Uz��y��ÔLÌS{
ÔUwy�y| z'ÍE| ÌS×Cx�uf�awy| zL�C�Cz��'ÌS�y�auf�C|~}�ÔLz/×�uf��ë��C�y|Eè©}y�NxC| �.=SzLÑ¾�Ð'zUw�zU£E×µÌa}�Ôºuvuf��}y}�|'ÔUwyÔ�Ò«uf| w�ÍCuf��}ù×CÑ ��}�| zL�C�N}ùuf�Ewy�yz�}ÁzL��ÍE�yÌS| w
Í� u®��y| ÑAKl�r�C| � Ï �S�fÕ�FÑ z�}�}�ÔL{
| ��uf| �yz�}�ÍEz��SÔLÌS{
ÔUwy�y| zÈufÑ �SÔLÛC�y|h^a�CzùÍEz�Ý"zL�C�Cz�}L��!��¾wyxCÔLÌS�y| zÈzUw��SÔLÌS{
ÔUwy�y| zÈ�CÌS�
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�UÌS{
{ù�EwNu\wy| ®Sz�K�Ñm� ����ñ^�\{[u\wyxCÔL{[u\wy|h^a�Cz�}©×C�C�yz�}©ÍEz*Ñm� ;%��X�j�ÓSÌS����SÔLÌS{
ÔUwy�y| z'�CÌS�ù�UÌS{��{ù�EwNu\wy| ®SzùzUw�wyxCÔLÌS�y| zùÍEz�}��CÌS{ùÛC�yz�}����LKº�*ÌS�C��� �Szù�yzL{
zL�N�U| zÈ{
z�}�xM*fwyz�}�{[u\wyxCÔL{[u\�wy|h^a�Cz�}�ìÃñ�| zL�y�yz��*zL��wyxCzLÑ Ìfw��atvu\£l!Áuf�yÌS�CÛC|¾��;/wy| zL�C�CzÚ��x�ÓE}L�atvu\wy| Ñ~ÍEz�tvuf�N�UÌSÑ Ñ |EzUw�ë��C�y|è©}y�NxC| �.=SzLÑPí�ÍEz�{�� u®SÌS| �'Ì�<dzL��w*Ñm� ÌS×C×µÌS��wy�C�C| wyÔÚÍ� zU£E×µÌa}�zL�*�Uz�}�wy�Nu®\uf�E£J�Z^a�C|d�UÌS��}�|~}rwyzL�awz�}y}�zL�awy| zLÑ Ñ zL{
zL�awÈzL���C��zK<dÌS��wùÍEzº�UÌS{
×C�yÔLxCzL��}�| ÌS� ÍEz�Ñm� uS}�×µz��GwùufÑ �N:LÛC�yz[Ñ | �CÔ�uf| �yz[ÍE�×C�yÌSÛCÑ :L{
zÁÍEzÈ{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ï�yÔLzLÑ Ñ zÁÍEzÈtvuf�C| �>zL�ï�Nuf�C�[}��C×µÔL�y| zL�C��ÍE�ï×µÌS| �aw�ÍEzÁ®��CzÍEz�}*�S�yÌS�C×µz�}*ufÑ �SÔLÛC�y|h^a�Cz�}L����� z�}�×�:L�yz�^a�CzÚ�Uz�×µÌS| �aw�ÍEz�®��CzÚ}�zL�NuÈ�Ewy| Ñ zÁuf�E£[�SÔLÌS{O:Uwy�yz�}�CÌS�Á�UÌS{
{ù�EwNu\wy| Ò«}�ÍEÔ�}�| �yzL�E£�Í� ufÛµÌS�NÍEzL���UzUw�wyzw^a�Cz�}rwy| ÌS���/Ð'z^wy�Nu®\uf| Ñf×µÌS��wyz/Ñm� zL{
×C�yzL| �awyzÍEz�}©ÍE|~}y�U��}y}�| ÌS��}�Ô��UÑ~uf| �Nuf�awyz�}M^a�Cz4�K� uf|azL�Cz�}©u®Sz��/tvu\wy| Ñ~ÍEzntvuf�N�UÌSÑ Ñ |¾��zUw^×µÌS�C��Ñ z�}>^a�CzLÑ Ñ z�}
�rzÁÑ~u
�yzL{
zL�N�U| zS�0�SzÁ�yzL{
zL�N�U| zÁuf��}y}�|��ÚufÛµÌS�A? | z�}�zÁ×µÌS�C��}�ÌS�>uf|~ÍEzÁ}��C�"Ñ~u
{ù�CÑ wy| ×CÑ |~�Lu\�wy| ÌS�º�UÌS{
×CÑ zU£EzS��Ð'z�wy�Nu®\uf| ÑPKÈÔUwyÔ�Ò«uf| wn}��C�'Ñ z�}�ÒÃÌS��ÍC}'ÍE���yÔ�}�z�uf��Ý^èA����!��¾wyxCzLÌS�yÓ�uf��ÍufÑ �SzLÛC�Nuf|~���S�yÌS�C×�}"�G�QK
Ý"zL�SzL��}�ÛC�C�y���
j�zÈwyxCÔLÌS��:L{
z
ÍEzl!Ú�yÌS�Cz��W=SzL���~?�zLÛµzL�"�CÌS��}ÚÍE| w:^a�Cz�Ñm� zU£�wyzL��}�| ÌS��ufÛµÔLÑ | zL�C�Czù{[u\£E| �{[ufÑ zÁÍEz

Q
z�}rw�zL�C�SzL��ÍE�yÔLz�×�uf�"Ñm� | {[uf�SzÁÍEzÁÑm� uf×C×CÑ |~�Lu\wy| ÌS�

e2iπ• : Q→ C.
X�ÌS| w

F/Q
�C�2�UÌS�y×�}ùÍEzº�CÌS{ùÛC�yz�}L�|j�zÄÍEÌS�CéL| :L{
zº×C�yÌSÛCÑ :L{
zÄÍEz���| Ñ ÛµzL��w
z�}rw[ÍEzwy�yÌS�C®SzL�"ÍEz�}nÒÃÌS���Gwy| ÌS��}�uf��ufÑ Óawy|h^a�Cz�}n�yzL{
×CÑ~uNRLuf�awnÑ~u�ÒÃÌS���Gwy| ÌS�ïzU£E×µÌS�CzL�awy| zLÑ Ñ zÁzUw�ÍEÌS�awÑ z�}[®\ufÑ zL�C�N}�}�×µÔ��U|~ufÑ z�}[zL�C�SzL��ÍE�yzL�aw[Ñm� zU£�wyzL��}�| ÌS� ufÛµÔLÑ | zL�C�Czv{[u\£E| {[ufÑ zvÍEz

F
�¢Ð'z��U|×µzL�Ew���SUwy�yz"�UÌS��}�|~ÍEÔL�yÔ*�UÌS{
{
zn�C�Cz*zU£E×CÑ |~�U| wNu\wy| ÌS�
ÍEznÑ~u�wyxCÔLÌS�y| znÍE�
�UÌS�y×�}©ÍEz"�UÑ~uS}y}�zi^a�C|×µzL�y{
zUw��zLÑ Ñ zS�\ÍEz'ÍEÔ��U�y| �yz��UzUw�wyz�zU£�wyzL��}�| ÌS�ÁzL�ÚwyzL�y{
z�}�ÍEz'�UÑ~uS}y}�z�}�Í� |~ÍEÔ�uf�E£Ú�SÔL�CÔL�NufÑ |~}�Ô�}L�

X�ÌS| w
F/Q

�C�;�UÌS�y×�}C^a��uSÍE�Nu\wy|h^a�Cz>| {[uf�S| ��uf| �yzS� Ù�Ñ ÌS�N}
C/OF

z�}rwº�C�Cz?�UÌS�C�yÛµzzLÑ Ñ | ×Ewy|h^a�Cz�ÍE| wyzTK[{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�?�UÌS{
×CÑ zU£EzÁ×�uf�
F
zUw�ÌS�>×µzL�Ew�{
ÌS�awy�yzL��^a�M� zLÑ Ñ zÈz�}rwÍEÔK���C| z }��C�º�C� �UÌS�y×�}ºÍEz?�CÌS{ùÛC�yz�}L��zU£�wyzL��}�| ÌS�$ufÛµÔLÑ | zL�C�Cz�ÍEz

F
� j�u�wyxCÔLÌS�y| z�ÍEzÑ~u?{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�)�UÌS{
×CÑ zU£Ez ì ���S�C�SzL��Í�wy�Nuf�C{��ÄÍEz\!Ú�yÌS�Cz��W=SzL�GíÁÍE| wC^a�CzºwyÌS�Ewyz�}
Ñ z�}zU£�wyzL��}�| ÌS�ºufÛµÔLÑ | zL�C�Cz�}nÍEz

F
×µzL�C®SzL�aw�SUwy�yzÚÍEÔ��U�y| wyz�}'�S�8US�UzCKùÍEz�}n�UÌS�C�yÛµz�}'zLÑ Ñ | ×Ewy|h^a�Cz�}ÍEzÈ�UzÚ�SzL�C�yzÚzUwLK�Ñ zL�C�N}n×µÌS| �awN}"ÍEzÚwyÌS�N}�| ÌS���

X�xC| {ù�C�Nu�zUw'è©uf�C| Óauf{[u�ÌS�aw�{
ÌS�awy�yÔA^a�Cz"Ñ z"{OSL{
z"�SzL�C�yz"ÍEz��NxCÌa}�z*{[uf�N�Nx�uf| w/×µÌS�C�ÍEz�}ÚzU£�wyzL��}�| ÌS��} ^a��uSÍE�Nu\wy|h^a�Cz�}�wyÌfwNufÑ zL{
zL�awÚ| {[uf�S| ��uf| �yz�}�ÍEz[�UÌS�y×�}�wyÌfwNufÑ zL{
zL�awÁ�yÔLzLÑ~}zL�ï�Ewy| Ñ |~}yuf�aw�ÍEz�}"®\uf�y| ÔUwyÔ�}nufÛµÔLÑ | zL�C�Cz�}L�Ð'zC^a�Czºtvuf�C| ��uf×C×µzLÑ Ñ zº}�ÌS����Ù�Ñ wyzL�N}rwy�Nuf�C{��>ìÃ®SÌS| �Ãz »   ¥ ~ íÚz�}rw�^a�Czº}�|
F/Q

z�}rw
^a��uSÍE�Nu\wy|h^a�Cz��yÔLzLÑ¾�aÌS�º×µzL�Ewn�Ewy| Ñ |~}�zL�"ÍEz�}���^a�CÌfwy| zL�awN}"��ÍE��wrÓ�×µz

C/OF
×µÌS�C�'Ò«uf| �yz��C�CzwyxCÔLÌS�y| zïÍEz>Ñ~u?{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�2�yÔLzLÑ Ñ z>uf��ufÑ ÌS�S�CzVK �Uz\^a�C|�}�zÄÒ«uf| w�u®Sz��ºÑ z�}[�UÌS�C�yÛµz�}zLÑ Ñ | ×Ewy|h^a�Cz�}L�"ð��ï�yzL{[uf�W^a�Cz:^a�CzÈÍCuf��}��UzÈ�LuS}L�

OF
z�}rw�ÍEzL��}�zÈÍCuf��}"�C�CzùÍE�yÌS| wyzÚ�yÔLzLÑ Ñ zzUw�Ñ~u[�CÌfwy| ÌS�ïx�ufÛC| wy�CzLÑ Ñ zùÍEz�^a�CÌfwy| zL�aw��CzÈ}���u
w�×�uS}L�*�YÑ�Ò«uf�Ew��yzL{[uf�W^a�CzL�c^a�Czù�Úuf��}y}L�

X�xC| {ù�C�NuC�XawNuf�>=ïzUw�ÛC| zL�?Í� uf�Ewy�yz�}�ÌS�aw�uf��}y}�|©ÔUwy��ÍE| Ô��Uzù�SzL�C�yzùÍEz���SL®SzS�µ}yuf��}�Ñ zùÒÃÌS���{ù�CÑ zL��}�ÌS��}"�UzUw�wyzÚÒÃÌS�y{
zS�
��� uf|��NxCzL�N�NxCÔWK�{
| zL�E£ï�UÌS{
×C�yzL��ÍE�yzÁ�UzÁ��SL®SzÁÍEzÈtvuf�C| ���CzL�ï×C�yzL��uf�aw"�C�>×µÌS| �aw�ÍEz®��CzCKùÑ~u�-�zLÑ | �S�Cz�}��C�*Ñ z�}*®\uf�y| ÔUwyÔ�}'ÍEz:X�xC| {ù�C�Nu�^a�C|µ×µzL�y{
zUwn×CÑ ��}'Ò«uS�U| Ñ zL{
zL�awnÍEz�®SÌS| ��UzÁÍEÌS�aw�ÌS�ïu�Ûµz�}�ÌS| �ïzL�ïÍE| {
zL��}�| ÌS�>}��C×µÔL�y| zL�C�yzS�
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Ý"zL�auf�NÍEÌS��}�{[uf| �awyzL��uf�awnÑ zÚ×µÌS| �aw�ÍEzÚ®��Cz�{
ÌEÍE�CÑ~uf| �yzÚ}��C�nÑ~u�{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�Ä�UÌS{��×CÑ zU£EzS��jw� z�}�×�uS�Uz"ÍEz�}/{
ÌEÍE�CÑ z�}�ÍEz�}/�UÌS�C�yÛµz�}^zLÑ Ñ | ×Ewy|h^a�Cz�}�}��C�
C
KÚ}rwy�y���Gwy�C�yz"ÍEz"�C| ®Sz�uf�| �����C| zùz�}rw��C�Czù®\uf�y| ÔUwyÔùÍEzlX�xC| {ù�C�NuC^a�C|YK��C�v{
ÌEÍQ:LÑ z�}��C�

Q
ìÃÑm� z�}�×�uS�Uz�ÍEzÈ{
ÌEÍE�CÑ zÍEz�}"�UÌS�C�yÛµzÚzLÑ Ñ | ×Ewy|h^a�Cz�}�}��C�

Q
í*�CÌfwyÔ
S = Sh(GL2,H

±).
X�|
x ∈ S(C)

z�}rw��C�>×µÌS| �aw�}�×µÔ��U|~ufÑ��UÌS�y�yz�}�×µÌS��ÍCuf�awZK[�C�CzÈ�UÌS�C�yÛµzÁzLÑ Ñ | ×Ewy|h^a�CzTK
{ù�CÑ �wy| ×CÑ |~�Lu\wy| ÌS�>�UÌS{
×CÑ zU£EzÚ×�uf�"�C�>�UÌS�y×�}i^a��uSÍE�Nu\wy|h^a�Cz�wyÌfwNufÑ zL{
zL�aw�| {[uf�S| ��uf| �yz
F/Q

�EÌS�Ñ �C|�uS}y}�ÌE�U| z��C�CzÈ}�ÌS��}r�î®\uf�y| ÔUwyÔÚÍEzJX�xC| {ù�C�Nu�×C�yÌ����C| zÁÍEÔK���C| zÈ}��C�
F

Sh(T, {x}) ⊂ SFu®Sz��
T = ResF/QGm

�
ð���uÁ�C�Cz�uS�Gwy| ÌS�[��u\wy�C�yzLÑ Ñ z

nat
ÍEz

Gal(Q/F )
}��C�

Sh(T, {x})(Q)
ÍEÌS�C�CÔLz�×�uf�'Ñ~u�yz�}rwy�y|~�Gwy| ÌS�?ÍEz
Ñm� uS�Gwy| ÌS�?��u\wy�C�yzLÑ Ñ z
}��C�

S(Q)
�[ð���uÄuf��}y}�|^�C�Cz[uS�Gwy| ÌS�?��u\wy�C�yzLÑ Ñ z
ÍEz

T (Af )/T (Q)
}��C�

Sh(T, {x})(Q)
�vÐ'z[�S�yÌS�C×µz[ÔUwNuf�awÈÑ z��S�yÌS�C×µz[ÍEz�}È�UÌS{
×µÌa}yuf�awyz�}�UÌS�C�CzU£Ez�}*ÍE���S�yÌS�C×µz�ÍEzÚ�UÑ~uS}y}�z�}'Í� |~ÍQ:LÑ z�}*ÍEz

F
��ÌS�ºuÈ�C�º{
ÌS�y×CxC|~}�{
z�ÍEz��yÔ��U| ×C�yÌE�U| wyÔÍE�>�UÌS�y×�}nÍEzÈ�UÑ~uS}y}�z

artin−1 : Gal(Q/F )→ T (Af )/T (Q)zUw�ÍEÌS�����C�CzÚ�CÌS�C®SzLÑ Ñ zÚuS�Gwy| ÌS�ÄÍEzÈ�ÚufÑ ÌS|~}n}��C�
Sh(T, {x})(Q)

�CÌfwyÔLz
rec
ì«ÍEÌS�C�CÔLzÚ×�uf�

Ñm� | ��®SzL�N}�zÚÍEzÁÑm� uS�Gwy| ÌS�
artin−1 íG�

j�zÁwyxCÔLÌS��:L{
zÁ×C�y| ���U| ×�ufÑ�ÍEzùÑ~u
{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�v�UÌS{
×CÑ zU£EzÈ| {
×CÑ |h^a�Cz�^a�Czù�Uz�}�ÍEzL�E£uS�Gwy| ÌS��}"}�ÌS�aw"Ñ z�}n{OSL{
z�}L�C|¾� zS�
nat = rec.ð���×µzL�Ew*{
ÌS�awy�yzL��^a�Cz��Uz��yÔ�}��CÑ wNu\w��aÛC| zL��^a�Cz�®�|~}��CzLÑ Ñ zL{
zL�aw*Ñ ÌS| �ºÍE��×C�yÌSÛCÑ :L{
z�ÍEz

��| Ñ ÛµzL��w���zL��ÍEÌS�C�Cz�Ñ~u��yÔL×µÌS��}�z�×µÌS�C��Ñ z�}Ú�UÌS�y×�}�^a��uSÍE�Nu\wy|h^a�Cz�}�ìÃÑ~u�ÒÃÌS���Gwy| ÌS�
j
zUwÚÑ z�}ÒÃÌS���Gwy| ÌS��}�zLÑ Ñ | ×Ewy|h^a�Cz�}�}�ÌS�aw�Ñ z�}"ÒÃÌS���Gwy| ÌS��}�ÍEÌS�aw�ÌS�>×C�yzL��ÍvÍEz�}�®\ufÑ zL�C�N}�}�×µÔ��U|~ufÑ z�}��Luf�zLÑ Ñ z�}*×µzL�y{
zUw�wyzL�aw�ÍEzÁ�LufÑ~�U�CÑ zL�*Ñ z�}n�UÌS�y×�}nÍEzÚÍEÔK���C| wy| ÌS�ïÍEz�}n�UÑ~uS}y}�z�}*Í� |~}�ÌS{
ÌS�y×CxC|~}�{
z�}ÍEzÈ�UÌS�C�yÛµz�}*zLÑ Ñ | ×Ewy|h^a�Cz�}"zUw�ÍEzÁÑ zL�C�N}n×µÌS| �awN}"ÍEzÚwyÌS�N}�| ÌS�µíG�

;��Ä�Nuf�C�
}��C×µÔL�y| zL�C����Ñ~uÈwyxCÔLÌS�y| zÚÍEzÚÑ~u�{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�Ä�UÌS{
×CÑ zU£EzÁ}�z�ÒÃÌS�y{ù�CÑ zÚÍEzÚÑ~u{OSL{
z�{[uf�C| :L�yz"zL���yzL�auf�NÍCuf�aw/Ñ z�}�×µÌS| �awN}'}�×µÔ��U|~uf�E£[ÍCuf��}�Ñ z�}�z�}�×�uS�Uz�}'ÍEz�{
ÌEÍE�CÑ z�}*ÍEz®\uf�y| ÔUwyÔ�}"ufÛµÔLÑ | zL�C�Cz�}n×C�y| ���U| ×�ufÑ zL{
zL�aw"×µÌSÑ~uf�y|~}�ÔLz�}
Sh(GSp2n,S

±),
^a�C|�}�ÌS�awÁuf��}y}�|^{ù�C�C|~}ÁÍEz[ÍEzL�E£?uS�Gwy| ÌS��}L��Ñm� �C�Cz
��u\wy�C�yzLÑ Ñ z�zUwÁÑm� uf�Ewy�yz
ÍEÌS�C�CÔLz
×�uf�ÚÑ z�UÌS�y×�}�ÍEz>�UÑ~uS}y}�zS�Nj�zºwyxCÔLÌS��:L{
zÄ×C�y| ���U| ×�ufÑ"ÍEzïÑ~u?{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�2�UÌS{
×CÑ zU£EzïÍEÌS�C�CzÑm� ÔL�aufÑ | wyÔÁÍEzÈ�Uz�}"ÍEzL�E£ÄuS�Gwy| ÌS��}L�
j�z�}Á®\uf�y| ÔUwyÔ�}ÈÍEz�X�xC| {ù�C�Nu�ì«�UÌS�C�CzU£Ez�}Ní_���C| z�}ù}�ÌS�awùÍEz�}ºìÃÑ | {
| wyz�}È×C�yÌ��rz��Gwy| ®Sz�}ÁÍEzí

^a�CÌfwy| zL�awN}"ÍE�ÄwrÓ�×µz
Γ\G(R)/K
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u®Sz��
G/Q

�S�yÌS�C×µz>�yÔ�ÍE���Gwy| ÒÈ�UÌS�C�CzU£EzS�
Γ ⊂ G(Q)

}�ÌS��}r�î�S�yÌS�C×µz>uf�y| wyxC{
ÔUwy|h^a�Cz>zUw
K ⊂ G(R)

}�ÌS��}r�î�S�yÌS�C×µz��UÌS{
×�uS�Gw"{[u\£E| {[ufÑ�ÍCuf��}
Gad(R)

�ñ^ÌS�C��Ñ z�}'�UÌS{
×�uS�Gwy| ��zL���SÌS�
�Nu��rÌS�Ewyz�ÍEz�}'�UÌS{
×µÌa}yuf�awyz�}�ÍEz�ÛµÌS�NÍC}/�Nu\wy| ÌS�C�CzLÑ Ñ z�}��UÌS����yz�}�×µÌS��ÍCuf�aw;K
ÍEz�}"}�ÌS��}r�î�S�yÌS�C×µz�}'×�uf�NufÛµÌSÑ |h^a�Cz�}*�Nu\wy| ÌS�C�CzLÑ~}
P ⊂ G �ð���×µzL�Ew[uf��}y}�|n�UÌS{
×�uS�Gwy| ��zL�ùÑm� z�}�×�uS�UzÄ}�Ó�{
ÔUwy�y|h^a�Cz

G(R)/K
zL���Nu��rÌS�EwNuf�aw�ÍEz�}�UÌS{
×µÌa}yuf�awyz�}ÈÍE� wrÓ�×µz

G(R)/P (K)
ÌN[

P (K) = M(K)AN
z�}rw��C��×�uf�NufÛµÌSÑ |h^a�Cz�yÔLzLÑ�ìÃ®SÌS| �fz Á]©�� m ~ íG�'ð��
®\uÁ},� | �awyÔL�yz�}y}�zL�/uf�E£ùwyzLÑ Ñ z�}��UÌS{
×µÌa}yuf�awyz�}0^a�C|C®�| zL�C�CzL�aw'Í� �C�×�uf�NufÛµÌSÑ |h^a�Cz��Nu\wy| ÌS�C�CzLÑ

P
�*ð��Ä×µzL�Ew�®SÌS| �"Ñ z�}A^a�CÌfwy| zL�awN}

Γ\G(R)/P (K)�UÌS{
{
zºÍEz�}ùÔL×�uf|~}y}�|~}y}�zL{
zL�awN}ÈÍE��ÛµÌS�NÍ �Nu\wy| ÌS�C�CzLÑ¾�/ÍEÔ��U�y| ®\uf�aw��UzL��wNuf| �Cz�}ÈÍEÔL�SÔL�CÔL�yz�}r��UzL���Uz�}�| �y�Nu\wy| ÌS�C�CzLÑ Ñ z�}�ÍEz�}Ä}rwy�y���Gwy�C�yz�}ºÍEz8��ÌEÍE�Sz?×�uf�Nuf{
ÔUwy�yÔLz�}
×�uf�ºÑ~u�®\uf�y| ÔUwyÔ?ÍEz
X�xC| {ù�C�Nu)ÍEz�ÍEÔL×�uf��w�� ð�� ®\u){
ÌS�awy�yzL��ì«}��C�?ÍEz�}>zU£EzL{
×CÑ z�}Ní�^a�Cz�Ñ z�}>zL��}�zL{ùÛCÑ z�}
Γ\G(R)/P (K)

zUw�}��C��wyÌS�Ew"Ñ zL�C�N}n�yzL®NSUwyzL{
zL�awN}
Sh± = Γ\G(R)/M(K)A+

zUw^Ñ zL�C�^| �awyzL�y×C�yÔUwNu\wy| ÌS�È{
ÌEÍE�CÑ~uf| �yz*zL�ÈwyzL�y{
z�}^Í� ufÑ �N:LÛC�yz'Ñ | �CÔ�uf| �yz'ÌS�aw^�C�ù| �awyÔL��SUw^×µÌS�C�Ñ~u��SÔL�CÔL�NufÑ |~}yu\wy| ÌS�ÄÍE�Ä��SL®SzÁÍEzÈtvuf�C| �ÄzL�ï�Nuf�C�
}��C×µÔL�y| zL�C���ñ�Ñ ��}"×C�yÔ��U|~}�ÔL{
zL�aw��EÌS�ïÍEÔK���C| �Nu
ÍEz�}nzL��}�zL{ùÛCÑ z�}"ÍEz�X�xC| {ù�C�Nu
Sh(GSp2n,R

±)zUwïÍEz�}º×µÌS| �awN}Ä}�×µÔ��U|~uf�E£;ÍCuf��}Ä�Uz�}ºzL��}�zL{ùÛCÑ z�}�zUwÄÌS�;{ù�C�C| �Nu�Ñ z�}Ä}�ÌS��}r�îzL��}�zL{ùÛCÑ z�}}�×µÔ��U|~uf�E£ �UÌS�y�yz�}�×µÌS��ÍCuf�awN}ÁÍ� �C�CzºuS�Gwy| ÌS��ÍEzÄ�ÚufÑ ÌS|~}
rec
ÍEÌS�C�CÔLz�×�uf�ÈÑ~uÄwyxCÔLÌS�y| z�ÍE��UÌS�y×�}nÍEzÈ�UÑ~uS}y}�zS�

j�z"��SL®Sz�ÍEz�tvuf�C| �[zL�[�Nuf�C�Á}��C×µÔL�y| zL�C��×µzL�EwnufÑ ÌS�N}"ìÃzL�[×C�yzL{
| :L�yz"uf×C×C�yÌE�NxCz"��u"\¾®Szí}�z[ÒÃÌS�y{ù�CÑ zL�ùzL��ÍE|~}yuf�awl^a�M� | Ñ'zU£E|~}rwyzº�C�CzºÛµÌS�C�Cz��CÌfwy| ÌS��ÍEz�®\uf�y| ÔUwyÔºufÛµÔLÑ | zL�C�Czº�CÌS��UÌS{
{ù�EwNu\wy| ®Sz�}��C���C���UÌS�y×�}�ÍEzù�CÌS{ùÛC�yz�}L��K�{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�?×�uf���C���UÌS�y×�}_^a��uSÍE�Nu\�wy|h^a�Cz
F/E

ì«u®Sz��
E/Q

�C�ï�UÌS�y×�}*wyÌfwNufÑ zL{
zL�aw"�yÔLzLÑPí'wyzLÑ Ñ z:^a�Cz
ËS�nÑ z�}J×µÔL�y| ÌEÍEz�}�ìÎ!��¾wyxCzLÌS�y| zS���UÌSxCÌS{
ÌSÑ ÌS�S| z^�UÓE�UÑ |h^a�CzS� �L�L�NíÚ}�ÌS| zL�aw�Ñ z�}JÌSÛ��rzUwN}�Í� ufÑ �N:LÛC�yzÑ | �CÔ�uf| �yzÚÍEÔ��U�y| wN}�ÍCuf��}"�UzÁÍEÌE�U�C{
zL�aw��Ï �nÑ z�}n{
ÌEÍE�CÑ z�}�ufÑ �SÔLÛC�y|h^a�Cz�}*}�ÌS| zL�awnÒÃÌS��wyzL{
zL�aw�Ñ | Ô�}"uf�E£º�CÌS{ùÛC�yz�}"ÍEzJXawNuf�>=d��C�nÑ z�}'}�ÌS��}r�îz�}�×�uS�Uz�}/}�×µÔ��U|~uf�E£[}�ÌS| zL�aw���u\wy�C�yzLÑ Ñ zL{
zL�aw'{ù�C�C|~}'Í� �C�Cz�uS�Gwy| ÌS��ÍEz��Úu\�Ñ ÌS|~}

nat
�

zUw_^a�M� ÌS�ïuf| w�zL�Ä×CÑ ��}
rec = nat.ð���×µzL�Ew�uf×C×µzLÑ zL���Uzn��SL®Sz'zL���Nuf�C�Ú}��C×µÔL�y| zL�C�^Ñ zn��SL®SznÍEzn{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�l^a��uSÍE�Nu\wy|h^a�Cz�Luf��Ñ z�}��UÌS�y×�}4^a��uSÍE�Nu\wy|h^a�Cz�}dÓÁuf×C×�uf�Nu�]Ã}y}yuf�awd�Cz*}�ÌS�aw�×�uS}��CÔ��Uz�}y}yuf| �yzL{
zL�awJwyÌfwNufÑ zL{
zL�aw| {[uf�S| ��uf| �yz�}*�C|JwyÌfwNufÑ zL{
zL�aw"�yÔLzLÑ~}L��*| zL��^a�Cz��Uz[��SL®Sz[}�ÌS| wÈ×C�C�yz�}�×µÔ��U�CÑ~u\wy| ÌS����| Ñ�×µÌa}�zC^a�CzLÑh^a�Cz�}J^a�Cz�}rwy| ÌS��}Ú×C�yÔLÑ | {
| ���uf| �yz�}L�.^a�C|JÌS�aw"�C�ï| �awyÔL��SUw�| ��ÍEÔL×µzL��ÍCuf�aw�zUw�ÍEÌS�aw�®SÌS|~�U|M^a�CzLÑh^a�Cz�}nzU£EzL{
×CÑ z�},F



d^����xPd^���.� z�
{ t �/wh{�{�yZ��w)
������x�� t ���»y�{bw)X��PX.� t �����4w q ��{�y �C¢<µ

� ;'}rw��î| Ñ*×µÌa}y}�| ÛCÑ zÄÍEzÄÍEÌS�C�CzL�ù�C�CzïÍEÔK���C| wy| ÌS��uSÍEÔLÑ |h^a�CzÄÍEz�}È�CÌS{ùÛC�yz�}ùÍEz�XawNuf�>=×µÌS�C�"Ñ z�}"�UÌS�y×�}A^a��uSÍE�Nu\wy|h^a�Cz�}*�yÔLzLÑ~}WB
� ;'}rw��Y�Uz8^a�CzvÑ z�}�ìÃ�SÔL�CÔL�Nu\wyzL�C�N}[ÍEz�}Ní�}�ÌS��}r�Y�Lu\wyÔL�SÌS�y| z�}
}rwNufÛCÑ z�}�×�uf�ºzU£�wyzL��}�| ÌS��}ÍEz�}È�Lu\wyÔL�SÌS�y| z�}ÁÍEÔL�y| ®SÔLz�}ÁÍEz[Ò«uf|~}y�Uz�uf�E£��UÌSxCÔL�yzL�awN}Á}��C�È�C�Czº�UÌS�C�yÛµz[zLÑ Ñ | ×Ewy|h^a�CzÍEÔK���C| z"}��C�

Q
ìÃÌSÛEwyzL���Cz�}©zL�
�SÔL�CÔL�NufÑ |~}yuf�aw©Ñ ÔL�N:L�yzL{
zL�aw^Ñ~uÚ�UÌS��}rwy�y���Gwy| ÌS��ÍEznñ^ÌSÑ �|~}�x��Nx��.=P<�XE�Nx � uf�yé�z Ê ¦ �W�b� ~ í�ÍEÌS�C�CÔLz�}"×�uf�"�CÌa}�uf��ufÑ ÌS�S�Cz�}n�yÔLzLÑ~}�ÍEzù}rwy�y���Gwy�C�yz�}�UÌS{
×CÑ zU£Ez�}�}�ÌS�aw�ÍEÔK���C| z�}�}��C��Ñ zù�UÌS�y×�}�ÍEzù�UÑ~uS}y}�zùÍE�?�UÌS�y×�}�ÍEzù{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS��yÔLzLÑ Ñ zÇB

�^n �  �½l½$  � �N��¡S¦���½^�[§l v¡ �  C���� ¿ a� �  E�\ª>±a��±��
§l  § ¾©ª>¡�¨��\ 
�^n>mbnÃ� ¦���½^�[§l >¡ �  C����  n ð��Ä�CÌfwyz

Ẑ =
∏

Zp
�
Af
∼= Ẑ⊗Z Q

zUw
A = R× Af

(1) �
X�|
F/Q

z�}rw"�C�>�UÌS�y×�}"ÍEzÚ�CÌS{ùÛC�yz�}L�EÌS�Ä�CÌfwyz
Af,F = Af ⊗Q F

zUw
AF = A⊗Q F

�
X�|
C
z�}rw��C�ï�S�yÌS�C×µz�wyÌS×µÌSÑ ÌS�S|h^a�CzÁ�UÌS{
{ù�EwNu\wy| Òr�EÌS�ï�CÌfwyz

π0(C) := lim
←
C/KÌN[[Ñ~uÈÑ | {
| wyz�×C�yÌ��rz��Gwy| ®Sz"z�}rw*×C�y|~}�z�}��C�'Ñ z�}*}�ÌS��}r�î�S�yÌS�C×µz�}

K ⊂ C ÒÃzL�y{
Ô�}'Í� | ��ÍE|~�Uzc���C|
(2) �
X�ÌS| w

CF := A×F /F
× (3) ��j�u�wyxCÔLÌS�y| z
ÍE� �UÌS�y×�}�ÍEz[�UÑ~uS}y}�zù�CÌS��}ÚÍE| wJ^a�M� | Ñ/zU£E|~}rwyz�C�ï{
ÌS�y×CxC|~}�{
zÚ��u\wy�C�yzLÑ

artin : CF → Gal(F ab/F ),
^a�C|^| ��ÍE�C| wÁ�C�?|~}�ÌS{
ÌS�y×CxC|~}�{
z

artin : π0(CF ) → π0(Gal(F ab/F )) = Gal(F ab/F )zUw ^a�Czù�UzÈ{
ÌS�y×CxC|~}�{
zÈ×µzL�y{
zUwÚÍEzùÍEÔ��U�y| �yzÁwyÌS�Ewyz�}�Ñ z�}�zU£�wyzL��}�| ÌS��}�ufÛµÔLÑ | zL�C�Cz�}�ÍEz
F
�ð��Ä�CÌfwyz

rec : Gal(F ab/F )→ π0(CF )
}�ÌS�Ä| ��®SzL�N}�zS�

X�ÌS| w
T = ResF/QGm

Ñ z*�S�yÌS�C×µz
F×

®����UÌS{
{
z*�S�yÌS�C×µznufÑ �SÔLÛC�y|h^a�Cz*}��C�
Q
�^Ù�Ñ ÌS�N}ÌS�ùu

CF = T (Q)\T (A)
zUw
π0(T (Q)\T (A))

z�}rw©�C�ù�S�yÌS�C×µz�×C�yÌ����C|Z^a�C|a×µzL�Ew/},� Ô��U�y| �yz�UÌS{
{
z
lim
← KT (Q)\T (A)/T (R)+ ×KÌN[

K
×�uf�N�UÌS�C��w/Ñ z�}'}�ÌS��}r�î�S�yÌS�C×µz�}^�UÌS{
×�uS�GwN}/ÌS�C®SzL��wN}/ÍEz

T (Af )
ìt}/ÌS| �%-�zLÑ | �S�CzS�»}�uf���| ÔUwyÔ�}�ÍEzJX�xC| {ù�C�NuC�^z �   �¯® |G~ íG�

(1) 0 É Ã�¾ V'Ï a V ÍmÍ Ê ¿�e
]�Ì Ê ÌÎ¾�\ ¾�ÍlaW¿�^
\ ¾�Íl]
_CZfZA¾+\ a%Ì>e VÇÉÇÊ _ É ¿Ç¾�Í AS := R ×
Q

p∈S Qp ××
Q

p/∈S Zpa Ë ¾
]
S
} ÉÇÊ À�îZ¾�Í[_ V'Ë ¾�Ì Ï Íe¿Ç¾

AS
ÍW_ ÉKÏ \ ¾�Í

U ×
Q

p/∈S Zp
a Ë ¾
]

U
_ V'Ë ¾�Ì Ï ¿Ç¾

R ×
Q

p∈S Qp
À

(2)
z�¾ ÏÎÏ ¾�¿�eS} ÉÇÊ ÏmÊ _ ÉÃVÇÉ Ã�¾ V�Ï _�ÌÎ¿ V ¾ Í â Ê ¿Ç¾ ÉKÏmÊ }�¾_¿(a É Í´\ ¾s]�aWÍ_y V#â _ É ÌÎ¾ Ó aWÌÎ¿Ç¾ ¿ â aWÃÇÌ5^�ÍJ�e¾
\ Ê Ó�É ¾ca V

π0
Z VÇÉÇÊ ¿Ç¾$\ a Ï _�Ã�_C\ _ Ó�Ê ¾�y V _ ÏmÊ ¾ ÉKÏ À ��É ¾ å ¾ Ï ÂG]�¾ Ó Ì>_ V Ã�¾i¿Ç¾�]
_CZAÃ�_�Í¯a ÉKÏ ¾�Íg]
_ ÉÇÉ ¾£¶'¾�Íw¿Ç¾�Íg]
\ aWÍmÍm¾�Í

¿ â Ê ¿�^
\ ¾�Í0¾�Í Ï ÃÇÌ>_R} ÉÇÊ ]�aWÌg]
_CZAÃ(a�] Ï ¾ Ï0Ï _ Ï a�\ ¾
ZA¾ ÉKÏ ¿ Ê ÍW]
_ ÉKÏmÊ É!V À « \�¾�Í Ï ]
_CZAÃ(a�] Ï ]�aWÌEy V _ ÏmÊ ¾ ÉKÏ ¿ â VÇÉÓ Ì>_ V Ã�¾�]
_CZAÃ(a�] Ï �
π0(I1/Q×)

(3)
î�a Ï _�Ã�_C\ _ Ó�Ê ¾ Ê É ¿ VÇÊ Ï ¾�Ã(aWÌ^\ a Ï _�Ã�_C\ _ Ó�Ê ¾�aW¿�e
\ Ê y V ¾�Í V Ì^\ ¾�ÍÃ�_ Ê ÉKÏ ÍM¿ â VÇÉ ¾ Ë aWÌ Ê e Ï e�a�d É ¾�¾�Í Ï {�_ ÉÇÉ ¾

Í Ê ]�¾ ÏÎÏ ¾ Ë aWÌ Ê e Ï ee¾�Í Ï ` ¾�Ì>Zfe�¾�À 0 É ÃÇÌÎ¾ É ¿c¿�_ É ]D\ a Ï _�Ã�_C\ _ Ó�Ê ¾ Ê É ¿ VÇÊ Ï ¾4Ã(aWÌ
A× 7→ A×A, x 7→ (x, x−1)]�aWÌ

Gm,Q → A1
Q

° ¾�ÍmÃ(a�]�¾$a�d É ¾>Á É#â ¾�Í Ï Ã(aWÍ^` ¾�Ì>Zfe�¾�À
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@��ÄwyxCÔLÌS��:L{
zÁÍEzùÐ'xCzL®\ufÑ zUw��CÌS��}"ÍE| w_^a�Cz
lim
←
T (Q)\T (Af)/K ∼= T (Q)\T (Af ).

X��C×C×µÌa}�ÌS��}J^a�Cz
F
z�}rwù�C�CzºzU£�wyzL��}�| ÌS��^a��uSÍE�Nu\wy|h^a�Cz�ÍEz

Q
��X�|

F
z�}rwù�C���UÌS�y×�}wyÌfwNufÑ zL{
zL�awÁ| {[uf�S| ��uf| �yzS�

T (R)+ = T (R) = C×
zUwùÍEz
×CÑ ��}

T (Q)
z�}rwÚÒÃzL�y{
Ô[ÍCuf��}

T (Af )
Í� ÌN[ïÌS�ïÍEÔ�ÍE�C| w

π0(T (Q)\T (A)) = T (Q)\T (Af).
X�|
F/Q

z�}rw��C�CznzU£�wyzL��}�| ÌS�l^a��uSÍE�Nu\wy|h^a�Cz*�yÔLzLÑ Ñ zS�fÑ~uÚ�UÌS{
×µÌa}yuf�awyz
T (R)/T (R)+

z�}rw|~}�ÌS{
ÌS�y×CxCz?K
(Z/2Z)2

zUw"| Ñ��CzÚÒ«uf�Ew�×�uS}nÑm� ÌS�CÛCÑ | zL���
jw� z�}�×�uS�Uz[wyÌS×µÌSÑ ÌS�S|h^a�Cz���u\wy�C�yzLÑnÍCuf��}ùÑ z'^a�CzLÑnÌS��×µzL��×CÑ ÌS�C�SzL�

T (R)/T (R)+
z�}rwÑm� z�}�×�uS�Uz

R
± := GL2(R)/T (R)+ÍEz�}n�SÔLÌEÍEÔ�}�|h^a�Cz�}nÌS�y| zL�awyÔLz�}n}��C�"Ñ zÁÍEzL{
| �î×CÑ~uf�>ÍEzÚ×µÌS| ���Luf�yÔS�

�^n2�^n �  E�\ª>±a��±[§l  § ¾©ª>¡�¨��\  n @��Cz'ødDyÆUW�ÉS¼\O�OdÆNR�ÉSRA�CM�FPX�BEDyZÚz�}rw/�C�
�UÌS�C×CÑ z
(G,X)u®Sz��

G
�C�>�S�yÌS�C×µzÈufÑ �SÔLÛC�y|h^a�CzÚ�yÔ�ÍE���Gwy| Ò�}��C�

Q
zUw
X
�C�

G(R)
�îz�}�×�uS�UzÚwyÌS×µÌSÑ ÌS�S|h^a�CzìÃÌS�ïÑ |~}y}�zí�K��auf���NxCzS�

X�|
(G,X)

z�}rw"�C�CzÁ×C�yÔU�YÍEÌS�C�CÔLzÚÍEzJX�xC| {ù�C�Nu�zUw
K ⊂ G(Af )

z�}rw"�C�>}�ÌS��}r�î�S�yÌS�C×µz�UÌS{
×�uS�Gw"ÌS�C®SzL��w��EÌS�Ä×µzL�Ew�Ñ �C|�uS}y}�ÌE�U| zL�nÑm�PRGI¾ø�ZSKNR�ÉSRJ�CM�FPX�BEDyZc��O�F
ShK(G,X) := G(Q)\X ×G(Af )/K.ð��ïuf×C×µzLÑ Ñ zºRGI¾ø�ZSKNR�ÉSRJ�CM�FPX�BEDyZ
Ñ~u�Ñ | {
| wyzÁ×C�yÌ��rz��Gwy| ®SzÚzL��}�zL{ùÛCÑ |~}rwyz

Sh(G,X) := lim
← KShK(G,X).

X�ÌS| w
S := ResC/RGm

�|@��CzÄÍEÌS�C�CÔLzÄÍEz\X�xC| {ù�C�Nu>z�}rw��C�2�UÌS�C×CÑ z
(G,X)

u®Sz��
G
�yÔ�ÍE���Gwy| Ò��UÌS�C�CzU£Ezº}��C�

Q
zUw
X ⊂ Hom(S, GR)

�C�Cz
G(R)

�Y�UÑ~uS}y}�zÄÍEzÄ�UÌS���r�C�auf| �}�ÌS�;®SÔL�y| �µuf�aw�^a�CzLÑh^a�Cz�}Äu\£E| ÌS{
z�}[ÒÃÌS��ÍCuf{
zL�awNuf�E£ }��C×C×CÑ ÔL{
zL�awNuf| �yz�}?ìÃ®SÌS| ��-�zLÑ | �S�Cz
z �   �¯® |G~ í ^a�C|'| {
×CÑ |h^a�CzL�awÈ�CÌfwNuf{
{
zL�aw�^a�Cz

Sh(G,X)
z�}rwÈ�C�Cz�®\uf�y| ÔUwyÔ[ufÑ �SÔLÛC�y|h^a�Cz

^a��uS}�| �î×C�yÌ��rz��Gwy| ®Sz�ìPwyxCÔLÌS��:L{
z>ÍEz>�nuf| Ñ Ñ Óa�Y�*ÌS�yzLÑPí�^a�C|�uSÍE{
zUw��C�2{
ÌEÍQ:LÑ zv�Luf�CÌS�C|h^a�Cz}��C�*�C�ï�UÌS�y×�}*ÍEz��CÌS{ùÛC�yz�}�ì«è��Nu®\uf�E£[ÍEz:X�xC| {ù�C�NuC��-�zLÑ | �S�CzS�Et>| Ñ �CzS��X�xC|PíG�*Ð'z�}nÍEzL�E£wyxCÔLÌS��:L{
z�}
u?zL�E£2}�zL�CÑ~}�{
ÌS�awy�yzL�aw�wyÌS�EwyzïÑ~u?×C�C|~}y}yuf���UzïÍEz�}[u\£E| ÌS{
z�}�ÍEzïÛ�uS}�zïÍEz�}®\uf�y| ÔUwyÔ�}"ÍEzJX�xC| {ù�C�NuC�ñ/uf�ºzU£EzL{
×CÑ zS��}�|
h0 : S → GL2,R

z�}rwÄÑ z?{
ÌS�y×CxC|~}�{
z�ÍEÌS�C�CÔ?}��C�ÄÑ z�}º×µÌS| �awN}�yÔLzLÑ~}�×�uf�
z = a + ib 7→

(
a b
−b a

) zUw
H±

z�}rwÈÑ~uï�UÑ~uS}y}�z
ÍEz
GL2(R)

�Y�UÌS���r�C�auf|~}�ÌS��ÍEz
h0
ufÑ ÌS�N}

(GL2,H±)
z�}rw�Ñ~uºÍEÌS�C�CÔLz�ÍEz�X�xC| {ù�C�Nu[{
ÌEÍE�CÑ~uf| �yz�ÍEÌS�aw�ÌS�?u�×�uf�yÑ ÔùÍCuf��}Ñm� | �awy�yÌEÍE���Gwy| ÌS���

��ÌS��}�ufÑ Ñ ÌS��}^{[uf| �awyzL��uf�aw��CÌS��}/| �awyÔL�yz�}y}�zL�_KÁÍEz�}�×C�yÔU�YÍEÌS�C�CÔLz�}/ÍEz_X�xC| {ù�C�Nu:^a�C|��Cz®SÔL�y| ��zL�aw"×�uS}nÑ z�}"u\£E| ÌS{
z�}nÍEzÈÍEÌS�C�CÔLz�}"ÍEz�X�xC| {ù�C�NuC�
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� n Ä"±�¦�§l±���ª}XJ¨l ���¦��\ª>  ¥ ��±G ��° a�[¡S¦���½^�9XJ¨© C§��\ E��ª}XJ¨l ��[�(±G  � �
Ý�uf×C×µzLÑ ÌS��}^×�uf���C��wNufÛCÑ z�uf�
�C�Cz�uf��ufÑ ÌS�S| znzL�awy�yznÑ~uÁ�UÌS�C�yÛµz"{
ÌEÍE�CÑ~uf| �yznzUw'Ñm� z�}�×�uS�UzÍEz�}n�SÔLÌEÍEÔ�}�|h^a�Cz�}"}��C�"|~��:LÑ zS�Ez�}y}�zL�awy| zLÑ Ñ zL{
zL�aw�ÍE�Cz`K[�Úuf��}y}L�

£ba ¤k¥+¦
§
¦���¥³²4�
� n X�ÌS| w
M
�C�

Z
�î{
ÌEÍE�CÑ z*Ñ | ÛC�yz*ÍEz*�Nuf�C�

2
�×µÌS�C�^Ñ z'^a�CzLÑaÌS�ù�Cz*�NxCÌS|~}�| w×�uS}OK?×C�y| ÌS�y|nÍEzÄÛ�uS}�zS��@��Cz?IG½¾DGB�KU½¾BEDyRïKN¼\X�ødT R>+�Rv}��C�
M
z�}rw
�C�CzïÍEÔ��UÌS{
×µÌa}�| wy| ÌS�

MC = F ⊕ F̄ ÍEz MC
zL��ÍEzL�E£?}�ÌS��}r�îz�}�×�uS�Uz�}��UÌS{
×CÑ zU£Ez�}��UÌS���r�C�S�CÔ�}L�:@���T FPT ZI[}��C�

M
z�}rwÚÑ~uºÍEÌS�C�CÔLz
Í� �C�Cz
ÍEÔ��UÌS{
×µÌa}�| wy| ÌS�

MR = F ⊕ F̃ ÍEz MR
zL��}�ÌS{
{
z�ÍE| �yz��GwyzÍEz�ÍEzL�E£vÍE�yÌS| wyz�}�zUwÚÍ� ÌS�y| zL�awNu\wy| ÌS��}�}��C�Ú�Uz�}�ÍEzL�E£?ÍE�yÌS| wyz�}�ÍEÌS�C�CÔLz�}�×�uf��Ñ z��NxCÌS| £vÍEzÍEzL�E£ïÍEzL{
| �YÍE�yÌS| wyz�}

F+ zUw F̃+ }��C���Uz�}�ÍEzL�y�C| :L�yz�}L�
jw� uf��ufÑ ÌS�S| zi^a�C|C�CÌS��}/| �awyÔL�yz�}y}�z"}�znÒ«uf| w'zL�awy�yz"Ñ z�}/z�}�×�uS�Uz�}/ÍEz"{
ÌEÍE�CÑ z�}�ÍEz��Uz�}�ÍEzL�E£wrÓ�×µz�}ÈÍ� ÌSÛ��rzUwN}ÈÍ� ufÑ �N:LÛC�yz�Ñ | �CÔ�uf| �yzS�C;�Ñ Ñ z��UÌS{
×µÌS��wyz
wy�yÌS|~}Ú®SÌSÑ zUwN},FºZ\T Ådc�ãUDyR�T FPOdÆNZ\FPDyRU�ÅaÆN¼\X[ÆU½¾DGF«R�Z\OdZ\T �\½¾F � B�RÈzUw�ÅaÆN¼\X[ÆU½¾DGF«R
Z\T ÅaÆ�ãUDGF � B�RU�

e�f g=h�i�jlk_f m n�o�p=m jlk
� q ¢)r8s q rU¢ �}� s}¡utwv8x �3yq�}� x z x { ��5|�}u~5|8~ ¢){ux MC = F ⊕ F̄ MR = F ⊕ F̃ �3q F+ ⊂ F, F̃+ ⊂ F̃

r |��3yq� twv8x ��� v ~ s5z {ux M = Z[
√−2] M = Z[

√
2]

z � ¡ut2¡£¢)v8�8z � t �}���� {ux }u�5� ¢ �}� Z[
√
−2] ⊗Z C ∼=

alg
Cι1 × Cι2

Z[
√

2] ⊗Z R ∼=
alg

Rι1 × Rι2 ,

R+
ι1

, R+
ι2

-�uf��}�Ñ~u�ÍEzL�y�C| :L�yz�Ñ | �S�Cz*ÍE�ÈwNufÛCÑ z�uf���
ι1
zUw
ι2
}�ÌS�aw©Ñ z�}©ÍEzL�E£Á×CÑ ÌS�C�SzL{
zL�awN}©ÍEz'Ñm� ufÑ �N:LÛC�yz�UÌS��}�|~ÍEÔL�yÔLzS�^�UÌS{
×CÑ zU£Ez�}È×µÌS�C��Ñ~uv�UÌSÑ ÌS�C�CzºÍEzº�auf���NxCz�zUw��yÔLzLÑ~}È×µÌS�C�ùÑ~u?�UÌSÑ ÌS�C�CzºÍEzÍE�yÌS| wyzS�4jw� ÌS�y| zL�awNu\wy| ÌS�Á}��C��Ñ z�}�ÍE�yÌS| wyz�}J�yÔLzLÑ Ñ z�}Jz�}rw�ÌSÛEwyzL���Cz�zL�Á×C�yzL��uf�aw�Ñ~u"�UÌS{
×µÌa}yuf�awyz�UÌS�C�CzU£EzÁÍEzÁÑm� |~ÍEzL�awy| wyÔÈÍCuf��}nÑ zÚ�S�yÌS�C×µzÁÍEz�}n| ��®SzL�N}�| ÛCÑ z�}

R∗
�

£ba ¤k¥+¦
§
¦���¥³²4�W¨ n @�� X[¼\D¾ø�M�F~IGX[RùzL�awy�yzÁÍEzL�E£Ä}rwy�y���Gwy�C�yz�}"�UÌS{
×CÑ zU£Ez�}ÁìÃ�yz�}�×��/Ñ | Ñ~uS}Níz�}rw�Ñ~u�ÍEÌS�C�CÔLzùÍ� �C�v{
ÌS�y×CxC|~}�{
z
f : M1 → M2

zL�awy�yzÈÑ z�}��yÔ�}�z�uf�E£ï}�ÌS��}r� ��uS�UzL�awN}*wyzLÑ
^a�Cz

fC(F1) ⊂ F2
ìÃ�yz�}�×��

fR(F+
1 ) ⊂ F+

2

zUw
fR(F̃+

1 ) ⊂ F̃+
2

íG�
£ba ¤k¥+¦
§
¦���¥³²4��² n @��CzÚIG½¾DGB�KU½¾BEDyR�ÉSR�O�FPÀ\RNZ\B

N
}��C�/�C�Cz�}rwy�y���Gwy�C�yz"�UÌS{
×CÑ zU£EzÈìÃ�yz�}�×��

�C�ÈÑ | Ñ~uS}NíJÍEz'�yÔ�}�z�uf�È}�ÌS��}r� ��uS�UzL�aw
M
z�}rw©�C�È|~}�ÌS{
ÌS�y×CxC|~}�{
z

M⊗ZZ/NZ
i→ (Z/NZ)2

�
��ÌS��}'�CÌS��}'| �awyÔL�yz�}y}�ÌS��}�{[uf| �awyzL��uf�awZKÈÑ~uÈ�SÔLÌS{
ÔUwy�y| z�ÍEz�}'z�}�×�uS�Uz�}*ÍEz�{
ÌEÍE�CÑ z�}nÍEz�Uz�}nÌSÛ��rz��GwN}"Í� ufÑ �N:LÛC�yzÚÑ | �CÔ�uf| �yzS�
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��o�����o��lj�m kYp�n�p=f ����m �,��k
s5x { ��� z ��r � ��� | {utwz ��r ��}� v8{us �� � t2¡ � r8x �}� GL2(Z)\GL2(R)/C× GL2(Z)\GL2(R)/(R+×)2

}u~ ¡ut ~3q ¢)z ��r � t �5|�q X = PGL2(Z)\H { }u~ ¡ � ~}� z ��r �}��� rU¢�� }q ¡urU¢Qt2¡ � r8x {uz ¢ �� q ¡ur �Q| z � � {ur y8� lim
←

Γ(N)\GL2(R)/C× lim
←

Γ(N)\GL2(R)/(R+×)2

j�z�}��S�yÌS�C×µz�}
Γ(N)

�UÌS��}�|~ÍEÔL�yÔ�}�ÍCuf��}�Ñ~u�Ñ | {
| wyz�×C�yÌ��rz��Gwy| ®Sz�}�ÌS�aw�Ñ z�}���}��CzLÑ~}��S�yÌS�C×µz�}ÍEzÈ�UÌS�C�S�y�CzL���UzÚÍEzÚ�C| ®Sz�uf�
N
��ÍEÌS�C�CÔ�}n×�uf�"Ñ~u
}��C| wyzÁzU£CuS�Gwyz

1→ Γ(N)→ GL2(Z)→ GL2(Z/NZ)→ 1.

Ð'zUw�uS}�×µz��GwÈ�SÔLÌS{
ÔUwy�y|h^a�Cz
z�}rw��UzLÑ �C|%^a�C|*}�zL{ùÛCÑ z[ÛC| zL���UÌS�C��� ×�uf�ù�Úuf��}y}L��@��CzºÍEz�}{[uf�C| :L�yz�}�Í� ufÛµÌS�NÍEzL��Ñ~u_^a�Cz�}rwy| ÌS�ÈÍEz'{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ù�yÔLzLÑ Ñ z'ÍEz*tvuf�C| �Èz�}rw^ÍEz*�NxCzL�N�NxCzL�
K��yzL{
×CÑ | �"Ñ zÚwNufÛCÑ z�uf��Kùwy�yÌS��}"}��C| ®\uf�aw��

��o�����o��lj�m k�p=f g=o�i�j�m �,��k
s5x { ��� z ��r � ��r8{ |�q z ��r �� q ¢)r8s q rU¢ �}� x z |8~ {uz ¢ �}� MC = F ⊕ F̄ MR = F ⊕ F̃ �3q F+ ⊂ F, F̃+ ⊂ F̃

¢ ~ {ux z � { q z ¡ |�}u~ ¡ut ~3q ¢)z ��r � E = M\MC/F̄ ⊂ P2(C) ?

v8{£¢ �3yq� twv8x � E = C/Z[
√−2] ⊂ P2(C) ? ∼ R/Z[

√
2]

ð��È®\u�{[uf| �awyzL��uf�aw©zU£E×CÑ |h^a�CzL��×CÑ ��}©zL�ùÍEÔUwNuf| Ñ~}�Ñ~u�ÍEzL�E£E| :L{
z*�UÌSÑ ÌS�C�Cz'ÍEz*�CÌa}JwNufÛCÑ z�uf�E£Z\T Ådc�ãUDyRùT FPOdÆNZ\FPDyRÈzUw�ÅaÆN¼\X[ÆU½¾DGF«R�Z\OdZ\T �\½¾F � B�RÈzL�ï�auf�NÍCuf�aw"�UzUw�wyzÁuf��ufÑ ÌS�S| z�zL�Äw�SUwyzS�
X�ÌS| w

h1 : G2
m,R → GL2,R

Ñ z>{
ÌS�y×CxC|~}�{
z>ÍEÌS�C�CÔ>×�uf�
(x, y) 7→ diag(x, y)

zUw
R ⊂ Hom(G2

m,R,GL2,R)
}yu

GL2(R)
�Y�UÑ~uS}y}�z�ÍEz��UÌS���r�C�auf|~}�ÌS��� j�z�}rwNufÛC| Ñ |~}yu\wyzL�C�ÚÍEz

h1
z�}rw"Ñ zÚwyÌS�yzÁÍE|~uf�SÌS��ufÑ

T (R)
ÍEz

GL2(R)
ÍEÌS���

R ∼= GL2(R)/T (R).

j�z�}"×µÌS| �awN}�ÍEz
R
�UÌS�y�yz�}�×µÌS��ÍEzL�aw"uf�E£>�UÌS�C×CÑ z�}�ÍEzÈÍEzL�E£>ÍE�yÌS| wyz�}"×C�yÌS×C�yz�}n×µÌS�C�

xzUw
y
��ð��?×µzL�EwÈÑ z�}ÁÍEz�}y}�| �CzL�Á�UÌS{
{
z
ÍEz�}Ú×µÌS| �awN}Á}��C�ÚÑ z
ÛµÌS�NÍ

P1(R)
ÍE� ÍE|~}>^a�Cz[ÍEz×µÌS| ���Luf�yÔS�'ð��Ä{ù�C�C| w�{[uf| �awyzL��uf�aw��Uz�}n×µÌS| �awN}�Í� �C�>}�zL��}Áì«uf�y�y| ®SÔLz�ÌS�ïÍEÔL×�uf��wGíG�

X�ÌS| w
R±

Ñm� z�}�×�uS�Uz
ÍEz�}��UÌS�C×CÑ z�}
(h, c)

u®Sz��
h ∈ R

zUw
c ∈ π0(im(h(R)))

�
ð���uufÑ ÌS�N}
R
± ∼= (Z/2Z)2 ×RzUw�Ñm� uS�Gwy| ÌS�ïÍEz

GL2(R)
×�uf���UÌS���r�C�auf|~}�ÌS�Äuf�S| w�}�zL�CÑ zL{
zL�aw�}��C�"Ñ zÈÍEzL�E£E| :L{
zÚÒ«uS�GwyzL�C���

£ba ¤k¥+¦
§
¦���¥³²4��¤ n j�z[�UÌS�C×CÑ z
(GL2,R

±)
z�}rwùuf×C×µzLÑ Ô
Ñ~u�ÉS¼\O�OdÆNRºÉSR�DGFPÀ\ZLÅaRºX[¼�É\BEWT Z\FPDyRU�
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£ba ¤k¥+¦
§
¦���¥³²4��Æ n X�|
h ∈ R

�^ÌS��uf×C×µzLÑ Ñ zvX[Z\BEÀ\Z\F~I (4) ÅfDy¼\B�ø�RïÉSRCG>BEXn¿U¼\DyÉ\W�H�Z\½YRÉSR
h
Ñ z
×CÑ ��}Ú×µzUwy| wù}�ÌS��}r�

Q
�î�S�yÌS�C×µzùufÑ �SÔLÛC�y|h^a�Cz

BMT(h) ⊂ GL2
�UÌS�awyzL��uf�awÁ}��C�

RÑm� | {[uf�Sz�ÍEz
h
��@���×µÌS| �aw

h ∈ R
z�}rw*ÍE| w�I¾ø�ÆNKUF«Z\T�}�|

BMT(h)
z�}rw'�C�
wyÌS�yz��CÌS��}y�U| ��ÍEÔS�

ð���{
ÌS�awy�yz�Ò«uS�U| Ñ zL{
zL�awi^a�CzÚ}�|
h
z�}rw"}�×µÔ��U|~ufÑ¾�

BMT(h)
×µzL�Ew�},� Ô��U�y| �yz

ResE/QGmu®Sz��
E/Q

^a��uSÍE�Nu\wy|h^a�Cz�wyÌfwNufÑ zL{
zL�aw��yÔLzLÑ (5) �ð�� ×µzL�Ewïuf| ��}�|��UÌS{
×CÑ ÔUwyzL���CÌfwy�yz?uf��ufÑ ÌS�S| zï×�uf�º�C� wNufÛCÑ z�uf�)| �awy| wy�CÑ Ô�IG½¾DGB�KU½¾BEDyRI¾ø�ÆNKUF«Z\T RGI�^a�C|�ÍEÌS�C�CzÚÑ z�}n|~ÍEÔLz�}��UÑ zUÒ«}"ÍEzÁÑ~ul^a�Cz�}rwy| ÌS�ïÍEzÁ{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ï�yÔLzLÑ Ñ zS�

�=�lju���u�u��jlk����l��o���m p=f k��
t�r8x q z v8x z s5{ q z ¡ | s}¡utwv8x �3yq� t�r8x q z v8x z s5{ q z ¡ | ¢ ~}� x x �

� q ¢)r8s q rU¢ �}� x z |8~ {uz ¢ �}�
MC = F ⊕ F̄

End(M, F, F̄) ⊗Z Q

��r8{ � ¢){ q z ��r � z tw{ } z | {uz ¢ �
MR = F ⊕ F̃ �3q F+ ⊂ F, F̃+ ⊂ F

End(M, F, F̃) ⊗Z Q

��r8{ � ¢){ q z ��r � ¢ ~}� xv8{£¢ �3yq� twv8x � M = Z[
√

−2] M = Z[
√

2]

}u~ ¡ut ~3q ¢)z � {ux }u~5� ¢)z ��r � s}¡urU¢ �F�}��� x x z v q z ��r �}�� t�r8x q z v8x z s5{ q z ¡ | s}¡utwv8x �3yq� ?

� q ¢)r8s q rU¢ �}� � ��| z � � {ur vF¡uz |�q�� � �Pq ¡£¢ � z ¡ | ?

t2¡ � r8x �}� {ux }u~5� ¢)z ��r �}� �u{ux � rU¢ � � �M� ¡ | s q z ¡ | j

�3qQ� ¡ | s q z ¡ |U��� x x z v q z ��r �}� ? ∼ | ¡ut � ¢ �}� � ��� q {£¢)�
ð��ï×µzL�Ew�ÍEz�}y}�| �CzL��}��C�"Ñ zÈÍE|~}>^a�CzÈÍEzÁñ^ÌS| ���Luf�yÔÚÑ~u
�SÔLÌEÍEÔ�}�|h^a�Cz�Ñ |~uf�aw √

2
zUw −√2

^a�C|z�}rw��C�CzÚ�SÔLÌEÍEÔ�}�|h^a�CzÁ}�×µÔ��U|~ufÑ zS�
X�|
h ∈ R

z�}rw��C�ÚwyzLÑf×µÌS| �aw©}�×µÔ��U|~ufÑSÍEz/�S�yÌS�C×µz�ÍEz�t>�C{�ÒÃÌS�NÍaêEè©u\wyz
T = ResE/QGm

�ÌS�ÄÑ �C|�uS}y}�ÌE�U| z�Ñ~u[}�ÌS��}r�YÍEÌS�C�CÔLz
s : (T, Z = π0(T (R)))→ (GL2,R

±).

Ð'ÌS{
{
zÚ®��ï×C�yÔ��UÔ�ÍEzL{
{
zL�aw��EÌS�ïu
Sh(T, Z) = π0(T (Q)\T (A))

},� |~ÍEzL�awy| ��zÈuf�Ä�S�yÌS�C×µzÁÍEz�}"�UÌS{
×µÌa}yuf�awyz�}n�UÌS�C�CzU£Ez�}"ÍE�ï�S�yÌS�C×µzÚÍEzÈ�UÑ~uS}y}�z�}nÍ� |~ÍQ:LÑ z�}L�ð���{ù�C�C| w"ÍEÌS����Ñm� | {[uf�Sz�ÍEz
Sh(s)

Í� �C�CzÚuS�Gwy| ÌS���CÌfwyÔLz
rec
ÍEz

Gal(Eab/E)
ÍEÌS�E��CÔLzÁ×�uf�nÑm� | ��®SzL�N}�zÁÍEzÚÑm� |~}�ÌS{
ÌS�y×CxC|~}�{
zÁÍE�ï�UÌS�y×�}"ÍEzÁ�UÑ~uS}y}�zS�

(4)
îZ¾�Í�{�_ É Í Ó Ì>_ V Ã�¾�Í%¿Ç¾ ¹kV Z´` _�ÌÎ¿ � . a Ï ¾�ÍW_ ÉKÏ ¿�_ ÉÇÉ e�ÍwÃ(aWÌg\ ¾�Í0¾ ÉKË ¾
\ _�ÃÇÃ�¾�ÍwÌ>e�¿ V ] ÏmÊ Ë ¾�Í%¾ Ï _ ÉKÏ�VÇÉ

Ê ÉKÏ e�Ì5� ÏeÊ É ¿�e�Ã�¾ É ¿(a ÉKÏ Ã�_ V Ì4¿Ç¾�Í:y V ¾�Í ÏmÊ _ É Í4¿Ç¾0¿�X É a�Z Ê y V ¾�À
(5)
ãvaWÌ¾£¶'¾
ZAÃ�\ ¾=�v]
_ É Í Ê ¿�e�Ì>_ É Í

d > 1
VÇÉ ¾ ÉKÏmÊ ¾�ÌMÃ�_�Í Ê ÏmÊ `�Í¯a É Í^`ya�] Ï ¾ V ÌD]�aWÌÎÌ>e�À � _ Ê Ï

g :=
“

1 1√
d −

√
d

” À
��É ]
_ ÉUT>VÇÓCV a ÉKÏ

h0
Ã(aWÌ

g
Â�_ É _B{ ÏmÊ ¾ ÉKÏ \ aMZMa Ï Ì Ê ]�¾

h′ =
`

a b
db a

´ a Ë ¾
]
a = x+y

2

¾ Ï
b = x−y

2
√

d

À'îZ¾
Ó Ì>_ V Ã�¾0¿Ç¾�Í^ZMa Ï Ì Ê ]�¾�Í¿Ç¾l\ ag` _�Ì>ZA¾ `

a b
db a

´ a Ë ¾
]
a
¾ Ï

b
ÌWa ÏmÊ _ ÉÇÉ ¾
\ ÍM¾�Í ÏDVÇÉcÓ Ì>_ V Ã�¾ga�\ Ó e!{ÇÌ Ê y V ¾0Í V Ì

Qy VÇÊ ¾�Í Ï \ ¾ Ó Ì>_ V Ã�¾w¿Ç¾ ¹kV Z´` _�ÌÎ¿ � . a Ï ¾0¿Ç¾
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À
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ÉSRùX[Z\O�F5cUDyR"ødT B�IÈOdZ\½¾BEDyRUTPT R�ÅfD��SKNR  BEOdRùFPO�½YRUD¾ødDyÆU½YZ\½¾F«¼\O�X[¼�É\BET Z\FPDyR[ÉSR
Sh(T, Z)

RUO�½YRUDGX[RGI�ÉSRÚÅaÆN¼\X[ÆU½¾DGF«R[Z\T ÅaÆ�ãUDGF � B�ROd¼\O�KN¼\X�X�BE½YZ\½¾FPÀ\R�b'T F«ÆNR�Z\B�+�Od¼\X[ãUDyRGIùÉSR:�µ½YZ\DyQ�ø�¼\BEDùKNR�KN¼\D¾øµI � B�ZSÉ\DyZ\½¾F � B�R �
º[n �   ¥ � �  ��� ��!½^ C¡� ��
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ð��;}�ÌS�Cx�uf| wyz?�UÌS{
×C�yzL��ÍE�yzv�Uz8^a�Cz?Ñ zv��SL®Sz?ÍEz?tvuf�C| �$}�| �S�C| ��zv×µÌS�C�º�C�$�UÌS�y×�}�UÌS{
{
z
Q( 4
√

2)/Q(
√

2)
�nð��Ä�yzL{[uf�W^a�Cz ^a�M� ÌS�ïu

Q(
4
√

2)⊗Q R ∼=
R−alg

C× R× R

zUw��UzÁ�UÌS�y×�}A^a��uSÍE�Nu\wy|h^a�Cz��M� z�}rw��C|JwyÌfwNufÑ zL{
zL�aw"�yÔLzLÑ¾�E�C|JwyÌfwNufÑ zL{
zL�aw"| {[uf�S| ��uf| �yzS�
X�ÌS| w

Dk ⊂ (G2
m,R)k Ñ zÄ}�ÌS��}r�î�S�yÌS�C×µz�ÍEz�} (xi, yi)i=1,...,k

wyzLÑ~}�^a�Cz
xiyi = xjyj×µÌS�C��wyÌS�Ew

i, j ∈ {1, . . . , k} ��ð��?�yzL{[uf�W^a�Cz�^a�Cz Dk
×µzL�EwWSUwy�yz�®����UÌS{
{
z�Ñ zùwyÌS�yz{[u\£E| {[ufÑ�ÍEz

GSp2k,R

�%X�ÌS| w
Tk ⊂ S× Dk

Ñ zÁ}�ÌS��}r�î�S�yÌS�C×µz�ÍEz�}
(z, (xi, yi))

wyzLÑ~}c^a�Cz
zz̄ = xiyi

×µÌS�C�'wyÌS�Ew
i ∈ {1, . . . , k} �0X�ÌS| w T := lim

←
Tk
ÌN[�Ñ z�}*×C�yÌ��rz��Gwy| ÌS��}

Tk+1 →
Tk
}�ÌS�awÁÍEÌS�C�CÔLz�}�×�uf��ÌS�CÛCÑ |�ÍE��ÍEzL�y�C| zL��Ò«uS�GwyzL�C�

G2
m,R

�[ð��?�CÌfwyz
πk : T → Tk

Ñ~u×C�yÌ��rz��Gwy| ÌS�º��u\wy�C�yzLÑ Ñ zS�ð��Áun�C�Ú{
ÌS�y×CxC|~}�{
z�ÍE|~uf�SÌS��ufÑ
w : Gm → T

ÍE| w�ÍEz�×µÌS|~ÍC}JzUw��C�Èuf�Ewy�yz^{
ÌS�y×CxC|~}�{
z
µ : Gm,C → TC

ÍE| w�ÍEzJ��ÌEÍE�SzÁÍEÌS�C�CÔÚ×�uf�
x 7→ ((x, 1), . . . , (x, 1))

�
X�ÌS| w

Gn ⊂ GLn
2

Ñ zÁ}�ÌS��}r�î�S�yÌS�C×µz�ÍEz�}n{[u\wy�y|~�Uz�}
(gi)

wyzLÑ Ñ z�}A^a�Cz
det(gi) = det(gj)×µÌS�C�nwyÌS�Ew

i, j
�

X�ÌS| w
fn : Gn → GSp2nÑ zÁ{
ÌS�y×CxC|~}�{
zÁÍEÌS�C�CÔÚ×µÌS�C�

(gi =
(

ai bi

ci di

)
)
×�uf�"Ñ~u�{[u\wy�y|~�Uz

(
diag(ai) diag(bi)
diag(ci) diag(di)

)

ð��?�CÌfwyz
h0 : S → GL2,R

Ñ z
{
ÌS�y×CxC|~}�{
z�}rwNuf��ÍCuf�NÍ?ÍEÌS�C�CÔ
}��C�ÚÑ z�}�×µÌS| �awN}Ú�yÔLzLÑ~}×�uf�
z = a+ ib 7→

(
a b
−b a

) zUw
h1 : G2

m,R → GL2,R
Ñ zÈ{
ÌS�y×CxC|~}�{
z�ÍE|~uf�SÌS��ufÑ�ÍEÌS�C�CÔ

×�uf�
(x, y) 7→ diag(x, y)

�
X�ÌS| w

k0 + k1 = n
�C�CzÁ×�uf��wy| wy| ÌS�ïÍEz

n
�nð��ï�CÌfwyz

hk0,k1 : Tk1 → Gn ⊂ GLn
2,R

Ñ z{
ÌS�y×CxC|~}�{
zÁÍEÌS�C�CÔÚ×�uf�
hk0,k1 := (h0, . . . , h0︸ ︷︷ ︸

k0

, h1, . . . , h1︸ ︷︷ ︸
k1

).

X�ÌS| w
hS,k0,k1 : T→ GSp2n

Ñ z"{
ÌS�y×CxC|~}�{
z"ÍEÌS�C�CÔn×�uf�
hS,k0,k1 = fn ◦hk0,k1 ◦πk1zUw

Rk0,k1

Ñ~u
GSp2n(R)

�Y�UÑ~uS}y}�z/ÍEz��UÌS���r�C�auf|~}�ÌS�ÚÍEz'�Uz/{
ÌS�y×CxC|~}�{
z�ÍCuf��}
Hom(T,GSp2n)

�
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ð����yzL{[uf�W^a�Czl^a�Cz
×µÌS�C�
h ∈ Rk0,k1

��Ñ z
{
ÌS�y×CxC|~}�{
z
h ◦ w : Gm,R → GSp2n

z�}rw}�| {
×CÑ zL{
zL�aw�Ñ zÚ×CÑ ÌS�C�SzL{
zL�aw�ÍE|~uf�SÌS��ufÑdzUw�z�}rw�ÍEÌS����| ��ÍEÔL×µzL��ÍCuf�aw�ÍEz
h
�

-�uf��}�Ñ z
�LuS}
k1 = 0

�dÌS�?�yzUwy�yÌS�C®SzÈÑm� z�}�×�uS�Uz�ÍEzlX�| zL�SzLÑ/�UÑ~uS}y}�|h^a�Cz
S ±

zUwÁÍCuf��}�Ñ z�LuS}
k0 = 0

�EÌS�ºwy�yÌS�C®Sz
R0,n

∼= GSp2n(R)/Dn(R).Ý�uf×C×µzLÑ ÌS��}l^a�CzïÑ z>�UÌS�C×CÑ z
(GSp2n,S

±)
z�}rw�uf×C×µzLÑ ÔLz�ÉS¼\O�OdÆNRvÉSR��CM�FPX�BEDyZ�ÉSR

�µF«RîÅaRUT ��j�u*®\uf�y| ÔUwyÔ�ÍEz�X�xC| {ù�C�Nu"�UÌS�y�yz�}�×µÌS��ÍCuf�awyz©z�}rw�Ñm� z�}�×�uS�Uz�ÍEz�{
ÌEÍE�CÑ z�ÍEz�}�®\uf�y| ÔUwyÔ�}ufÛµÔLÑ | zL�C�Cz�}ZK
}rwy�y���Gwy�C�yzÁÍEzÁ�C| ®Sz�uf�Ä| �����C| zS�ð��
�CÌfwyz
R
±
k0,k1

Ñm� z�}�×�uS�Uz�ÍEz�}�{
ÌS�y×CxC|~}�{
z�}
h
{ù�C�C|~}'Í� �C�Cz��UÌS{
×µÌa}yuf�awyz"�UÌS�C�CzU£Ez

c ∈ π0(im(h(T(R))))
�

£ba ¤k¥+¦
§
¦���¥¥¤+�
� n j�z��UÌS�C×CÑ z
(GSp2n,R

±
k0,k1

)
z�}rwïuf×C×µzLÑ Ô)ÉS¼\O�OdÆNR�ÉSR�DGFPÀ\ZLÅaR�ÉSR

½m�yø�R
(k0, k1)

ÍEzÁÑ~u
ÍEÌS�C�CÔLzÁÍEz�X�| zL�SzLÑ
(GSp2n,S

±)
�

£ba ¤k¥+¦
§
¦���¥¥¤+�W¨ n X�|
h ∈ Rk0,k1

�©ÌS��uf×C×µzLÑ Ñ z>X[Z\BEÀ\Z\F~I (6) ÅfDy¼\B�ø�RïÉSR�G>BEXn¿U¼\DyÉ\äH�Z\½YR
ÉSR
h
Ñ zÈ×CÑ ��}"×µzUwy| wÚ}�ÌS��}r�

Q
�î�S�yÌS�C×µz�ufÑ �SÔLÛC�y|h^a�Cz

BMT(h) ⊂ GSp2n

�UÌS�awyzL��uf�aw}��C�
R
Ñm� | {[uf�Sz?ÍEz

h
� @��;×µÌS| �aw

h ∈ Rk0,k1

z�}rwÄÍE| w?I¾ø�ÆNKUF«Z\TÈ}�|Ú}�ÌS�)�S�yÌS�C×µz?ÍEz
t>�C{�ÒÃÌS�NÍaêEè©u\wyzÚz�}rw"�C�ÄwyÌS�yz

T
wyzLÑ4^a�Cz

T/w(Gm)
}�ÌS| w�uf�C|~}�Ìfwy�yÌS×µzÚ}��C�

Q (7) �
X�|
h
z�}rw��C�Ä×µÌS| �aw�}�×µÔ��U|~ufÑ¾�EÌS�>u

T (R)/T (R)+ = h(T(R))/h(T(R))+Í� ÌN[Ä�C�ï×CÑ ÌS�C�SzL{
zL�aw
T (R)/T (R)+ ⊂ R

±
k0,k1ÍEÌS�C�CÔÚ×�uf�

c 7→ (h, c)
�ð��Ä×µzL�Ew�{[uf| �awyzL��uf�aw"�yzUÒ«uf| �yzÚÑ~u[�UÌS��}rwy�y���Gwy| ÌS�ïÍEzJ-�zLÑ | �S�CzÁÍCuf��}��UzÈ�LuSÍE�yzS�'ð��>u�C�>{
ÌS�y×CxC|~}�{
z

µh := hC ◦ µ : Gm,C → TC
ÍE| wÚÍEz���ÌEÍE�SzÁzUw�Ñ zù�UÌS�y×�}"�yzK��zU£

E(h)ÍEz
h
z�}rw�Ñ zÁ�UÌS�y×�}"ÍEzÁÍEÔK���C| wy| ÌS�>ÍEzÈ�UzÚ{
ÌS�y×CxC|~}�{
zS�%X�|

F = E(h)
�CÌS�>u

µh : Gm,F → TFzUw�ÌS�ï�UÌS��}rwy�y�C| w
NR(µh) : ResF/QGm → ResF/QTF

Nm→ T.ð��ïu
π0(NR(µh)) : π0(CF )→ π0(T (Q)\T (A)).

(6)
îZ¾�Í:{�_ É Í Ó Ì>_ V Ã�¾�Í�¿Ç¾ ¹kV Z´` _�ÌÎ¿,Å . a Ï ¾wÍW_ ÉKÏ ¿�_ ÉÇÉ e�Í�Ã(aWÌl\ ¾�Í4¾ ÉKË ¾
\ _�ÃÇÃ�¾�Í�Ì>e�¿ V ] ÏmÊ Ë ¾�Í�À « \ZÍm¾
Z�{�\ ¾Ã�\ a V Í Ê {�\ ¾qy V ¾�]�¾�Í Ó Ì>_ V Ã�¾�ÍeÍW_ Ê ¾ ÉKÏ ¿�eS} ÉÇÊ Í4¿Ç¾gZMa ÉÇÊ ^�ÌÎ¾ VÇÉÇÊ y V ¾i° ] â ¾�Í Ï \ ¾g]�aWÍ4Í Ê

k0 = 0
_ V

k1 = 0
Á~À

« \ZÍm¾�ÌWa Ê Ï4Ê ÉKÏ e�ÌÎ¾�ÍmÍ¯a ÉKÏ ¿Ç¾g]
_ ÉÇÉ a�¡ Ï ÌÎ¾�\ ¾ V Ì4Í Ê Ó�ÉÇÊ }(]�a ÏmÊ _ É Ã�_ V Ì4¿Ç¾�Í�y V ¾�Í ÏmÊ _ É Íe¿Ç¾0¿�X É a�Z Ê y V ¾�À
(7)
z�¾ ÏÎÏ ¾+]
_ É ¿ Ê ÏmÊ _ É ¾�Í Ï a V'Ï _CZMa ÏmÊ y V ¾
ZA¾ ÉKÏË e�Ì Ê }(e�¾�Í V Ì

R
¿(a É Í^\ ¾l]�aWÍ¿Ç¾�Í Ë aWÌ Ê e Ï e�ÍlaR{�e
\ Ê ¾ ÉÇÉ ¾�ÍD]�aWÌ

h(i)
¾�Í Ï[VÇÉ ¾ Ê ÉKË _C\ V'ÏmÊ _ É ¿Ç¾�z^aWÌ Ï a É ¿Ç¾

(T/w(Gm))R
À
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X�ÌS| w
h
�C�[×µÌS| �aw*}�×µÔ��U|~ufÑµÍEz��S�yÌS�C×µz�ÍEz�t>�C{�ÒÃÌS�NÍaêEè©u\wyz

T
�SÌS�
{ù�C�C| wn�Luf�CÌS�C|h^a�CzU�{
zL�aw�Ñ zÁ}�ÌS��}r�îz�}�×�uS�Uz

Sh(T, Z) ⊂ Sh(GSp2n,R
±
k0,k1

)u®Sz��
Z = π0(T (R))

Í� �C�CzÈuS�Gwy| ÌS�ïÍEzÈ�ÚufÑ ÌS|~}n�CÌfwyÔLz
rec
ÍEÌS�C�CÔLzÚ×�uf�

g : x 7→ (π0(NR(µh)) ◦ rec(g)) · x.
ª��N� �â¤+��² �r§l ·¡�¨ � ��ª-½ � ª«¡S E��ª«¦ ¥ XJ¨© C§��\ E��ª}XJ¨l    n 1nO>RGI¾øPcUDyR � B�RÁKNRU½¾½YRÚZSKU½¾F«¼\OvÉSR
��Z\T ¼\F~I�ø�RUBE½¾W��U½¾DyR
KN¼\OCIG½¾DGBEFP½YR
ÉSR�X[Z\O�F5cUDyR�ødT B�IùOdZ\½¾BEDyRUTPT R
RUO FPO�½YRUD¾ødDyÆU½YZ\O�½

Sh(T, Z)KN¼\X�X[R�BEO�RGI¾ø�ZSKNR�ÉSR�X[¼�É\BET RGI
ÉSÆÎ��O�F�IGBEDùBEO�KN¼\D¾øµI
ÉSR
Od¼\X[ãUDyRGI�É Ð Z\OdZ\T ¼yÅfB�RGI
Od¼\OKN¼\X�X�BE½YZ\½¾F ¿yI�ÉSRGI
À\Z\DGF«ÆU½YÆGIºZSãNÆUT F«RUO�OdRGI�ÉS¼\O�½�T RGI
X[¼�É\BET RGI�Z\T ÅaÆ�ãUDGF � B�RGI
ILRUDyZ\F«RUO�½�T F«ÆGIZ\B�+�Od¼\X[ãUDyRGIùÉSR:�µ½YZ\DyQ�ø�¼\BED
F �

Ý"zL�auf�NÍEÌS��}^�CÌfwy�yz"zU£EzL{
×CÑ z�ÍEz�ÍEÔL×�uf��w'ÍEz��Uz�×µÌS| �aw*ÍEz�®��CzS����ÌfwyÌS��}
F ′ = Q( 4

√
2)zUw

E = Q(
√

2)
��j�z �NxCÌS| £;Í� �C�Cz

E
�îÛ�uS}�z ÍEz

F ′
�CÌS��}ïÍEÌS�C�Cz��C�$×CÑ ÌS�C�SzL{
zL�aw

ResF ′/QGm ⊂ ResE/QGL2
� ð��)�CÌfwyz

T ⊂ G
Ñm� | ���UÑ ��}�| ÌS� �UÌS�y�yz�}�×µÌS��ÍCuf�awyzïÍEz�}}�ÌS��}r�î�S�yÌS�C×µz�}^ÍEÌS�C�CÔ�}�×�uf��Ñ z�}/{[u\wy�y|~�Uz�}�ÍEz�ÍEÔUwyzL�y{
| ��uf�aw*ÍCuf��}

Gm,Q
�'ð��
�yzL{[uf�W^a�Cz

^a�Cz
T ∼= ResF ′/QGm/(ResE/QGm)(1)

��ð���×µzL�Ew�×CÑ ÌS�C�SzL�
G
ÍCuf��}

GSp4,Q

��ð��u
TR
∼= T1

zUw
ÌS���CÌfwyz
h : T → GSp4,R

Ñ zï{
ÌS�y×CxC|~}�{
zÄ�UÌS�y�yz�}�×µÌS��ÍCuf�aw���Ù�Ñ ÌS�N}
h ∈ R1,1

zUw
T
z�}rw��UÑ~uf| �yzL{
zL�aw"Ñ zÚ�S�yÌS�C×µzÁÍEzÈt>�C{�ÒÃÌS�NÍaêEè©u\wyzÁÍEz

h
�%j�zÚ{
ÌS�y×CxC|~}�{
z

µh : Gm,C → TC
z�}rw�ÍEÔK���C|�}��C�"Ñ zÁ�UÌS�y×�}

F = Q(i 4
√

2, 4
√

2)
�

Â^n © ªÃ�L��±a�\ E��¨��( 
j�u*Ñ | w�wyÔL�Nu\wy�C�yz/�yzL�auf�NÍEz^z�}y}�zL�awy| zLÑ Ñ zL{
zL�aw�ÍEz�}��LuS}JÍEz��Nuf�C�

1
�4j�z�}J�SzL��}�},� | �awyÔL�yz�}y}�zL�awuf�ÄÛµÌS�NÍº| �y�Nu\wy| ÌS�C�CzLÑ

PGL2(Z)\P1(R)
^a�C|�u�Ñm� uf| ��Í� SUwy�yzÚ�C�ïz�}�×�uS�UzÚ{
ÌS| ��}n��u\wy�C�yzLÑM^a�CzÚÑ zÁ�y| ®\uf�Sz

GL2(Z)\GL2(R)/R+×2

ÍEz'�CÌfwy�yz'×µÌS| �aw/ÍEz'®��Cz*ÍEz*Ñ~u"wyxCÔLÌS�y| z'ÍE���UÌS�y×�}�ÍEz*�UÑ~uS}y}�z'zUw^ÍEz�}��S�yÌS�C×µz�}�ufÑ �SÔLÛC�y|h^a�Cz�}L�ð��ïÍEÔ��UÌS�C×µzÚÑ~u
Ñ | w�wyÔL�Nu\wy�C�yzÚzL�ïÍEzL�E£ïuf×C×C�yÌE�NxCz�},F
� Ñm� uf×C×C�yÌE�NxCznø�ÆUDGF«¼�ÉSRGIJ^a�C|d×�uf��wnÍEz�}'ÌSÛ��rzUwN}nÍ� ufÑ �N:LÛC�yz�Ñ | �CÔ�uf| �yz�zUw��UÌS��}rwy�y�C| wnÍEz�}ÌSÛ��rzUwN}"ÍEzÁ�SÔLÌS{
ÔUwy�y| z��CÌS�ï�UÌS{
{ù�EwNu\wy| ®SzÁ�UÌS�y�yz�}�×µÌS��ÍCuf�awN}L�
� Ñm� uf×C×C�yÌE�NxCz
Od¼\X[ãUDyRGI�ÉSR��µ½YZ\DyQ�^a�C|�×�uf��w�ÍEz�}"�CÌS{ùÛC�yz�}�ÍEz�XawNuf�>=ºzUw��UÌS��}rwy�y�C| wÍEz�}nÌSÛ��rzUwN}"ÍEzÁ�SÔLÌS{
ÔUwy�y| z��CÌS�>�UÌS{
{ù�EwNu\wy| ®SzÚ�UÌS�y�yz�}�×µÌS��ÍCuf�awN}L�
j�z���SL®Sz�z�}rwA^a�M� | ÑJzU£E|~}rwyz��C�ÄÛµÌS�Ä×µÌS| �aw�ÍEz��yzL���UÌS�awy�yz�zL�awy�yzÚ�Uz�}"ÍEzL�E£ºuf×C×C�yÌE�NxCz�}L�
j�u�Ñ | w�wyÔL�Nu\wy�C�yzÁ},� ÔL���C{O:L�yzÚuf| ��}�|¾�
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ËS��Ð'ÌS�C�Cz�}L�'tvuf�C| ���'tvuf�N�UÌSÑ Ñ |cz � ¦ ¥+¶ Â ú »   ¥ ú » » � � ~ FÄuf×C×C�yÌE�NxCz[ø�RUDGF«¼�ÉSRGI�FÑ z�}^uS}�×µz��GwN}/uf��ufÑ Óawy|h^a�Cz�}©×µzL�C®SzL�aw�SUwy�yznÍEÌS�C�CÔ�}^×�uf�^Ñ z�}�wyÌS�yz�}©�CÌS�
�UÌS{
{ù�EwNu\wy| Ò«}ì
K
�¾wyxCzLÌS�y| zS�

HC
íG�Ï �nñ^ÌSÑ |~}�x��Nx��.=¬z Ê ¦ �W� � ~ FÁuf×C×C�yÌE�NxCzÈø�RUDGF«¼�ÉSRGI�FÁÑ z�}�wyÌS�yz�}��CÌS� �UÌS{
{ù�EwNu\wy| Ò«}Áuf��u\�Ñ Óawy|h^a�Cz�}"}�ÌS�aw�ÍEz�}w�r®\uf�y| ÔUwyÔ�}n×C�yÌ��rz��Gwy| ®Sz�}"�G�^Ù��C�CÌS���UzÚzL�ï�Nuf�C�
}��C×µÔL�y| zL�C����C�"tvuf�C| �Åz »   ¥ ~ F'uf×C×C�yÌE�NxCz�Od¼\X[ãUDyRGIùÉSR:�µ½YZ\DyQ�F^ÒÃÌS���Gwy| ÌS��}*wyxCzUwNu
�CÌS�ï�UÌS{
{ù�E�wNu\wy| ®Sz�}nzUw"�CÌS{ùÛC�yz�}"ÍEzJXawNuf�>=d�Õ��A-�uf�y{
ÌS�MFÈuf�Ewy�yz[uf×C×C�yÌE�NxCz�FÁ×µÌS| �awN}ÈÍEzC��zL�S�CzL����XawNuf�>=v}��C�ÈÑ z�}È�UÌS�C�yÛµz�}ÚzLÑ Ñ | ×E�wy|h^a�Cz�}"}��C�

Q
�UÌS���rz��Gwy�C�NufÑ zL{
zL�aw"ÍEÔK���C|~}�}��C��ÍEz�}"�UÌS�y×�}"ÍEzÈ�UÑ~uS}y}�zS��E��Ð'ÌS�C�Cz�}r�Ytvuf�N�UÌSÑ Ñ | �YÝ�uf{[uS�Nx�uf��ÍE�Nuf��ìÃ�CÌS�?×C�CÛCÑ | Ôí�F�ÔUwNu\wN} !Át8X>zUwÁ{ù�CÑ wy| ×CÑ |~�Lu\�wy| ÌS�ï�UÌS{
×CÑ zU£EzS�

�Ã½l½$  ¥ §©ª����
�  �½l½$  � ����¨�� �  Å¡�¨ � ��ª-½ � ª«¡S E��ª«¦ ¥ ¡S¦b¡¬½ �  ��D 

Ð'z�×�uf�Nuf�S�Nuf×CxCznz�}rwnz�}y}�zL�awy| zLÑ Ñ zL{
zL�aw'Ñ z��yÔ�}��CÑ wNu\w*ÍEz�{
z�}*ÍE|~}y�U��}y}�| ÌS��}'u®Sz����ÚufÛµÌS�
? | z�}�z�^a�Cz4�rz'�yzL{
zL�N�U| z'×µÌS�C�^}�ÌS�ùuf|~ÍEzS��X�ÌS| w

F
�C���UÌS�y×�}�ÍEz*�CÌS{ùÛC�yz�}L�eX�ÌS| w

E ``(F )QÑ~uÈ�Lu\wyÔL�SÌS�y| z"ÍEÌS�aw*Ñ z�}�ÌSÛ��rzUwN}'}�ÌS�aw'Ñ z�}'�UÌS�C�yÛµz�}/zLÑ Ñ | ×Ewy|h^a�Cz�}*}��C�
F
zUw'Ñ z�}'{
ÌS�y×CxC|~}�{
z�}}�ÌS�awÄÍEÌS�C�CÔ�}�×�uf�

Hom(E1, E2) ⊗Z Q
� ð�� �CÌfwyz?�C�Cz?�UÌS�C�yÛµzvzLÑ Ñ | ×Ewy|h^a�Cz

E
®��Cz�UÌS{
{
zÚÌSÛ��rzUw�ÍEz

E ``(F )Q
�UÌS{
{
z

E ⊗Q
�ñ^ÌS�C�

E/F
�C�CzÈ�UÌS�C�yÛµzÚzLÑ Ñ | ×Ewy|h^a�CzS�CÌS�Ä�CÌfwyz
T (E) := lim

← nE[n](F̄ )
zUw
V (E) := T (E)⊗Z Q

u®Sz��
E[n]

Ñ zÚ�CÌ\Óauf�ïÍEzÚÑ~u�{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ï×�uf�
n
ÍCuf��}

E
�

ð��ù�CÌfwyz
Af := Ẑ⊗ZQ

u®Sz��
Ẑ
Ñ z"�UÌS{
×CÑ ÔUwyÔnÍEz

Z
×µÌS�C�^Ñ z�}^}�ÌS��}r�î�S�yÌS�C×µz�}�Í� | ��ÍE|~�Uz

���C|¾�*ð��>}yuf| wc^a�Cz
T (E) ∼= Ẑ2 zUw�ÍEÌS���

V (E) ∼= A2
f .

X�ÌS| w
F/Q

�C�ù�UÌS�y×�}4^a��uSÍE�Nu\wy|h^a�Cz/wyÌfwNufÑ zL{
zL�aw©| {[uf�S| ��uf| �yzS�4@��Czn�UÌS�C�yÛµz�zLÑ Ñ | ×Ewy|h^a�Czz�}rw
ÍE| wyzVK>{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS���UÌS{
×CÑ zU£Ez�×�uf�
F
}�|*ÌS��}�z��C£Ezº�C��{
ÌS�y×CxC|~}�{
z�| ���rz��Gwy| Ò

F → End(E⊗Q)
�wX�|dÌS���CÌfwyz

Af,F := Af ⊗Q F
��ÌS��×µzL�Ewn{
ÌS�awy�yzL��^a�Cz

V (E)
z�}rw�C�

Af,F
�î{
ÌEÍE�CÑ zÈÍEzÚ�Nuf�C�

1
�

ð��Ä�CÌfwyz
SF (Q)

Ñm� z�}�×�uS�UzÁÍEz�}��UÑ~uS}y}�z�}nÍ� |~}�ÌS{
ÌS�y×CxC|~}�{
z�}nÍEzÚwy�y| ×CÑ zUwN}
(E ⊗Q, α : F → End(E ⊗Q), ψ : Af,F → V (E))u®Sz��

ψ
�C�ï|~}�ÌS{
ÌS�y×CxC|~}�{
zÚÍEz

Af,F
�î{
ÌEÍE�CÑ z�}nzUw

α
�C�CzÁ| ���rz��Gwy| ÌS���

ð��ºuÈ�C�CzÚuS�Gwy| ÌS����u\wy�C�yzLÑ Ñ z�ÍEz
A×f,F

}��C�
SF (Q)

zUwnÌS��×µzL�Ewn{
ÌS�awy�yzL��^a�Cz�Ñ z�}rwNu\�
ÛC| Ñ |~}yu\wyzL�C�'Í� �C�[×µÌS| �awN}�z�}rw

F×
�a�Uz_^a�C|CÒ«uf| w*ÍEz

SF (Q)
�C�

CF := A×f,F /F
× �¾wyÌS�N}�zL�C���
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-�� uf�Ewy�yzÚ×�uf��w��
SF (Q)

z�}rw"{ù�C�C|�Í� �C�CzÁuS�Gwy| ÌS�Ä��u\wy�C�yzLÑ Ñ z ÍEz
G ab

F := Gal(F ab/F )
zUw�Uz�}"ÍEzL�E£ïuS�Gwy| ÌS��}"�UÌS{
{ù�EwyzL�aw��E|¾� zS�

(σ · x)× y = σ · (x× y) �D©| £EÌS��}'�C��×µÌS| �aw
x ∈ SF (Q)

�EÍEÌS�����C�º|~}�ÌS{
ÌS�y×CxC|~}�{
z
CF
∼= SF (Q)

�*Ð'z��U|µ�CÌS��}×µzL�y{
zUw�ÍEzÁÍEÔK���C| ���C�ï{
ÌS�y×CxC|~}�{
z (8)

Φ : G
ab
F → CF×�uf�

Φ(σ) = σ · 1 �ð��vu�Í� uf�Ewy�yzÁ×�uf��w�Ñm� uf×C×CÑ |~�Lu\wy| ÌS�vÍ� uf��wy| �vÍEÌS�C�CÔLzÈ×�uf��Ñ z��UÌS�y×�}�ÍEzù�UÑ~uS}y}�z
artin :

CF → G ab
F

�
��� a ����¢��¬�¤£·�
� � Ê �\ª ¥ ¡Sª-½^  � � » ¨ � ��ª-½ � ª«¡S E��ª«¦ ¥ ¡S¦b¡¬½ �  ��D   
9�ZºKN¼\X�ø�¼IGFP½¾F«¼\O

CF
artin→ G

ab
F

Φ→ CFRUO�À\¼\F«R
x ∈ CF

IGBED
x−1 �
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Î Ï %b ���Ò Ø�Õ$ÖfÜbÙ�Ø�ã ÞCç�Õ�ål× X)NvØ�Ý æ 9:�!,���.<8�÷20 �g8
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Î � ��� Ñ!��ÒÇßfÕvákØ�ã�× �bÝvØ´æA#l&��
� <��7<�	[��� " ì�� %cê���& Õ � �(�
���
ï��7<���&��
� è��/%/è���ê�� &!� �
�'þ����D�
��é�ì���� Û(ê���	���[é�è���	¯���
ê�é��
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è�%/è!�
ï�ì�� é^òyè!�
%/	Wþ!�
��ï��
��	����(��&��
� è���	&!�G�

L
í-òyê���é��
� è���	$þ�\^�
è(é)� " '�%/ï�è�	R�<\Dê��
� Ð &��
ì�� þ�@$�
����è�� " ��&��
�wÿ���� �&� þ�çlè!�
��&!� � � 	Wþ

@$�
�)� þ��C��Ñ�Ñ�ÿ�þ&\^&����´��þ&/$%/���B� Ð &��
ì�� " è(é)� þ&\^�
è���� ������é��'þ»ýJ� û�� þ��C��Ñ!��þGï����H×(Ñ�æ���>����
Î Ð &!��Ò ø�Õg�CÕ â¿å�Ýv× Ý¹æ�ý$�C&!� Ð ê�� �
� ï�� � éC&��
� è�� &!�G� ��è���é�è�%/%cê���&��
� ���©����è�%/������'�þ9�A<ê�6Hë�ìy5�9�?!8l<$í�î�ï)ð.-)ð.-�óBð<õ��
Î Ð¼Ð  ��CÒ ø�ÕP�CÕGâ¿å�Ýv× Ý°ÞÌâ¬Õ�â¿å�Ù�û�Übã�ã�×�æMçlè��(�
� ��ê��C�´ò ��&!é��
� è���	Wþ�%/è���ê�� &��4	¯'�%c��è�� 	Wþ�&!�G���è���é�è�%/%cê���&��
� ���^����è�%/������'.þ�4vö�1 öS8�÷>.�ù�.!÷yú�ø����Mø 4vø �+ý/þ>�! � ���ÿ�þ���è�����þ!ï��H×(Ñ)k�æ�k��(�)�
Î \4è��  ��CÒ Ø�Õ ß�Übã�× ÚBNYû&NYÐYe æ '�è���é�è�%/%cê���&��
� ��� �Cí-�
è!�
� î�� �
ì �
�C&!� %cê�� �
� ï�� � íéC&��
� è�� &!	 ��è���é�è�%/%cê���&��
� ��� ï��
èHG¯��é��
� ��� ��&��
� ���
� ��	Wþ .��u¥´0yõ þ>�! � ���ÿ�þ��è���ì(���
ï Õ ���Cò �B� &�� � � �&� è!�
���!&!��	���%�&��
ì�� /$#|�! ��(������ ����Î \4è��  )��Ò þlçl� &!	�	�� ÜGéC&��
� è��Åè!ò$ì�è�� è�%/è!�
ï�ì�� é�����é��
è!�c��ê��G��� ��	sè��¿��è���é�è�%/%cê���&��
� ����Wî+è!í-�
è!�
�)þ4.��u¥´0yõ¼þ>�! � )��ÿ�þG��è���ì(���
ï Õ ���Cò �B� &�� � � �&� è!�
���!&!��	���%�&��
ì�� t_/��! )�� )>��B�����

(8) 0 É a Φ(σ) × Φ(τ) = (σ · 1) × (τ · 1) = σ · (1 × (τ · 1))) = σ · (τ · 1) = (στ) · 1
À
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K
À T ¾eÃÇÌÎ¾�Ím¾ ÉKÏ ¾£¶�a�ZAÃ�\ ¾�Íb` _�Ì Ó ¾ É!V ÍMÔ$a É ¿`�'À

mbn ¤U¥ �L�\¦�§©¨©¡f��ª«¦ ¥
j�zUw

C
Ûµzºu>}�{
Ì�Ìfwyx�×C�yÌ��rz��Gwy| ®Sz[�U�C�y®Sz
ÌfÒ"�SzL����}

g ≥ 1
Ì\®SzL�Èu���zLÑ~Í

κ
uf��Í�Ñ zUw

JC
ÛµzÚwyxCzJ�auS�UÌSÛC|~uf�ÄÌfÒ

C
�'Ý"z��LufÑ ÑJwyx�u\w"wyxCzJ�auS�UÌSÛC|~uf�

JC
|~}�uf�ïufÛµzLÑ |~uf�ï®\uf�y| zUwrÓ�ÌfÒÍE| {
zL��}�| ÌS�

g � xCÌa}�z��S�yÌS�C×vÌfÒ λ �î�Nu\wy| ÌS��ufÑ^×µÌS| �awN}�ÒÃÌS�ÚzL®SzL�yÓ���zLÑ~ÍvzU£�wyzL��}�| ÌS� λ/κ |~}|~}�ÌS{
ÌS�y×CxC|~�*wyÌÁwyxCz��S�yÌS�C×
ÌfÒ
λ
�î�Nu\wy| ÌS��ufÑ�ÍE| ®�|~}�ÌS�'�UÑ~uS}y}�z�}^ÌfÒ�ÍEzL�S�yzLz��ÁÌfÒdwyxCz��U�C�y®Sz

C
��Y�>ÌS�C�"wNufÑ =d��wyxCzÈ�S�yÌS�C��ÍH��zLÑ~Í

κ � | Ñ Ñ�zL| wyxCzL��Ûµz:���C| wyzS�du[���C{ùÛµzL�c��zLÑ~ÍïÌS�"wyxCz:��zLÑ~ÍÌfÒ/�UÌS{
×CÑ zU£º���C{ùÛµzL�N}L�
X��C×C×µÌa}�z
wyx�u\w

JC
x�uS}Èu>�UÌS{
{ù�EwNu\wy| ®Sz[zL��ÍEÌS{
ÌS�y×CxC|~}�{�ufÑ �SzLÛC�NuÄÌ\®SzL�

κ
ì � xCzL�yz κÍEzL�CÌfwyz�}'wyxCzÈufÑ �SzLÛC�Nuf|~���UÑ Ìa}��C�yz�ÌfÒ

κ
í � xCÌa}�zÚÍEzL�S�yzLz�Ì\®SzL� Q

|~}nuS}*Ñ~uf�y�SzÚuS}*×µÌa}y}�| ÛCÑ zS��Y��wyxC|~}n�LuS}�zS�Z;���Í
(JC)⊗Q

|~}nu
Ð*tê��zLÑ~Í
K
ìÃ|¾� zS� �Euf�º| {[uf�S| ��uf�yÓl^a��uSÍE�Nu\wy|~��zU£�wyzL�E�}�| ÌS�[ÌfÒ�uÚwyÌfwNufÑ Ñ Ó��yz�ufÑ���zLÑ~Í�í/ÌfÒ�ÍEzL�S�yzLz

2g � xCzL�yz g |~}�wyxCz��SzL����}�ÌfÒJwyxCz��U�C�y®Sz C uf��Í

9CVÇÉ ¾wÔWÖ ÏWY Â�Ô�Õ�ÕWÖÇÀ
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(JC)

| wN}�zLÑ Ò^|~}"uf�ïÌS�NÍEzL�n| �
K
�

�Y�?wyxC|~}�wNufÑ =d� � z
ÍEz�}y�U�y| Ûµz
uf��ufÑ �SÌS�y| wyxC{ ÒÃÌS��wyxCz
�UÌS��}rwy�y���Gwy| ÌS�?ÌfÒ*�U�C�y®Sz�}�ÌfÒ*�SzL����}
g ≤ 3 � xCÌa}�z��auS�UÌSÛC|~uf��x�uS}È�UÌS{
×CÑ zU£?{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS��Û�Ó>wyxCz�{[u\£E| {[ufÑ�ÌS�NÍEzL� OK

� xCzL�yz K |~}�u�Ð*tè��zLÑ~ÍÄÌfÒ/ÍEzL�S�yzLz
2g
��*zUÒÃÌS�yz[�SÌS| �C�>| �awyÌ>wyxCzºÍEzUwNuf| Ñ~}ÈÌfÒnwyxCzÄufÑ �SÌS�y| wyxC{ï� � z�{
zL�awy| ÌS��uf��uf×C×CÑ |~�Lu\wy| ÌS��wyÌ�U�yÓ�×EwyÌS�S�Nuf×Cx�Ó�F

j�zUw
κ = Fq

Ûµzvu ���C| wyz\��zLÑ~ÍJ�$�Y�)wyxC|~}º�LuS}�zS�'wyxCz>�S�yÌS�C×)ÌfÒ
Fq
�î�Nu\wy| ÌS��ufÑ"×µÌS| �awN}L�

JC(Fq)
�^|~}ùu�¦4r4pwv£]ïufÛµzLÑ |~uf���S�yÌS�C×�uf��Í � z��Luf���UÌS��}�|~ÍEzL�ÁwyxCzºÍE|~}y�U�yzUwyz�Ñ ÌS�auf�y| wyxC{×C�yÌSÛCÑ zL{ | ��wyxC|~}Á�S�yÌS�C×��J|¾� zS� ���S| ®SzL�?w � ÌïzLÑ zL{
zL�awN} P � Q ∈ JC(κ) � | wyx Q ∈ 〈P 〉 �����Í2uf�2| �awyzL�SzL�

r
}����Nx�wyx�u\w

rP = Q
�)ènxCzL�yzïuf�yzÄ{[uf��Ó��U�yÓ�×EwyÌa}�ÓE}rwyzL{[}ùÛ�uS}�z�ÍÌS�[wyxCzÚÍE| u��U�CÑ wrÓ[ÌfÒ�wyxCzÚÍE|~}y�U�yzUwyz�Ñ ÌS�auf�y| wyxC{4×C�yÌSÛCÑ zL{Ø}����NxºuS}�-�| u[zU�"��zLÑ Ñ {[uf�C�H=SzLÓzU£C�Nx�uf�C�Sz[ÌS�J;�Ñ �r�Úuf{[ufÑ'zL���U�yÓ�×Ewy| ÌS���>è�ÌvzL��}��C�yz
wyxCzÄ}�z��U�C�y| wrÓ?ÌfÒ�uv�U�yÓ�×EwyÌa}�ÓE}rwyzL{Û�uS}�z�ÍvÌS�vwyxCz[ÍE|~}y�U�yzUwyz�Ñ ÌS�auf�y| wyxC{ ×C�yÌSÛCÑ zL{ | ��uC���C| wyz[ufÛµzLÑ |~uf�?�S�yÌS�C× � z�x�u®SzÈwyÌÛµzïu � uf�yz
wyx�u\w�wyxCzÄ�S�yÌS�C×�ÌS�NÍEzL�
�UÌS�awNuf| ��}ùuvÑ~uf�y�Sz�×C�y| {
zºÒ«uS�GwyÌS��z Ê � ®�¶ ~ ��t>ÌS�yz×C�yz��U|~}�zLÑ ÓS�CwyxCzÈ�S�yÌS�C×ïÌS�NÍEzL��}�xCÌS�CÑ~ÍÄzL| wyxCzL��Ûµzù×C�y| {
zÈÌS��u
×C�yÌEÍE���Gw�ÌfÒ�u[×C�y| {
zùuf��Íuº}�{[ufÑ Ñ^���C{ùÛµzL���:DCÌS�Ú�U�C�y®Sz�}�ÌfÒ��SzL����}
g ≥ 2

������ÍE| �C��wyxCz
�S�yÌS�C×>ÌS�NÍEzL�Ú}�zLzL{[}�wyÌÛµz
u��CÌS�E�¾wy�y| ®�|~ufÑ�wNuS}�=d� ��Ìfwyzùwyx�u\w � zù�CzLz�Í>wyÌH����Í>wyxCz����C{ùÛµzL��ÌfÒ'zLÑ zL{
zL�awN}�| ��u�S�yÌS�C× � xC|~�Nxºx�uS}*uf�yÌS�C��Í 2160 zLÑ zL{
zL�awN}n}�| ���Uz�wyxC|~}*|~}'wyxCzÚ}�| éLz � xC|~�Nxº|~}*�UÌS{
{
ÌS�CÑ ÓuS�L�UzL×Ewyz�Í�wyÌ[ÛµzÈ}�z��U�C�yzS��îÒ � z =��CÌ � wyxCzÚzL��ÍEÌS{
ÌS�y×CxC|~}�{Î�y| �C�
ÌfÒ�wyxCzJ�auS�UÌSÛC|~uf���E�UÌS�C�awy| �C��wyxCzÚzLÑ zL{
zL�awN}"ÛµzU��UÌS{
z�}nz�uS}�ÓS�0DCÌS��}�| {
×CÑ |~�U| wrÓS� � zÁ�yz�}rwy�y|~�Gw*wyÌ�u����C| wyzÁ×C�y| {
z ��zLÑ~Í κ = Fp
�Ð'ÌS��}�|~ÍEzL�ÈwyxCz�DC�yÌSÛµzL�C| ��}ùzL��ÍEÌS{
ÌS�y×CxC|~}�{

πp
ÌS��wyxCz��auS�UÌSÛC|~uf���>�îÒ

JC
x�uS}ÈzL��ÍEÌf�{
ÌS�y×CxC|~}�{ �y| �C�|;���Í

(JC) ' OK
�*wyxCzL�yzïzU£E|~}rwN}

w ∈ OK � xC|~�Nx)�UÌS�y�yz�}�×µÌS��ÍC}ùwyÌ
π ∈ ;���Í (JC)

�[�îwÈ|~} � zLÑ Ñ �~=��CÌ � �?wyx�u\w w |~}Áuf��zLÑ zL{
zL�aw � xCÌa}�z[ufÛ�}�ÌSÑ �Ewyz�®\ufÑ �Cz[|~}z'^a��ufÑdwyÌ √
p
�CxCzL���Uz

ìrËí
ww = p.

�îÒ
JC
|~}"}�| {
×CÑ zS�EwyxCzL�

Q(w) = K
�

?�z[z�uS}�| Ñ Ó�}�zLz�wyx�u\w � z[x�u®Sz
ÌS�CÑ Ó����C| wyzLÑ Ó?{[uf��Ó?�NxCÌS|~�Uz�}�ÒÃÌS� w ∈ OK
}yu\wy|~}rÒÃÓ�| �C�ìrËíG�ènxCzÁ�S�yÌS�C×ºÌS�NÍEzL�nÌfÒ

JC(Fp)
|~}n�CÌ � �S| ®SzL�ÄÛ�Ó

# ker(π − id) =
��ÌS�y{

K/Q(w − 1).

X�| ���Uz � zÁx�u®SzÚÌS�CÑ ÓC���C| wyzLÑ ÓÄ{[uf��Óº×µÌa}y}�| ÛC| Ñ | wy| z�}nÒÃÌS� w � � zÁ�SzUw�ÌS�CÑ ÓH���C| wyzLÑ Óº{[uf��Ó×µÌa}y}�| ÛC| Ñ | wy| z�}
ÒÃÌS�
wyxCzv�S�yÌS�C×2ÌS�NÍEzL�
ÌfÒ
JC(Fp)

��?�z?�NxCÌ�Ìa}�zï�Nuf��ÍEÌS{ zLÑ zL{
zL�awN}
| �
JC(Fp)

uf��Í�wyz�}rw � xCzUwyxCzL�nwyxCzLÓ�x�u®Sz�wyxCzÁ�y| �SxawnÌS�NÍEzL���^�Y�Ä{
Ìa}rw��LuS}�z�}L�awyxC|~} � | Ñ ÑJÛµzzL�CÌS�C�SxºwyÌ[ÍEzUwyzL�y{
| �CzÚwyxCzÁÌS�NÍEzL�nÌfÒ©wyxCzJ�auS�UÌSÛC|~uf���



	v��{(��.�ku°wh��� y º y�	�
zvwhy���
2�s1^w ����|	 q�% � � 8�� ��À��

�^n�� ¾l v  � �µ¦��\ªÃ��¾l¡
?�z�ÍEz�}y�U�y| ÛµzÁwyxCz��yÌS�C�Sx>}y�NxCzL{
zùÌfÒ'uf�vufÑ �SÌS�y| wyxC{ � xC|~�Nx��µ�S| ®SzL�vuïÐ*t ��zLÑ~Í

K
��UÌS{
×C�Ewyz�}"u[�U�C�y®Sz � xCÌa}�z:�auS�UÌSÛC|~uf�ºx�uS}"�UÌS{
×CÑ zU£º{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ïÛ�Ó OK

�
ËS��Ð'ÌS{
×C�Ewyz
uÄ�UÌS{
×CÑ zUwyz
}�zUw�ìÃ�C×?wyÌÄ|~}�ÌS{
ÌS�y×CxC|~}�{�í"ÌfÒ*|~}�ÌS{
ÌS�y×CxC|~}�{ �UÑ~uS}y}�z�}�ÌfÒufÑ Ñ/}�| {
×CÑ z[×C�y| ���U| ×�ufÑ Ñ Ó>×µÌSÑ~uf�y| éLz�Í?ufÛµzLÑ |~uf��®\uf�y| zUwy| z�}�Ì\®SzL�

C
x�u®�| �C�ï�UÌS{
×CÑ zU£{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ÁÛ�Ó

OK
�4?�z'�yzL×C�yz�}�zL�awJz�uS�NxÚ|~}�ÌS{
ÌS�y×CxC|~}�{ �UÑ~uS}y}JÛ�Ó�uf�ÁzLÑ zL{
zL�aw

Ωi ∈ Hg
�dwyxCz�X�| zL�SzLÑ^�C×C×µzL�Úx�ufÑ Ò'×CÑ~uf�CzS�ÈènxCz
ufÛµzLÑ |~uf�?®\uf�y| zUwrÓï|~}�wyxCzL���S| ®SzL�Û�Ó

Cg/Λ
�

j�zUw
s
ÛµzÚwyxCzÁ���C{ùÛµzL�"ÌfÒ^|~}�ÌS{
ÌS�y×CxC|~}�{Î�UÑ~uS}y}�z�}L�ènxCzÚ�CzU£�w�}rwyzL×�}"uf�yzÁÍEÌS�Cz�ÒÃÌS��ufÑ Ñ

s
|~}�ÌS{
ÌS�y×CxC|~}�{ �UÑ~uS}y}�z�}L�Ï ��Ð'ÌS{
×C�Ewyz>���C{
zL�y|~�LufÑ�uf×C×C�yÌ£E| {[u\wy| ÌS��}�ÌfÒÈugjF]Un�v�[�p r }�zUw�ÌfÒÁ®\ufÑ �Cz�}
ÌfÒÚwyxCzUwNuÒÃ�C���Gwy| ÌS��} � | wyx>�Nx�uf�NuS�GwyzL�y|~}rwy|~�L}

θ

[
δ

ε

]
(Ω, 0) =

∑

n∈Zg

exp(πi(n+ δ)tΩ(n+ δ) + 2(n+ δ)t(ε)).

� xCzL�yz δ, ε ∈ (Q/Z)
g ��C�A@�}�| �C�?wyxCzï®\ufÑ �Cz�}�ÌfÒ�wyxCzUwNuvÒÃ�C���Gwy| ÌS��}[�UÌS{
×C�Ewyz>ufÛ�}�ÌSÑ �EwyzÄ| ��®\uf�y|~uf�awN} � xC|~�Nx�UÑ~uS}y}�| ÒÃÓïwyxCz[|~}�ÌS{
ÌS�y×CxC|~}�{ �UÑ~uS}y}�ÌfÒ'wyxCz��U�C�y®Sz��C�C|h^a�CzLÑ ÓS��j�zUw

(K,Φ)
Ûµz�wyxCzÐ*tï�¾wrÓ�×µzS�^ènxCz"ufÛ�}�ÌSÑ �Ewyzn| ��®\uf�y|~uf�awN}^Ñ | zn| �[u����C{ùÛµzL�0��zLÑ~Í

k∗0 �
xC|~�Nx
|~}/uÁ�UÑ~uS}y}

��zLÑ~Í�Ì\®SzL�ÈwyxCzÄ�yzK��zU£ ��zLÑ~Í
K∗

ÌfÒ
(K,Φ)

� �îÒ"wyxCzÄ×C�yz��U|~}�| ÌS��|~}��NxCÌa}�zL��xC| �SxzL�CÌS�C�Sx�� � zÚ�yz��UÌ\®SzL�'wyxCzÁ| ��®\uf�y|~uf�awN}'ÒÃ�yÌS{ØwyxCzL| �����C{
zL�y|~�LufÑJuf×C×C�yÌ£E| {[u\wy| ÌS��}L��îÒ � z � uf�aw"wyÌ[�UÌS{
×C�EwyzÈu[�U�C�y®SzÚÌ\®SzL�"u����C| wyz:��zLÑ~ÍJ� � zÁ�Luf�ï�CÌ � �yz�ÍE���Uz�wyxCz| ��®\uf�y|~uf�awN}�{
ÌEÍE�CÑ Ì
uÈ×C�y| {
z�|~ÍEz�ufÑ
P
| �
k∗0
wyÌ�ÌSÛEwNuf| ��| ��®\uf�y|~uf�awN}'| ��wyxCz_���C| wyz

��zLÑ~ÍÄ|~}�ÌS{
ÌS�y×CxC|~��wyÌ
Ok∗0

/P
�Õ���Ð'ÌS{
×C�Ewyz�wyxCzÈ�U�C�y®Sz � | wyxÄwyxCzÁ�S| ®SzL�Ä| ��®\uf�y|~uf�awN}L�

ª ���¬«��� � n
ËS�n�Y�ºwyxCzÈ�LuS}�zÚÌfÒ^zLÑ Ñ | ×Ewy|~�Á�U�C�y®Sz�}L�awyxCzÈufÑ �SÌS�y| wyxC{Ø|~} � zLÑ Ñ �~=��CÌ � ��ì«�GÒr�fz � » | � ~ íG�Ï �"ènxCzï�UÌS{
×CÑ zU£E| wrÓ�ÌfÒ�wyxCzïufÑ �SÌS�y| wyxC{�ÍEzL×µzL��ÍC}
ÌS��wyxCz>ÍE|~}y�U�y| {
| ��uf�aw
uf��Í�wyxCz�UÑ~uS}y}*���C{ùÛµzL��ÌfÒ�wyxCz�Ð*tô��zLÑ~Í

K
��C�n�îÒ

p
}yu\wy|~}���z�}ºu��yzLÑ~u\wy| ®Sz>�CÌS�y{%z'^a��u\wy| ÌS���"|¾� zS� �

p = ww
����}�| �C���UÑ~uS}y}l��zLÑ~ÍwyxCzLÌS�yÓ � zÈ�Luf�v}�xCÌ � wyx�u\w�wyxCzL�yzÁzU£E|~}rwN}�u
×C�y| {
z P ∈ k∗0
ÌfÒ�ÍEzL�S�yzLz
ËÁÌ\®SzL�

p
��îÒCwyxCzn}�zUw^ÌfÒµ}�| {
×CÑ z'×C�y| ���U| ×�ufÑ Ñ ÓÁ×µÌSÑ~uf�y| éLz�ÍÁufÛµzLÑ |~uf�ù®\uf�y| zUwy| z�}�|~}��CÌS�E�îzL{
×EwrÓS� � z����Íºuù�U�C�y®Sz � xCÌa}�zc��zLÑ~Í�ÌfÒ�{
ÌEÍE�CÑ |d|~} Fp

uf��Í � xCÌa}�z��auS�UÌSÛC|~uf�[x�uS}*�UÌS{
×CÑ zU£{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�ÄÛ�Ó
OK
�Õ��"ènxCz?}�zUwºÌfÒÈ}�| {
×CÑ z?×C�y| ���U| ×�ufÑ Ñ Ó�×µÌSÑ~uf�y| éLz�Í)ufÛµzLÑ |~uf� ®\uf�y| zUwy| z�} � | wyx;�UÌS{
×CÑ zU£{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS��Û�Ó

OK
{
| �Sxaw�ÛµzÄzL{
×EwrÓS��DCÌS��| ��}rwNuf���UzS��| Ò

K
|~}�u8^a��uf��wy|~�Ð*to��zLÑ~Í � xCÌa}�zÚ�ÚufÑ ÌS|~}��S�yÌS�C×[|~}�wyxCz !ÚÑ zL| �C|~uf��Õf�î�S�yÌS�C×�wyxCzL�yz�ÍEÌ�z�}'�CÌfw*zU£E|~}rwu?×C�y| {
| wy| ®SzvÐ*t wrÓ�×µzS���Y��wyxC|~}
�LuS}�zS��zL®SzL�yÓ ×C�y| ���U| ×�ufÑ Ñ Ó�×µÌSÑ~uf�y| éLz�Í�ufÛµzLÑ |~uf�
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®\uf�y| zUwrÓ�|~}
|~}�ÌS�SzL�CÌS��}�wyÌ�wyxCzv×C�yÌEÍE���Gw�ÌfÒ�w � Ì zLÑ Ñ | ×Ewy|~�v�U�C�y®Sz � | wyx �UÌS{
×CÑ zU£{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS���J?�z
�Luf��}rwy| Ñ Ñ^wy�yÓïwyÌÄ��}�zùwyxCz[ufÑ �SÌS�y| wyxC{ wyÌï�UÌS��}rwy�y���Gw �auS�UÌf�ÛC|~uf��} � | wyx��UÌS{
×CÑ zU£v{ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS�?Û�Ó OK
�JÛC�EwÁ| ��}�ÌS{
z��LuS}�z�}�wyxCzL�yz�ÍEÌ�z�}�CÌfw"zU£E|~}rw�ul�auS�UÌSÛC|~uf����zS� ��� ��ÒÃÌS�

K = Q(
√
−1,
√
−3)

�
� n � ¥  ��� v¡¬½ �  ��Ú¡S¨�� �  ��[¦b�J�b  ¥ ¨©� �

?�zù�S| ®Szù}�ÌS{
zùÍEzUwNuf| Ñ~}�ÌfÒ/wyxCz�ufÑ �SÌS�y| wyxC{ | �>wyxCz��LuS}�z
g = 2

ì«�GÒr��z �   ¥+�b� ~ íG���Y�ÌS�C�ÚwNufÑ = � z�ufÑ~}�Ì>ÍE|~}y�U��}y}�z�Í?w � Ì>}�×µz��U|~ufÑ'�LuS}�z�} � | wyx g = 3
FÈx�Ó�×µzL�yzLÑ Ñ | ×Ewy|~�[�U�C�y®Sz�}uf��Íºñ�|~�Luf�NÍï�U�C�y®Sz�}Úì«�GÒr�fz �   ¥+� m ú { ���b� ~ íG�

DCÌS�"wyxCz:���N}rw�}rwyzL× � zÁ�CzLz�ÍÄwyÌ�| {
×CÑ zL{
zL�aw�wyxCzù�UÌS��}rwy�y���Gwy| ÌS�ÄÌfÒ��UÌS{
×CÑ zU£ºwyÌS�y| � | wyx�UÌS{
×CÑ zU£){ù�CÑ wy| ×CÑ |~�Lu\wy| ÌS� Û�Ó
OK

�S| ®SzL� | � z § ¾©ªW| ¶ ~ �¢ènxC|~}º|~}[wyxCzLÌS�yzUwy|~�LufÑ Ñ Ó � zLÑ Ñ ��C��ÍEzL�N}rwyÌ�ÌEÍJ�dwyxCz[}��CÛEwyÑ zUwy| z�}ÚÑ | z�| �?wyxCz
| {
×CÑ zL{
zL�awNu\wy| ÌS��uf��Í � z � | Ñ Ñ^�CÌfwÁ�S| ®SzÈwyxCzÍEzUwNuf| Ñ~}nxCzL�yzS��Y�ÄwyxCzÈ}�z��UÌS��ÍÄ}rwyzL×�� � zÈ�UÌS{
×C�EwyzÁufÑ Ñ/Ë���zL®SzL�ºwyxCzUwNu[�Nx�uf�NuS�GwyzL�y|~}rwy|~�L}L�a|¾� zS� �
θ

[
δ

ε

]
(Ω, 0) � | wyx δ, ε ∈

(
1

2
Z/Z

)

uf��Í
δtε ≡ 0 mod 2

��DC�yÌS{ wyxCz
®\ufÑ �Cz�}�ÌfÒ'wyxCz�wyxCzUwNu�ÒÃ�C���Gwy| ÌS��} � z
�Luf� �UÌS{
×C�EwyzwyxCz>®\ufÑ �Cz�}[ÌfÒ�wyxCz>�SzL�CzL�Nu\wy| �C�?ÒÃ�C���Gwy| ÌS��}
j1
�
j2
uf��Í

j3
ÌfÒ�wyxCz���zLÑ~Í)ÌfÒ�{
ÌEÍE�CÑ~uf�ÒÃ�C���Gwy| ÌS��}ÁÌfÒ"ÍEzL�S�yzLz

2
u\w

Ω
�ºènxCzLÓ�uf�yz[ufÛ�}�ÌSÑ �Ewyz
| ��®\uf�y|~uf�awN}ÚÌfÒ*wyxCz[|~}�ÌS{
ÌS�y×CxC|~}�{�UÑ~uS}y}L�C|¾� zS� �Cw � Ì
×C�y| ���U| ×�ufÑ Ñ Óº×µÌSÑ~uf�y| éLz�ÍïufÛµzLÑ |~uf�ï®\uf�y| zUwy| z�} A ' C/Ω

�
A′ ' C/Ω′

uf�yz|~}�ÌS{
ÌS�y×CxC|~�Á| Ò'uf��Í>ÌS�CÑ Óï| Ò
jk(Ω) = jk(Ω′)

ÒÃÌS�
k = 1, 2, 3

��uf�yzÈ|~}�ÌS{
ÌS�y×CxC|~�Ú| Ò*uf��ÍÌS�CÑ Ó�| Ò©wyxCzLÓºx�u®Sz�wyxCzÈ}yuf{
zÚ| ��®\uf�y|~uf�awN}cz ¤ �µ¨+} � ~ �
�îÒ � z��UÌS{
×C�Ewyz j(i)k

ÒÃÌS�ùufÑ Ñ'|~}�ÌS{
ÌS�y×CxC|~}�{��UÑ~uS}y}�z�}
i = 1, . . . , s

� � z��Luf���UÌS��}rwy�y���GwwyxCzÈ�UÑ~uS}y}n×µÌSÑ Ó��CÌS{
|~ufÑ~}
Hk(X) =

s∏

i=1

(X − j(i)k ), k = 1, 2, 3.

ènxCz�}�z[×µÌSÑ Ó��CÌS{
|~ufÑ~}Áx�u®Sz[�Nu\wy| ÌS��ufÑ��UÌ�zKu��U| zL�awN}L�vÐ'ÌS�awy�Nuf�y| Ñ Ó>wyÌïwyxCzºzLÑ Ñ | ×Ewy|~���U�C�y®Sz�LuS}�zS��wyxCz
�UÌ�zKu��U| zL�awN}�uf�yzù| �?�SzL�CzL�NufÑ��CÌfw�| �awyzL�SzL�N}L�ÚènxCz�}�| éLz�ÌfÒ/wyxCz
ÍEzL�CÌS{
| ��u\wyÌS�uf��Í�wyxCzÄ}�| éLz�ÌfÒnwyxCzº×C�y| {
z�}ùÍE| ®�|~ÍE| �C�>wyxCzÄÍEzL�CÌS{
| ��u\wyÌS��ÍEzL×µzL��Í�ÌS� wyxCzºÍE|~}y�U�y| {��| ��uf�aw
ÌfÒ�wyxCzvÐ*t ��zLÑ~Í
K
���îÒ

K
x�uS}�u�}�{[ufÑ Ñ"ÍE|~}y�U�y| {
| ��uf�awïìÃ| ��×C�NuS�Gwy|~�UzºwyxC|~}�|~}ufÑ � uÓE}�wy�y�CzíG��wyxCzºÍEzL�CÌS{
| ��u\wyÌS�È�Luf� Ûµz��yz��UÌ\®SzL�yz�Ív��}�| �C�ïwyxCzº�UÌS�awy| ���Cz�Í?ÒÃ�NuS�Gwy| ÌS�ufÑ �SÌS�y| wyxC{ï�ènxCz"Ñ~uS}rw�}rwyzL×[�Luf�
�CÌ � Ûµz�}�ÌSÑ ®Sz�Íù��}�| �C�Áuf�
ufÑ �SÌS�y| wyxC{ ÍE�CznwyÌÈt>z�}rwy�yzÁìÃ| Ò�Ù��Ew (C) '

Z/2Z
�fz »  ���| m ~ íG�'uf��Í | wN}ù{
ÌEÍE| �µ�Lu\wy| ÌS��Û�Ó�Ð*uf�NÍEÌS��u�ìPÒÃÌS��Ñ~uf�y�SzL�ùuf�EwyÌS{
ÌS�y×CxC|~}�{�S�yÌS�C×�}L�4z �  E� �b� ~ íG�w��ÌfwyzÚwyx�u\w�u�×C�y| {
| wy| ®SzùÐ*tè��zLÑ~Í ìÃ|¾� zS� ��u�Ð*tè��zLÑ~Í � xC|~�NxÄ|~}nzL| �wyxCzL���CÌS�E�î�CÌS�y{[ufÑ�ÌS�^x�uS}/uÁ�UÓE�UÑ |~�"�ÚufÑ ÌS|~}^�S�yÌS�C×µí���}���ufÑ Ñ ÓÈx�uS}©wy�y| ®�|~ufÑCuf�EwyÌS{
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�S|¾� zS� �S�CÌS�E�¾wy�y| ®�|~ufÑCuf��Í
ufÛµzLÑ |~uf������zL���Uz
GK

|~}�uÚxCzL��}�zLÑ�S�yÌS�C×��

�^n�� ¦�¦ � �
? xCzL�ÁÌS�Cz�Ñ Ì�Ì�=E}�u\w�wyxCz/wyxCzLÌS�yzL{ | w�{[uÓ�}�zLzL{ }��C�y×C�y|~}�| �C�nwyx�u\w©u_X�Ó�Ñ Ì � }��CÛC�S�yÌS�C×ÌfÒ
GK

ufÑ �yz�uSÍEÓN=��CÌ � }[}����Nx u �Nuf�yzï×C�yÌS×µzL��wrÓ�Ñ | =Sz>xCzL��}�zLÑ |~uf�C| wrÓ�ÌfÒ K � ?�z � | Ñ Ñ}�zLzS�dxCÌ � zL®SzL���Cwyx�u\w�wyxC|~}�|~}�uº�SzL�CzL�NufÑ�×CxCzL�CÌS{
zL�CÌS��ìÎj�zL{
{[u Ï � ËíG�Ú�îwÚ�yz�ÍE���Uz�}"wyxCzwyxCzLÌS�yzL{ØwyÌ�wyxCzÈ�LuS}�z � xCzL�yz GK
|~}�u�×C�yÌf�

p
�S�yÌS�C×���Y� wyxC|~}ï}�×µz��U|~ufÑÁ�LuS}�z � z��Luf�$�UÌS��}rwy�y���GwÄ®\ufÑ ��u\wy| ÌS��}�ÒÃ�yÌS{ �CÌS�E�¾wy�y| ®�|~ufÑ��CÌS�y{[ufÑufÛµzLÑ |~uf�$}��CÛC�S�yÌS�C×�}�Ûµz��Luf��}�z?wyxCz�}�z�}��CÛC�S�yÌS�C×�}º×C�yÌEÍE���Uz?®�|~u�}�ÌS{
z8=�| ��Í;ÌfÒÈÑ ÌE�LufÑ�yz��U| ×C�yÌE�U| wrÓºÑ~u � ìÃ��}�| �C�º�CÌS�y{[}NíC± �y| �S|~ÍïzLÑ zL{
zL�awN},�µ| � K ��|¾� zS� �dzLÑ zL{
zL�awN} a ∈ K }����Nx

wyx�u\w
K̇p + aK̇p = K̇p ∪ aK̇p � �îÒ (K, v)

|~}�xCzL��}�zLÑ |~uf� uf��Í�wNuf{
zLÑ Ó2ÛC�Nuf���NxC| �C�u\w
p
�"wyxCzL�$uf��Ó

a ∈ K � | wyx v(a) 6∈ pΓv
|~}º�y| �S|~Í)| �)wyxC|~}Ä}�zL��}�zS�4Ð'ÌS��®SzL�N}�zLÑ ÓS�| wÈwy�C�y��}ÚÌS�EwÈwyx�u\wÈ�y| �S|~Í?zLÑ zL{
zL�awN}Èuf�yz[ufÑ {
Ìa}rwùufÑ � uÓE}�ÌfÒ*wyxC|~}ÚwrÓ�×µzS��wyx�u\wÈÌS�Cz��Luf��UÌS��}rwy�y���Gw"wNuf{
zLÑ ÓºÛC�Nuf���NxC| �C�
®\ufÑ ��u\wy| ÌS��}nÒÃ�yÌS{¬ì«}���u��U| zL�awyÑ ÓÄ{[uf��ÓCí*�y| �S|~ÍÄzLÑ zL{
zL�awN}| �

K
ìÎj�zL{
{[u Ï � Ï íG�

�^n>mbn �¿  ¥ ��  � ª ¥ �?§©¦ e ¥ n ��zL��}�zLÑ |~uf�C| wrÓºufÑ � uÓE}'�SÌ�z�}*�C×ÄwyÌ[ufÑ �SzLÛC�Nuf|~��zU£�wyzL��}�| ÌS��},F�îÒ
(K, v)

|~}�xCzL��}�zLÑ |~uf�vuf��Í
F/K

|~}�uf�?ufÑ �SzLÛC�Nuf|~�ÚzU£�wyzL��}�| ÌS�ïwyxCzL�>wyxCz��C�C|h^a�Czù×C�yÌf�Ñ ÌS�C�au\wy| ÌS�>ÌfÒ
v
wyÌ
F
|~}�uf�auf| �vxCzL��}�zLÑ |~uf�����Y�vÒÃz � }�×µz��U|~ufÑ^�LuS}�z�}L���zL��}�zLÑ |~uf�C| wrÓ>ufÑ~}�Ì�SÌ�z�}"ÍEÌ � �MF

& ���Å�¬« ¨D�
� n 9�RU½
F/K

ãNR�Z\OÄZ\T ÅaR�ãUDyZ\F«KÁR>+S½YRUOCIGF«¼\O�Â/FP½ÃM
F 6= F sep b©Z\OdÉÁT RU½ v ãNR�ZMCRUOCILRUT F«Z\OvÀ\Z\T B�Z\½¾F«¼\O?¼\O

F
Â©M�F«KNMÄF~IÁKN¼\X�ø�Z\DyZSãUT RÈ½Y¼
Z\O���¼\½ÃMCRUD�MCRUOCILRUT F«Z\OvÀ\Z\T B�Z\½¾F«¼\O¼\O

F
b�Z\OdÉºF ¿

Fv
F~IùDyRNZ\T�KUT ¼ILRNÉ>ZINIGBEX[Rù½ÃMCZ\½"Od¼ÁødDy¼yø�RUD[KN¼�Z\DNILRUO�FPO�Åv¼r¿

v
MCZIùDyRNZ\TKUT ¼ILRNÉ�DyRGIGF«É\B�R%�*RUT É � á�INIGBEX[RÁ½ÃMCZ\½ËS�

GF / GK
b�F � R � b F/K F~IÁOd¼\DGX[Z\T b*¼\DÏ �

[F : K] <∞ ¼\D�C�
GF

F~IùZl���\T ¼\Â/W
p
IGB�ãîÅfDy¼\B�ø�¼r¿

GK �HdMCRUO
vK := v |K

F~I�MCRUOCILRUT F«Z\O �
¢*Dy¼�¼r¿ n Ý"z��LufÑ Ñ©wyx�u\wÈuC��zLÑ~Í?{[uÓïx�u®Sz�}�zL®SzL�NufÑ©xCzL��}�zLÑ |~uf�?®\ufÑ ��u\wy| ÌS��}L�JÛC�EwÁ{
Ìa}rwÚÌfÒwyxCzL{¬uf�yz
�UÌS{
×�uf�NufÛCÑ zïìÃ|¾� zS� ��wyxCzL�yz
|~}Áuf��| ���UÑ ��}�| ÌS��ÌfÒn®\ufÑ ��u\wy| ÌS���y| �C�a}Ní�FÚÙ���Óvw � ÌxCzL��}�zLÑ |~uf�$®\ufÑ ��u\wy| ÌS��} � | wyx$�yz�}�|~ÍE�Cz8��zLÑ~Í$�CÌS�E�Y}�zL×�uf�NufÛCÑ Óa�Y�UÑ Ìa}�z�Í)uf�yz��UÌS{
×�uf�NufÛCÑ zuf��Í2wyxCzLÓ uf�yzvufÑ Ñ��UÌauf�N}�zL�vìÃ|¾� zS� wyxCz?®\ufÑ ��u\wy| ÌS� �y| �C��|~}�Ñ~uf�y�SzL�Gíùwyx�uf�)wyxCÌa}�z � | wyx}�zL×�uf�NufÛCÑ Óù�UÑ Ìa}�z�Í
�yz�}�|~ÍE�Czi��zLÑ~ÍvìPwyxC|~}��SzL�CzL�NufÑ | éLz�}�uf�[ÌSÑ~ÍùwyxCzLÌS�yzL{ ÌfÒMD*� !
�ZXE�NxC{
|~Í�w���GÒr�Ìz ®P®/®b® ~ íG�|X�ÌvwyxCzÄ�UÌS��ÍE| wy| ÌS� wyx�u\w

v
ÛµzÄ�UÌS{
×�uf�NufÛCÑ z
wyÌ�uf��Ó�ÌfwyxCzL�ùxCzL��}�zLÑ |~uf�



��À)° º!r>W�® �4w�1M� q y����

®\ufÑ ��u\wy| ÌS��ÌS�
F
|~}*z'^a�C| ®\ufÑ zL�aw'wyÌùwyxCzÚ�UÌS��ÍE| wy| ÌS�[wyx�u\w*ÒÃÌS�nuf��Ó
×C�yÌS×µzL�n�UÌauf�N}�zL�C| �C�ÈÌfÒ

v
wyxCzÁ�yz�}�|~ÍE�Cz���zLÑ~ÍÄ|~}n�CÌS�E�Y}�zL×�uf×�uf�yÛCÑ Óa�Y�UÑ Ìa}�z�ÍJ�ËS���îÒ

F/K
|~}^�CÌS�y{[ufÑ¾�wyxCzL�[uf��ÓÈ×C�yÌSÑ ÌS�C�au\wy| ÌS�ÈÌfÒ

vK
wyÌ
F
|~}/�UÌS���r�C�au\wyz*wyÌ

v
�S|¾� zS� �ÌfÒ�wyxCz�ÒÃÌS�y{

v◦σ ÒÃÌS��}�ÌS{
z σ ∈ Aut(F/K)
�/ð�ÒC�UÌS�C�N}�zS�

v◦σ |~}�uf�auf| �ÚxCzL��}�zLÑ |~uf��ìÃzS� ��� �Û�Ó���zL��}�zLÑm� }nÑ zL{
{[uaíG�*�*�Ew��UÌS���r�C�au\wyzÚ®\ufÑ ��u\wy| ÌS��}"uf�yzÚ| ���UÌS{
×�uf�NufÛCÑ zS�C}�Ì
v ◦ σ = v

�Ûµz��Luf��}�z
v
|~}��UÌS{
×�uf�NufÛCÑ z�wyÌ[uf��Ó�ÌfwyxCzL�"xCzL��}�zLÑ |~uf�Ä®\ufÑ ��u\wy| ÌS�ÄÌS�

K
�/ènx���}

v
|~}*wyxCz�C�C|h^a�CzÚ×C�yÌSÑ ÌS�C�au\wy| ÌS��ÌfÒ

vK
wyÌ
F
�Cuf��ÍÄ}�| ���Uz

v
zU£�wyzL��ÍC}n�C�C|h^a�CzLÑ Ó[wyÌ�wyxCzÈufÑ �SzLÛC�Nuf|~��UÑ Ìa}��C�yzS�E}�Ì[ÍEÌ�z�}

vK
�Ï �©�îÒ

F/K
|~}*uÁ×C�yÌS×µzL�0���C| wyz�zU£�wyzL��}�| ÌS�[wyxCzL���aÛ�Ó[Ù���wy| �E��XE�NxC�yzL| zL�/wyxCzLÌS�yÓS�

[F sep :
K] =∞ ����zL���UznwyxCzn�CÌS�y{[ufÑ�x��CÑ Ñ F ′ ÌfÒ F/K |~}^�CÌfw�}�zL×�uf�NufÛCÑ ÓÈ�UÑ Ìa}�z�ÍJ�©ènxCz"�C�C|h^a�Cz×C�yÌSÑ ÌS�C�au\wy| ÌS�

v′
ÌfÒ
v
wyÌ
F ′
wyxCzL� | �CxCzL�y| wN}ÚwyxCz[x�Ó�×µÌfwyxCz�}�z�}ÚÌS�?wyxCz��UÌS{
×�uf�NufÛC| Ñ | wrÓ

� | wyxïÌfwyxCzL�"xCzL��}�zLÑ |~uf�Ä®\ufÑ ��u\wy| ÌS��}L�Cuf��Í � zÁ{[uÓ�uf×C×CÑ ÓÄ�LuS}�z�ËS�^wyÌ (F ′, v′)
��C��j�zUw'��}w���N}rw*uS}y}��C{
znwyx�u\w

Fv 6= (Fv)sep uf��Í�wyx�u\w Fv |~}��CÌfw'�yz�ufÑ��UÑ Ìa}�z�ÍJ�e?�z}�x�ufÑ Ñ�uS}y}��C{
z�wyx�u\w
char Fv 6= p

ìPÒÃÌS�"wyxCzÁ×C�yÌ�ÌfÒ^| �ïz'^a��ufÑ��Nx�uf�NuS�GwyzL�y|~}rwy|~�
p > 0

ÌS�Czx�uS}�wyÌ � ÌS�>= � | wyxÄÙ���wy| �E��XE�NxC�yzL| zL����| �º×CÑ~uS�Uz�ÌfÒ4!Ú�C{
{
zL���îzU£�wyzL��}�| ÌS��}L�auf��Í[| �º{
| £Ez�Í�Nx�uf�NuS�GwyzL�y|~}rwy|~�
(0, p)

ÌS�Czùx�uS}�wyÌïuf×C×CÑ Ó>uf�?z�uS}�Óºwy�Nuf��}�Ñ~u\wy| ÌS�>ÒÃ�yÌS{ �yz�}�|~ÍE��ufÑ^Ù���wy| �E�
XE�NxC�yzL| zL���îzU£�wyzL��}�| ÌS��}nwyÌ�!Ú�C{
{
zL��zU£�wyzL��}�| ÌS��}�ÌfÒ

K
�J�GÒr�Jj�zL{
{[uÄ�C� Ï ÌfÒMz { ¦D  �b� ~ íG�Ý"zL×CÑ~uS�U| �C�

K
Û�Ó�u:���C| wyzÁ}��CÛµzU£�wyzL��}�| ÌS�ºÌfÒ

F/K � z�{[uÓ�wyxCzL�ÄuS}y}��C{
z
ìÃ��}�| �C�
�LuS}�zÏ � íÈwyx�u\w
K
�UÌS�awNuf| ��}nu�×C�y| {
| wy| ®Sz

p
�¾wyxÄ�yÌ�Ìfw

ζp
ÌfÒ^�C�C| wrÓÄuf��Í�wyx�u\w

Kv 6= Kvp �
��Ì � uS}y}��C{
z�wyx�u\w vK

x�uS}ùw � Ì?×C�yÌSÑ ÌS�C�au\wy| ÌS��}ÁwyÌ F ��ènxCzL��wyxCzL�yzÄ|~}
u����C| wyz}��CÛµzU£�wyzL��}�| ÌS�
L/K

ÌfÒ
F/K � | wyxÈw � Ì�ÍE|~}rwy| ���Gw/×C�yÌSÑ ÌS�C�au\wy| ÌS��} v1 = v |L 6= v2

ÌfÒ
vK
�Ð'xCÌ�Ìa}�z

a ∈ Ov2 �
| wyx[�yz�}�|~ÍE�Czn�CÌfw'u

p
�¾wyx�×µÌ � zL��ìPwyxC|~}�|~}^×µÌa}y}�| ÛCÑ z"Ûµz��Luf��}�z Lv2/Kv|~}A���C| wyzùuf��Í

Kv 6= Kvp |~}��CÌfw��yz�ufÑ��UÑ Ìa}�z�Í�íG�AX�| ���Uz v1 uf��Í v2 uf�yzÁ| ���UÌS{
×�uf�NufÛCÑ zS�
� z�u�=�uf×C×C�yÌ£E| {[u\wy| ÌS��×C�yÌEÍE���Uz�}�uf�)zLÑ zL{
zL�aw x ∈ (1 + Mv1) ∩ (a + Mv2)

� �*Ó
��zL��}�zLÑm� }Aj�zL{
{[uC�

x ∈ F p �w��zL���Uz L( p
√
x)/L

|~}"u
�ÚufÑ ÌS|~}n}��CÛµzU£�wyzL��}�| ÌS�ÄÌfÒ
F/K

ÌfÒÍEzL�S�yzLz
p � xC|~�NxÄ|~}n| {
×µÌa}y}�| ÛCÑ zÚÛµz��Luf��}�z GF

|~}"u�X�Ó�Ñ Ì � � p }��CÛC�S�yÌS�C×ºÌfÒ GK
�Cuf��ÍÄ}�ÌufÑ~}�Ì�ÌfÒ

GL
�%X�Ì

vK
|~}"xCzL��}�zLÑ |~uf�ïu\ÒPwyzL��ufÑ Ñ¾�ènxCz?�CzU£�w>�LuS}�z>wyÌ2Ûµz �UÌS��}�|~ÍEzL�yz�Í)|~}�wyxCz �LuS}�zvwyx�u\w

v
|~}ïu��Nuf�.=a�

1
®\ufÑ ��u\wy| ÌS�uf��Í

Fv
|~}��CÌfw��yz�ufÑ^�UÑ Ìa}�z�ÍJ���Y�vwyxC|~}Ú�LuS}�z � zùx�u®Szù}rwy�yÌS�C�Äuf×C×C�yÌ£E| {[u\wy| ÌS�ÄÒÃÌS�Áuf��ÓÍE|~}rwy| ���Gw[×C�yÌSÑ ÌS�C�au\wy| ÌS��}ÈÌfÒ

vK
wyÌ u����C| wyzïzU£�wyzL��}�| ÌS��ÌfÒ

K
uf��Í�wyxCzïufÛµÌ\®Szº×C�yÌ�ÌfÒ�Luf��Ûµz�uSÍÇ�r��}rwyz�Í?wyÌïwyxC|~}È}�| wy��u\wy| ÌS����}�| �C�vÍEzL��}�| wrÓvÌfÒ"uÄ�Nuf�.=a�
1
®\ufÑ �Cz�Í8��zLÑ~Í�| � | wN}xCzL��}�zLÑ |~}yu\wy| ÌS�ïuf��Í�!Ú�NuS}��CzL�'� }�j�zL{
{[u
| �Ä×CÑ~uS�UzÁÌfÒ���zL��}�zLÑm� }cj�zL{
{[uC�ènxCzÈwyxC| �NÍv�LuS}�zÈ|~}"wyx�u\w

Fv = Fvsep �_;�| wyxCzL��wyxCzL�yzù|~}�u[�yzLÑ~u\wy| ®SzÈ�Nuf�.=a� 1 �UÌauf�N}r�zL�C| �C�
w
ÌfÒ
v
�C|¾� zS� �

v
| ��ÍE���Uz�}"u
�Nuf�.=a�

1
®\ufÑ ��u\wy| ÌS�

v/w
ÌS�

Fw ± wyxCzL�ÄwyxCz ���N}rw��LuS}�zuf×C×CÑ | z�}�wyÌ
w
uf��ÍvwyxCz[}�z��UÌS��ÍvwyÌ

v/w ± wyxC|~}Á}���u��Uz�}Á}�| ���Uz�wyxCzV± �UÌS{
×µÌa}�z�Í�J®\ufÑ ��u\�wy| ÌS�
vK
|~}�xCzL��}�zLÑ |~uf�>| <�ÛµÌfwyx

wK
uf��Í

vK/wK = (v/w) |KwK

uf�yzS��ð��
Ov
|~}nwyxCz| �awyzL�N}�z��Gwy| ÌS�
ÌfÒJwyxCz�®\ufÑ ��u\wy| ÌS�
�y| �C�a}�ÌfÒ�ufÑ Ñ�×C�yÌS×µzL�'�UÌauf�N}�zL�C| �C�a}/ÌfÒ

v
��uf��Í[}�| ���Uz�wyxCzLÓuf�yzÚxCzL��}�zLÑ |~uf�ÄÌS�

K
Û�Ó[wyxCz ���N}rw��LuS}�zS�E}�Ì
|~}

vK
�

D©| ��ufÑ Ñ ÓS��| Ò
Fv
|~}��yz�ufÑf�UÑ Ìa}�z�Í � z��Luf�Úuf×C×CÑ Ó�wyxCz�×C�yzL®�| ÌS��}J�LuS}�z^wyÌ F (

√
−1)/K(

√
−1)uf��Íº��}�z Ï �/uf�auf| ���



y¾1y4x�
^w)��	�
 t �F��
{·�»y4x���yZ��w)
�� ��À)µ

�^n2�^n � ª$�µª«§   �  G¡   ¥ ���[ª ¥ §©¨©¡�  �   � ¨© E��ª«¦ ¥ � n �îÒ
(K, v)

|~}Úu�®\ufÑ �Cz�Í���zLÑ~Í?uf��Í>| Ò
x ∈ F× \O×v

wyxCzL�
O
×
v + xO×v ⊆ O

×
v ∪ xO×v .X�| {
| Ñ~uf�yÑ ÓS�"| Ò

T
|~}ºuf��Ó2{ù�CÑ wy| ×CÑ |~�Lu\wy| ®Sz?}��CÛC�S�yÌS�C× � | wyx O×v 6 T 6 F×

��uf��Í)| Ò
x ∈ F× \ T wyxCzL�

T + xT ⊆ T ∪ xT, |¾� zS� � x |~} T − �\ª$�µª«§ .Ð'ÌS��®SzL�N}�zLÑ ÓS�
T
�î�y| �S|~Í�zLÑ zL{
zL�awN}nÌfÒPwyzL�ï�S| ®SzÚ�y|~}�z�wyÌ
®\ufÑ ��u\wy| ÌS��},F

& ���Å�¬« ¨D�W¨ n � ¢*Dy¼yø�¼IGFP½¾F«¼\O ²+� I ¹ FPO z { ¦D  �b� ~ �C9�RU½ p ãNRºZùødDGFPX[R > 2
b�T RU½

K
ãNRZ��*RUT ÉºÂ/FP½ÃM�ZºX�BET ½¾F ødT F«KNZ\½¾FPÀ\R�IGB�ãîÅfDy¼\B�ø

T
IGB�KNM>½ÃMCZ\½

(K×)p 6 T 6 K×
Z\OdÉ�IGB�KNM½ÃMCZ\½"RUÀ\RUD��

x ∈ K× \ T F~I T WYDGF ÅfF«É �HdMCRUO
O(T ) := O1(T ) ∪ O2(T )

F~IùZ[À\Z\T B�Z\½¾F«¼\O?DGFPO�Å�Â/FP½ÃM
O(T )× ⊆ T b/Â©MCRUDyR

O1(T ) = {x ∈ K \ T | 1 + x ∈ T}
O2(T ) = {x ∈ T | xO1(T ) ⊆ O1(T )}

�îÒ
p = 2

u�}�| {
| Ñ~uf��}rwNu\wyzL{
zL�aw�|~}"wy�y�Czºì«�GÒr��z � ® ¾ ¶4® ~ íG��Ù���Í>| Ò
T = (K×)p | w�|~}zL�CÌS�C�SxvwyÌïx�u®Sz
uÄ}�| �C�SÑ z�zLÑ zL{
zL�awÁ| �

x ∈ K× \ T � xCÌa}�z�×C�y| {
zU�¾wyÌf� p ×µÌ � zL�N}Úuf�yz
T
�î�y| �S|~Í�| �ÄÌS�NÍEzL�nwyÌ
×C�yÌEÍE���UzÁu�®\ufÑ ��u\wy| ÌS�

v � | wyx v(x) 6∈ pΓv
ì«�GÒr�fz { ¦D �| Â ~ íG�

¢*Dy¼�¼r¿ n ènxCzº×C�yÌ�ÌfÒ"|~}��UÌS{
×CÑ zUwyzLÑ Ó�zLÑ zL{
zL�awNuf�yÓS�?è�Ìv�S| ®Szºu��µu®SÌS�C�ÈÌfÒ"wyxCzH=�| ��Í�ÌfÒuf�y�S�C{
zL�awN}*��}�z�Í � zÚxCzL�yzÚÌS�CÑ Óº}�xCÌ � wyx�u\w −O1 = O1
F

x ∈ O1(T ) ⇒ −x 6∈ T = −T & ± x2 6∈ T
⇒ 1− x2 = (1− x)(1 + x) ∈ (T ∪ x2T ) ∩ (T ∪ xT ) = T
⇒ 1− x ∈ T
⇒ −x ∈ O1(T )�Y�;u�}�| {
| Ñ~uf��Ò«uS}�xC| ÌS�)ÌS�Czv}�xCÌ � }vìÃ| �)wyxC|~}ºÌS�NÍEzL�Gí O · O ⊆ O

�
K ⊆ O ∪ O−1 �

1 + O1 ⊆ O2
�
1 + O2 ⊆ O

�
O + O ⊆ O

�'uf��Í��yz�uSÍC}ùÌ�<2ÒÃ�yÌS{¬wyxCzÄ×C�yÌ�ÌfÒ"wyx�u\w
O× ⊆ O2 ⊆ T

�

� n Ê �\¦�¦b��¦b�"��¾l ï��¾l �¦��( G¡
è�Ìº×C�yÌ\®SzÚwyxCz��CÌS�E�¾wy�y| ®�|~ufÑ©ÍE| �yz��Gwy| ÌS�vÌfÒ�wyxCz�z'^a�C| ®\ufÑ zL���Uzù}rwNu\wyz�Ív| �>wyxCzùwyxCzLÌS�yzL{uS}y}��C{
z[wyx�u\w

K
|~}�u���zLÑ~Í�}����Nx wyx�u\w

GK
|~}�u>xCzL��}�zLÑ'�S�yÌS�C×���?�zºx�u®Sz
wyÌ�}�xCÌ �wyx�u\w

K
x�uS}"uùwNuf{
zLÑ Ó�ÛC�Nuf���NxC| �C��xCzL��}�zLÑ |~uf�Ä®\ufÑ ��u\wy| ÌS���/�*ÓHj�zL{
{[u Ï � ËS��| w�}���u��Uz�}wyÌ>×C�yÌ\®Sz�wyxC|~}È| � wyxCzº�LuS}�z � xCzL�yz GK

|~}ùuï×C�yÌf�
p
�S�yÌS�C×��HDCÌS�ù}�| {
×CÑ |~�U| wrÓS� � z � | Ñ Ñ�UÌS��}�|~ÍEzL�"uf�auf| �ÄÌS�CÑ Ó[wyxCzÈ�LuS}�z�wyx�u\w

p
|~}nÌEÍCÍJ�ènxCzÄz�}y}�zL�awy|~ufÑ*�LuS}�zº|~}ùwyxCz ¡ �  C����ª«¡S  � ¡S C��  � xCzL�yz GK

∼= Zp XI Zp
ìu± �UÑ~uS}y}�|~�LufÑm� �Ûµz��Luf��}�z�wyxCz�X�Ó�Ñ Ì � � p }��CÛC�S�yÌS�C×�}*ÌfÒ GQl

�
l 6= p

�Cuf�yzÚÌfÒ�wyxC|~}nÒÃÌS�y{�íG�
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j�zUw���}A���N}rw�}�xCÌ � wyx�u\w�wyxCzù�LuS}�zÁwyx�u\w GK
|~}�uf�vuf�yÛC| wy�Nuf�yÓº×C�yÌf�

p
��zL��}�zLÑ��S�yÌS�C×ÒÃÌSÑ Ñ Ì � }©ÒÃ�yÌS{¢wyxCz��UÑ~uS}y}�|~�LufÑE�LuS}�zS��j�zUw N Ûµz�uÚ�CÌS�E�¾wy�y| ®�|~ufÑCufÛµzLÑ |~uf�
�CÌS�y{[ufÑC}��CÛC�S�yÌS�C×ÌfÒ

GK
��ènxCzL���CÛ�ÓºÙ���wy| �E��XE�NxC�yzL| zL�Áì

p
|~}nÌEÍCÍ�íG�

N ∼= Zα
p

ÒÃÌS��}�ÌS{
zÁ�Luf�NÍE| ��ufÑ
α
��îÒ

α > 1
wyxCzL�

N
x�uS}Úu�ìÃ�CÌS�y{[ufÑPí�}��CÛC�S�yÌS�C×

M ∼= Zp × Zp
���*ÓïwyxCz[�UÑ~uS}y}�|~�LufÑ�LuS}�zS�JwyxCz��C£Ez�Í���zLÑ~Í

FixM
ÌfÒ
M
x�uS}Áu�wNuf{
zLÑ Ó?ÛC�Nuf���NxC| �C�ÄxCzL��}�zLÑ |~uf�?®\ufÑ ��u\wy| ÌS�

v
�Ä�*Ó?×�uS}y}�| �C�ÄwyÌ?uÄ�CÌS�E�¾wy�y| ®�|~ufÑ��UÌauf�N}�zL�C| �C�ïÌfÒ

v � z
{[uÓ�ufÑ~}�Ì>uS}y}��C{
z
wyx�u\w v |~}�UÌS{
×�uf�NufÛCÑ zÁwyÌïuf��ÓÄÌfwyxCzL��xCzL��}�zLÑ |~uf�?®\ufÑ ��u\wy| ÌS�vÌS�
FixM

�Á�*Ó>uf×C×CÑ Ó�| �C��j�zL{
{[uÏ � ËS� Ë*w � |~�UzS� � z"}�zLznwyx�u\w v |Fix N
|~}�uf�auf| ��xCzL��}�zLÑ |~uf���Suf��ÍùwyxCz�}yuf{
znxCÌSÑ~ÍC}^ÒÃÌS�

v |K
�Ù���Í�wyxCzÄ×C�yÌS×µzL��wrÓ�wyx�u\w

v
|~}�wNuf{
zLÑ Ó�ÛC�Nuf���NxC| �C�v|~}L�'ÌfÒ��UÌS�C�N}�zS�/| �CxCzL�y| wyz�Í�Û�Ó wyxCz�yz�}rwy�y|~�Gwy| ÌS�ºÌfÒ

v
wyÌ[uf��ÓºufÑ �SzLÛC�Nuf|~��}��CÛ���zLÑ~ÍJ��îÒ

α = 1
uf��Í

σ ∈ GK \N
wyxCzL�

H := N〈σ〉 ∼= Zp XI Zp
�0X�Ì

FixH
x�uS}/u�wNuf{
zLÑ ÓÛC�Nuf���NxC| �C�ÄxCzL��}�zLÑ |~uf��®\ufÑ ��u\wy| ÌS�

w
��Û�Ó>wyxCz��UÑ~uS}y}�|~�LufÑ/�LuS}�zS��?�z[ÍEzL�CÌfwyz
| wN}Á�C�C|h^a�Cz×C�yÌSÑ ÌS�C�au\wy| ÌS�ÚwyÌ

FixN
Û�Ó
v
�©�îÒ

v
|~}/�UÌS{
×�uf�NufÛCÑ z/wyÌÚuf��ÓÁÌfwyxCzL�©xCzL��}�zLÑ |~uf�ù®\ufÑ ��u\wy| ÌS�ÌS�

FixN
�JwyxCzL�

v |K
|~}Èuf�auf| �?xCzL��}�zLÑ |~uf����uf��ÍJ�©uS}��yz�}rwy�y|~�Gwy| ÌS��ÌfÒ

w
�^ufÑ~}�ÌºwNuf{
zLÑ ÓÛC�Nuf���NxC| �C��� �îÒ��CÌfw � zÄ�yzL×CÑ~uS�Uz v Û�Ó wyxCzH���Cz�}rw��UÌauf�N}�zL�C| �C�vÌfÒ v � | wyx2}�zL×�uf�NufÛCÑ Ó�UÑ Ìa}�z�Í>�yz�}�|~ÍE�CzJ��zLÑ~ÍJ�ÈènxCz��Cz � v

wyxCzL��}rwy| Ñ Ñ^x�uS}��CÌS�E�
p
�YÍE| ®�|~}�| ÛCÑ zù®\ufÑ �Czù�S�yÌS�C×?uf��Í�yz�}�|~ÍE��ufÑ'�Nx�uf�NuS�GwyzL�y|~}rwy|~� 6= p

�\X�ÌïwyxCz��yz�}rwy�y|~�Gwy| ÌS�?wyÌ
FixH

ì«uf��Í xCzL���Uz
wyÌ
K
í�|~}ì«uS}��UÌauf�N}�zL�C| �C��ÌfÒ^wyxCzÁwNuf{
zLÑ ÓÄÛC�Nuf���NxC| �C�[®\ufÑ ��u\wy| ÌS�

w � | wyx>�CÌS�E� p �YÍE| ®�|~}�| ÛCÑ zÁ®\ufÑ �Cz�S�yÌS�C×µí�uf�auf| �ïwNuf{
zLÑ ÓïÛC�Nuf���NxC| �C����Ù���Í
v |K

|~}�xCzL��}�zLÑ |~uf���dÌS���Uzù{
ÌS�yzùÛ�Ó\j�zL{
{[uÏ � ËS� ËS�
? x�u\w"�yzL{[uf| ��}*wyÌ[ÛµzÈÍEÌS�CzÚ|~}*wyxCz

¢*Dy¼�¼r¿ù¼r¿Ú½ÃMCR�KUT ZINIGF«KNZ\T/KNZILR n X�ÌÁ�CÌ � GK
∼= Zp XI Zp

�^ènxC|~}/| {
×CÑ | z�}^wyx�u\w/wyxCzÈì
p
�¾wyxµí�UÌSxCÌS{
ÌSÑ ÌS�S|~�LufÑdÍE| {
zL��}�| ÌS�ïÌfÒ

GK
|~} Ï �Cuf��Íï}�Ì

char K 6= p
�/�Y�ï×�uf��wy|~�U�CÑ~uf���CuS}

GK|~}"×C�yÌf�
p
�
ζp ∈ K

��t>ÌS�yzLÌ\®SzL����uf��Ó�ÌS×µzL�ï}��CÛC�S�yÌS�C×
GL

ÌfÒ
GK

|~}nÌfÒ©wyxCzÈ}yuf{
z�ÒÃÌS�y{
Zp XI Zp

�ExCzL���UzÁÌfÒ©�Nuf�.=
2
�Cuf��Íï}�Ì��EÛ�ÓH!Ú�C{
{
zL�nwyxCzLÌS�yÓS�

[L× : (L×)p] = p2 ��*ÓºÍE| �yz��Gw��UÌS{
×C�EwNu\wy| ÌS���EwyxC|~}"| {
×CÑ | z�}"u¼� ¦�¡S  � �( �¡Sª-½©�\¦�¡SªÃ��� �   e F�¿U¼\D�RNZSKNM x ∈
K \Kp ½ÃMCRÈFPX[ZLÅaR
¼r¿È½ÃMCRÈOd¼\DGX Nx : K( p

√
x)× → K×

F~I 〈x〉(K×)p ìPwyx���}��S| ®�| �C��y|~}�z�wyÌ�u>ÛC| �rz��Gwy| ÌS��ÛµzUw � zLzL��ufÛµzLÑ |~uf��zU£�wyzL��}�| ÌS��}ÈÌfÒ�ÍEzL�S�yzLz p uf��Í�{ù�CÑ wy| ×CÑ |~�Lu\wy| ®Sz}��CÛC�S�yÌS�C×�}*ÌfÒ^| ��ÍEzU£
p
íG�è�ÌÄ}�zLzÈwyxC|~}L�dÑ zUw

L = K( p
√
x)
�Juf��Í?�NxCÌ�Ìa}�z

y ∈ K× \ 〈x〉(K×)p �Ú�*Ó\!Ú�C{
{
zL�wyxCzLÌS�yÓS�
y 6∈ Lp ��uf��ÍJ��}�| ���Uz Nx(y) ∈ Kp ��zL®SzL� y 6∈ 〈 p

√
x〉(L×)p �ùÙ�} Nx( p

√
x) =

x 6∈ Kp �©ufÑ~}�Ì p
√
x 6∈ Lp �ºènx���}L� L× = 〈 p

√
x〉〈y〉(L×)p �©uf��Í?wyxCz[| {[uf�Sz
ÌfÒ Nx

|~}
〈x〉(K×)p �Ù�}È| {
{
z�ÍE|~u\wyzÄ�UÌS��}�z'^a�CzL���Uz�ÌfÒnwyxCzºÑ ÌE�LufÑ'�yz��U| ×C�yÌE�U| wrÓ?Ñ~u � � zº}�zLz�ì«�UÌS{
×C�Ewy| �C�
Nx(a+ b p

√
x) = ap + xbp

í'wyx�u\w

(?) ∀x ∈ K \Kp : (K×)p + x(K×)p ⊆
p−1⋃

i=0

xi(K×)p.
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��Ì �N� znuf×C×CÑ Óùu��UÌS{ùÛC| ��u\wyÌS�y|~ufÑ�uf�y�S�C{
zL�aw � xC|~�Nx�|~}^�LufÑ Ñ z�Í²± wyxCz � ÌS��ÍEzL��ÒÃ�CÑE�U�yz�u\wy| ÌS�ÌfÒd�y| �S|~ÍùzLÑ zL{
zL�awN},�\| �CX�z��Gwy| ÌS� Ï � ��ÌfÒlz { ¦D  �b� ~ �SÛµz��Luf��}�z � z"x�u®SzL�M� w/�C��ÍEzL�N}rwyÌ�ÌEÍùÓSzUwwyxCz�wy�y�Cz��yz�uS}�ÌS� � x�Ó�wyxC| �C�a} � ÌS�>=�uS}dwyxCzLÓÁÍEÌ���ènxCz*uf�y�S�C{
zL�aw�}�xCÌ � }dwyx�u\w©�UÌS��ÍE| wy| ÌS�
(?)
| {
×CÑ | z�}�wyx�u\w'wyxCzL�yz�|~}*uÈ}��CÛC�S�yÌS�C×

T 6 K× � | wyx (K×)p 6 T
�
[T : (K×)p] 6 puf��ÍÄ}����NxÄwyx�u\w�ufÑ Ñ

x ∈ K× \ T uf�yz T �î�y| �S|~ÍJ�ènxC|~}ÚufÑ Ñ Ì � }���}�wyÌ>�UÌS���UÑ ��ÍEzùÒÃ�yÌS{èj�zL{
{[u Ï � Ï wyx�u\wÚwyxCzL�yz�|~}Áuº®\ufÑ ��u\wy| ÌS�
v
ÌS�

K � | wyx Ov = O(T )
}����NxÄwyx�u\w

O×v 6 T
�0��zL���Uz

Γv 6= pΓv
��Ù"ÒPwyzL��ÍE| ®�|~ÍE| �C�

Γv
Û�Ó| wN}�{[u\£E| {[ufÑ©�UÌS��®SzU£

p
�YÍE| ®�|~}�| ÛCÑ z�}��CÛC�S�yÌS�C× � zù{[uÓ>ufÑ~}�ÌºuS}y}��C{
zÈwyx�u\w�wyxCzL�yzù|~}��CÌ}����Nx ìÃzU£C�UzL×Ew {0} íG�?�zÈx�u®Sz�wyÌ�}�xCÌ � wyx�u\w v |~}"xCzL��}�zLÑ |~uf���'�îÒ/�CÌfw��CwyxCzL�yzÁ|~}�}�ÌS{
zù�ÚufÑ ÌS|~}nzU£�wyzL��}�| ÌS�

L/K
ÌfÒ/ÍEzL�S�yzLz

p
uSÍE{
| w�wy| �C�º}�zL®SzL�NufÑ/ìÃxCzL���UzÈzU£CuS�GwyÑ Ó

p
í*| {
{
z�ÍE|~u\wyzÈ×C�yÌSÑ ÌS�C�au\wy| ÌS��}

v1, . . . , vp
ÌfÒ
v
���*Ó � z�u�=�uf×C×C�yÌ£E| {[u\wy| ÌS� � zH����Í�ÒÃÌS��z�uS�Nx i uf��zLÑ zL{
zL�aw xi ∈

Mvi ∩
⋂

j 6=i O×vj

��Ý"zL×CÑ~uS�U| �C���J| Ò*�Cz��Uz�}y}yuf�yÓS�
xi
Û�Ó

xi + a
ÒÃÌS�Á}�ÌS{
z

a ∈ Mv � | wyx
vi(x) > v(a) 6∈ pΓvi

ì
Γv
x�uS}ù�CÌv�CÌS�E�¾wy�y| ®�|~ufÑ'�UÌS��®SzU£

p
�YÍE| ®�|~}�| ÛCÑ zÄ}��CÛC�S�yÌS�C×µíG� � z{[uÓÚufÑ~}�Ì�uS}y}��C{
z

vi(xi) 6∈ pΓvi

�©�*�Ew�wyxCzL�
x1, . . . , xp

uf�yz
Fp
�î| ��ÍEzL×µzL��ÍEzL�aw©{
ÌEÍE�CÑ Ì

(L×)p � � xC|~�NxÈ|~}��CÌfw©| �ùuS�L�UÌS�NÍ � | wyxÈwyxCz*ufÛµÌ\®Sz�ÌSÛ�}�zL�y®\u\wy| ÌS��wyx�u\w [L× : (L×)p] = p2ìÃ�CÌfwyzÚwyx�u\w
p > 2

íG�
D©| ��ufÑ Ñ Ó � z�x�u®Sz�wyÌ
}�xCÌ � wyx�u\w char Kv 6= p

�wX��C×C×µÌa}�z��CÌfw��/ènxCzL�
charK = 0

�
X�| ���Uz

Γv
|~}
l
�YÍE| ®�|~}�| ÛCÑ z�ÒÃÌS�
uf��Ó�×C�y| {
z

l 6= p
��| w
|~}
ÍEzL��}�zLÑ Ó�ÌS�NÍEzL�yz�ÍJ�^ÛC�Ew[| w
x�uS}�CÌ>�CÌS�E�¾wy�y| ®�|~ufÑ

p
�YÍE| ®�|~}�| ÛCÑ z��UÌS��®SzU£�}��CÛC�S�yÌS�C×�����zL���Uz � zl����Í�}�ÌS{
z π ∈ K � | wyx

0 < v(π) < v(π2) 6 v(p)
}����Nx�wyx�u\w

v(π) 6∈ pΓv
�|-�| �yz��Gw
�UÌS{
×C�EwNu\wy| ÌS��}�xCÌ � }wyx�u\w�wyxCzL�

π
�
1+π

uf��Í
1+π2 uf�yz Fp

�î| ��ÍEzL×µzL��ÍEzL�aw'{
ÌEÍE�CÑ Ì
(K×)p �a�UÌS�awy�NuSÍE|~�Gwy| �C�

[K× : (K×)p] = p2 �
º[n �Ã½l½ � ª«¡S E��ª«¦ ¥ �

ènx�u\w'®\ufÑ ��u\wy| ÌS��}�ÌS��u ��zLÑ~Í
K
uf�yz�zL���UÌEÍEz�Í
| �

GK
x�uS}�{[uf��Ó�| �awyzL�yz�}rwy| �C�ùuf×C×CÑ | ��Lu\wy| ÌS��}L�0j�zUw���}e�r��}rw�Ñ |~}rw�uùÒÃz � ÌfÒ©wyxCzL{ï�� ÄÄ  � ¦µª«�
¡�¾© E�\ C¡f�� a�\ª$�S E��ª«¦ ¥ ¦b�

p �  C§©ª«¡sc+  � §©�V� �îÒ K/Qp
|~}Úu����C| wyz�zU£�wyzL�E�}�| ÌS����wyxCzL��uf��Ó���zLÑ~Í

L � | wyx GL
∼= GK

|~}
p
�YuSÍE|~�LufÑ Ñ Ó?�UÑ Ìa}�z�ÍJ��|¾� zS� �

L
x�uS}ÁuxCzL��}�zLÑ |~uf�v®\ufÑ ��u\wy| ÌS�

v
ÌfÒ'{
| £Ez�Í?�Nx�uf�NuS�GwyzL�y|~}rwy|~�

(0, p)
}����Nxvwyx�u\w

Ov/pOv
|~}

���C| wyz
ì«}�Ì
Lv
|~}%���C| wyzÁuf��Í
wyxCzÁ�UÌS��®SzU£[x��CÑ Ñ

∆
ÌfÒ

Z · v(p) | � Γv
|~} ∼= Z

íG�Cuf��Í}����Nxºwyx�u\w
Γv/∆

|~}�ÍE| ®�|~}�| ÛCÑ z�z { ¦D �| Â ~ �
� �  C����ª�c^¡S E��ª«¦ ¥ ¦b�"��¦ �-�  E� �  > E�^��¦ � ¨��� UÄÄ  � ¦µª«�Ö���\¦µ¨[½^�V� �îÒ

GK
|~}
}�ÌSÑ ®\ufÛCÑ zìÃ|¾� zS� �\x�uS}©uA���C| wyzn}��CÛC�CÌS�y{[ufÑ�}�zL�y| z�} � | wyx�ufÛµzLÑ |~uf��^a�CÌfwy| zL�awN}NíJ| w^|~}©{
zUwNufÛµzLÑ |~uf���t>ÌS�yz�×C�yz��U|~}�zLÑ ÓS��wyxCzL�yzÚ|~}nwyxCzL�>uf�ÄzU£CuS�Gw�}�z'^a�CzL���Uz

1→ A→ GK → C1 × C2 × Z → 1

� | wyx A wyÌS�N}�| ÌS�E�¾ÒÃ�yzLz�ufÛµzLÑ |~uf��� C1
�
C2

���C| wyz[�UÓE�UÑ |~�
uf��Í
Z
wyÌS�N}�| ÌS�E�¾ÒÃ�yzLz�×C�yÌf��UÓE�UÑ |~�f���îÒ

GK(
√
−1)

|~}Ú�CÌS�E�î×C�yÌ��rz��Gwy| ®SzÈwyxCzL�
K
x�uS}ÚuÄ�CÌS�E�¾wy�y| ®�|~ufÑ^xCzL��}�zLÑ |~uf�
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�
ÙØ�UÌS{
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|~}"zLÑ zL{
zL�awNuf�y| Ñ Ó��Nx�uf�NuS�GwyzL�y| éLz�Í[Û�Ó

GK
| Ò©ÒÃÌS��uf��Ó���zLÑ~Í

L

GL
∼= GK ⇔ L ≡ K.

��zL�yz�±
L ≡ K �U{
z�uf��}Jwyx�u\w L |~}�zLÑ zL{
zL�awNuf�y| Ñ Ó�z'^a�C| ®\ufÑ zL�aw�wyÌ K ��|¾� zS� � L }yu\wy|~}���z�}wyxCz�}yuf{
zi���N}rw��îÌS�NÍEzL�/}�zL�awyzL���Uz�}/| ��wyxCz�Ñ~uf�C�S��uf�SznÌfÒ���zLÑ~ÍC}�uS}

K
�^�*ÓÈwyxCz � ÌS�>=ÌfÒ*Ù���wy| �E��XE�NxC�yzL| zL�Áuf��Í?è©uf�N}�=�|¾� � z�=��CÌ � wyx�u\wÚwyxCz���zLÑ~Í R

ÌfÒ*�yz�ufÑ©���C{ùÛµzL�N}|~}nzLÑ zL{
zL�awNuf�y| Ñ Ó��Nx�uf�NuS�GwyzL�y| éLz�Í[Û�Ó
GR

F/uf��Ó���zLÑ~Í
L � | wyx GL

∼= GR
∼= Z/2Z|~}Ú�yz�ufÑ/�UÑ Ìa}�z�ÍJ��uf��Í�ufÑ Ñ/�yz�ufÑ/�UÑ Ìa}�z�Í\��zLÑ~ÍC}Úx�u®SzùwyxCz�}yuf{
z����N}rw��îÌS�NÍEzL��wyxCzLÌS�yÓì«u\£E| ÌS{[u\wy| éLz�Í�Û�Ó�}yuÓ�| �C�Úwyx�u\w�wyxCz�}>^a��uf�yz�}/ÍEzK���Cz�uf�[ÌS�NÍEzL�y| �C�Áuf��Í�wyx�u\w'ÌEÍCÍ��ÍEzL�S�yzLz�×µÌSÑ Ó��CÌS{
|~ufÑ~}nx�u®SzÚéLzL�yÌ�z�}NíG��ènxCzÈ}yuf{
zÚxCÌSÑ~ÍC}"| Ò

K
|~}�u����C| wyzÈufÛµzLÑ |~uf�zU£�wyzL��}�| ÌS��ÌfÒ

Qp
ÌS�Á| Ò

K
|~}Èuï�SzL�CzL�NufÑ | éLz�Í8j�uf�C�yzL�awÈ}�zL�y| z�}���zLÑ~Í

Qp((Z(q)))
� | wyx?�UÌ�zKu��U| zL�awN}�| � Qp

uf��Í>zU£E×µÌS�CzL�awN}�| �>wyxCzù�y| �C�
Z(q)

ÌfÒ
q
�YuSÍE|~�Á�Nu\wy| ÌS��ufÑ| �awyzL�SzL�N}L�ÁÐ'ÌS��®SzL�N}�zLÑ ÓS�C| w�wy�C�y��}�ÌS�Ew�wyx�u\w�¹:uf×�uf��w�ÒÃ�yÌS{ zU£EÌfwy|~�ù�LuS}�z�} � xC|~�Nx�UÌS���rz��Gwy�C�NufÑ Ñ Ó�ÍEÌS�M� w[zU£E|~}rw�¹�wyxCz�}�zºwyxC�yzLz>�UÑ~uS}y}�z�}ùÌfÒ_��zLÑ~ÍC}[�UÌ\®SzL��ufÑ Ñi��zLÑ~ÍC}zLÑ zL{
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p �  C§©ª«¡S��� �îÒ X |~}�u"}�{
Ì�Ìfwyx×C�yÌ��rz��Gwy| ®Sz"�U�C�y®Sz"Ì\®SzL�

K � | wyx
ÒÃ�C���Gwy| ÌS�l��zLÑ~Í K(X)
wyxCzL�
wyxCz�ÛC| �Nu\wy| ÌS��ufÑC}�z��G�wy| ÌS���UÌS���rz��Gwy�C�yzn}yuÓE}Jwyx�u\w�ufÑ Ñ�}�z��Gwy| ÌS��}©ÌfÒCwyxCz"�Luf�CÌS�C|~�LufÑS×C�yÌ��rz��Gwy| ÌS�

GK(X) →
→ GK

uf�yzÚ| ��ÍE���Uz�ÍïÛ�Ó
K
�î�Nu\wy| ÌS��ufÑµ×µÌS| �awN}"ÌS�

X
�'ènxC|~} � uS}"�UÌS���rz��Gwy�C�yz�ÍÄÛ�Ó���yÌfwyxCzL��ÍE| z��W=
ÒÃÌS����zLÑ~ÍC} � xC|~�Nxïuf�yz_���C| wyzLÑ Ó��SzL�CzL�Nu\wyz�Í�Ì\®SzL� Q ��ÛC�Ew�| w"|~}n}rwy| Ñ ÑÌS×µzL���e? x�u\w*�Luf�
Ûµz�×C�yÌ\®Sz�Í�|~}^wyx�u\w'Ì\®SzL�

Qp
wyxC|~}'�UÌS���rz��Gwy�C�yz"|~}^wy�y�Cz�z { ¦D �¡(~ �

Ê �\¦�§©¨©¡f���[¦b�� E�^��¦ � ¨��� UÄÄ  � ¦µª«�]���\¦µ¨[½^��� Ù�Û�}�ÌSÑ �EwyzÈ�ÚufÑ ÌS|~}n�S�yÌS�C×�}n�Luf�x�uf�NÍEÑ Ó�zL®SzL��Ûµz � �y| w�wyzL�ÈuS}�ÍE| �yz��Gw�×C�yÌEÍE���GwN}L�©t>ÌS�yz^×C�yz��U|~}�zLÑ ÓS��| Ò GK = G1×G2ÒÃÌS�º}�ÌS{
z���zLÑ~Í
K
wyxCzL� zL| wyxCzL�

G1
uf��Í

G2
uf�yzïÌfÒÈ�UÌS×C�y| {
z>ÌS�NÍEzL�vìÃ| �)wyxCz}�zL��}�zºÌfÒ�}��C×µzL�y��u\wy�C�NufÑ*���C{ùÛµzL�N}NíÁÌS�

K
x�uS}
uvxCzL��}�zLÑ |~uf��®\ufÑ ��u\wy| ÌS�

v � | wyx
GKv

∼= G1 × G2
uf��Í

(]G1, ]G2) = 1
�)�Y�2wyxCzïÑ~u\w�wyzL���LuS}�zS��wyxCz8X�Ó�Ñ Ì � � p}��CÛC�S�yÌS�C×�}'ÌfÒ©ÌS�Cz�ÌfÒ�wyxCz�Ò«uS�GwyÌS�N}nuf�yz�ufÛµzLÑ |~uf�ºÒÃÌS�"uf��Ó

p | (]G1, ]G2)
�%X�Ì��aÒÃÌS�zU£Cuf{
×CÑ zS�

GQ ×GQ

ÌS�
GQp ×GQp
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K
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F/K
| �
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mbn � ¥  E�$  � ª«  ¥ �b �¦b¡  a�L���
?�z*ÛC�y| zK��ÓÈ�yz��LufÑ ÑSwyxCznÛ�uS}�|~�*}�zUw�wy| �C��ÌfÒJ���yÌfwyxCzL��ÍE| z��W=�� }©uf��ufÛµzLÑ |~uf�ù�SzLÌS{
zUwy�yÓS�4DCÌS�{
ÌS�yz"zLÑ~ufÛµÌS�Nu\wyzn®SzL�N}�| ÌS��}"ìÃxC| �SxCzL���YÍE| {
zL��}�| ÌS��ufÑ¾�f×C�yÌf�

l
����ÌS{��î®SzL�N}�| ÌS��}©zUwN�f� íù�GÒr�^zS� ��� �wyxCzÈ}��C�y®SzLÓ¿z » � � � m ~ �

j�zUw
K
ÛµzÈu���zLÑ~ÍJ�CÑ zUw

X̂
ÛµzÈu
}�{
Ì�Ìfwyxï×C�yÌ��rz��Gwy| ®SzÚ�U�C�y®SzÚÌfÒ©�SzL����}

g
Ì\®SzL�

K
�EÑ zUw

S ⊆ X̂(K)
ÛµzÄu����C| wyzÄ}�zUw�ÌfÒ�×µÌS| �awN}ùuf��Í�Ñ zUw

X := X̂ \ S ��? xCzL���UÌS��}�|~ÍEzL�y| �C�
X
uS}�uº�U�C�y®SzÁÌ\®SzL�"wyxCz
ufÑ �SzLÛC�Nuf|~�Ú�UÑ Ìa}��C�yz

K
ÌfÒ
K � z � �y| wyz X := X ⊗K K

��j�zUw
K(X)

Ûµz"wyxCz"ÒÃ�C���Gwy| ÌS�l��zLÑ~Í
ÌfÒ
X
ìÃÌS���Sz'^a�C| ®\ufÑ zL�awyÑ ÓS�SÌfÒ

X̂
í^Ì\®SzL�

K
uf��Í�Ñ zUw

K(X)SÛµzùwyxCz�{[u\£E| {[ufÑ^�ÚufÑ ÌS|~}�zU£�wyzL��}�| ÌS�vÌfÒ
K(X) � xC|~�Nxv|~}��C�C�Nuf{
| ��z�Í>ÌS� X ì«}�ÌºÌS�CÑ Ó�Nuf{
| �µ�Lu\wy| ÌS�ïufÛµÌ\®SzÚwyxCzÈ×µÌS| �awN}"| �

S
ÌE�L�U�C�N}NíG��j�zUw

π1(X) := Gal(K(X)S/K(X))
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Ûµz�wyxCz  E�\ªÃ��¾l¡  a��ª«¡©�î¨ ¥ §© v¡   ¥ ��  � ���\¦µ¨[½ ÌfÒ
X/K

��-�zL�CÌfwy| �C��wyxCz ufÛ�}�ÌSÑ �Ewyz�ÚufÑ ÌS|~}È�S�yÌS�C×�ÌfÒ�u���zLÑ~Í
F
Û�Ó

GF := Gal(F sep/F ) ∼= Aut(F/F )
ÌS�Cz�x�uS}Èw � Ì�Luf�CÌS�C|~�LufÑùìÃxCÌS�y| éLÌS�awNufÑPíùzU£CuS�GwÄ}�z'^a�CzL���Uz�} � | wyx¢ìÃ®SzL��wy|~�LufÑPí�zL×C| {
ÌS�y×CxC|~}�{[}[{[u�=�| �C�wyxCzÈ}>^a��uf�yz�}n�UÌS{
{ù�Ewyz�F

1 → GK(X) → GK(X) → GK → 1

↓ ↓ ‖
1 → π1(X) → π1(X) → GK → 1

ènxCz�µ ¨ ¥ §© v¡   ¥ ��  � � ¦ ¥+«  �¡f��¨��(  µ �
(X/K)

ÌfÒEuf��ufÛµzLÑ |~uf�Ú�SzLÌS{
zUwy�yÓùìPÒÃÌS�
X/K

í}yuÓE}^wyx�u\w^¿U¼\D"MZ�yø�RUDLãN¼\T F«K
X
b
X
F~IÁRUOdKN¼�ÉSRNÉùFPO

π1(X)
b©F � R � b�F ¿ Y F~IÚZ\Od¼\½ÃMCRUD�IGX[¼�¼\½ÃMKUBEDGÀ\R�¼\À\RUD

K
Â/FP½ÃM

π1(Y ) ∼=GK π1(X)
½ÃMCRUO

Y ∼=K X
�ÁÝ"z��LufÑ Ñ©wyx�u\w

X
|~}Ú�LufÑ Ñ z�Íx�Ó�×µzL�yÛµÌSÑ |~�f�S| Ò

χ(X) := 2−2g− ]S < 0 � xC|~�Nx[| ���Nx�uf�NuS�GwyzL�y|~}rwy|~� 0
|~}�z'^a�C| ®\ufÑ zL�aw�wyÌ

π1(X)
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∏
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zUwy�y|~�Ú}��CÛC�S�yÌS�C×�}nÑ | =Sz�wyxCz}�zUw�ÌfÒ^ÍEz��UÌS{
×µÌa}�| wy| ÌS�ï}��CÛC�S�yÌS�C×�}*|~}��UÑ Ìa}�z�Í��C��ÍEzL���UÌS���r�C�au\wy| ÌS���

D©| ��ufÑ Ñ ÓS�fwyxCz"{[uf×
|~}/| ���rz��Gwy| ®Sz"Û�ÓÁwyxCz"wyxCzLÌS�yzL{¢ÌfÒD*� !
�»XE�NxC{
|~Í�w'F^ÍE|~}rwy| ���Gw'×µÌS| �awN}ìÃ|¾� zS� �C�Nuf�.=a�NËU�î®\ufÑ ��u\wy| ÌS��}'ÌS�
K(X)

í'x�u®Sz��CÌS�E�Y�UÌS���r�C�au\wyzÚxCzL��}�zLÑ |~}yu\wy| ÌS��}L�
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� n Ä � ¦��^  � ��¾l �¦����
ènxC�yÌS�C�SxCÌS�Ew�wyxC|~}/}�z��Gwy| ÌS� � znuS}y}��C{
z'wyx�u\w K uf��Í L uf�yz*ufÑ {
Ìa}rw/uf�yÛC| wy�Nuf�yÓ���zLÑ~ÍC}L�wyx�u\w
X
|~}©u�}�{
Ì�ÌfwyxÈ×C�yÌ��rz��Gwy| ®Sz'�U�C�y®Sz'Ì\®SzL�

K
��wyx�u\w

Y
|~}©u�}�{
Ì�Ìfwyxù×C�yÌ��rz��Gwy| ®Sz'�U�C�y®SzÌ\®SzL�

L
uf��Í[wyx�u\w

ϕ : GK(X)/K → GL(Y )/L
|~}*uf�º|~}�ÌS{
ÌS�y×CxC|~}�{ï�a|¾� zS� �

ϕ : GK(X) →
GL(Y )

|~}"uf�ï|~}�ÌS{
ÌS�y×CxC|~}�{Ø| ��ÍE���U| �C��uf�Ä|~}�ÌS{
ÌS�y×CxC|~}�{
GK → GL

F

GK(X)
ϕ↔ GL(Y )

prX/K ↓ ↓ prY/L

GK ↔ GL

É ��¥43(�-5�§76[���Å²4�
� n HdMCRUO
ϕ
FPOdÉ\B�KNRGI*Z\O�F~IL¼\X[¼\D¾ø�M�F~IGX

Kperf (X) ∼= Lperf (Y )
Â©M�F«KNMDyRGIG½¾DGF«KU½«IÚ½Y¼ºZ\O?F~IL¼\X[¼\D¾ø�M�F~IGX

Kperf ∼= Lperf �
ènxCzÁ�UÌS���rz��Gwy�C�yzÚ|~}"®SzL�yÓ��UÑ Ìa}�z�wyÌ
ÛµzL| �C�[×C�yÌ\®Sz�Í·z { ¦D � G~ �
j�zUw"��}i���N}rw�ÍE�Nu � }�ÌS{
zÁ�UÌS��}�z'^a�CzL���Uz�}'ÒÃ�yÌS{ØwyxCzÁÑ ÌE�LufÑdwyxCzLÌS�yÓS�

É �����bÊ�Ê-«���ËÌ²4�W¨ n
ϕ
FPOdÉ\B�KNRGIÚZ[ãUF ÈLRNKU½¾F«¼\O

X(K)↔ Y (L)
DyRGI¾ø�RNKU½¾FPO�Å�½ÃMCR

GK
W'DyRGI¾ø �

GL
W�ZSKU½¾F«¼\O �

¢*Dy¼�¼r¿ n Ù���Ó����C| wyzù}�zL×�uf�NufÛCÑ zÁzU£�wyzL��}�| ÌS�
K1/K

|~}"wyxCzJ�C£Ez�Í���zLÑ~ÍïÌfÒ'uf�>ÌS×µzL�v}��CÛE��S�yÌS�C× ÌfÒ
GK
�8j�zUw

L1
Ûµz�wyxCzC�C£Ez�Í|��zLÑ~Í ÌfÒ"wyxCzÄ�UÌS�y�yz�}�×µÌS��ÍE| �C�ïÌS×µzL��}��CÛC�S�yÌS�C×ÌfÒ

GL
��ènxCzL�

L1/L
|~}
u\���C| wyzï}�zL×�uf�NufÛCÑ z�zU£�wyzL��}�| ÌS��uf��Í

ϕ
�yz�}rwy�y|~�GwN}ÈwyÌ�uf��|~}�Ìf�{
ÌS�y×CxC|~}�{

GK1(X)/K1
→ GL1(Y )/L1

�Luf�y�yÓ�| �C��{[u\£E| {[ufÑ^�SzLÌS{
zUwy�y|~�È}��CÛC�S�yÌS�C×�}�ÌfÒ
GK1(X)

wyÌÁ{[u\£E| {[ufÑC�SzLÌS{
zUwy�y|~�n}��CÛC�S�yÌS�C×�}^ÌfÒ
GL1(Y )

�0X�| ���Uz
K1
uf��Í

L1
uf�yz"uf�auf| �

ufÑ {
Ìa}rw�uf�yÛC| wy�Nuf�yÓS�añ��yÌS×µÌa}�| wy| ÌS� Ï � ���S| ®Sz�}nu
ÛC| �rz��Gwy| ÌS�
X(Kperf

1 )↔ Y (Lperf
1 )

��îÒ
K1 ⊆ K2

uf�yz�w � Ì����C| wyz�}�zL×�uf�NufÛCÑ z
zU£�wyzL��}�| ÌS��}ÁÌfÒ K wyxCzL��wyxCz�}�z�ÛC| �rz��Gwy| ÌS��}�yz�}�×µz��Gw�wyxCz��Luf�CÌS�C|~�LufÑ�zL{ùÛµz�ÍCÍE| �C�
X(Kperf

1 ) ⊆ X(Kperf
2 )

uS} � zLÑ Ñ©uS}"wyxCz[�ÚufÑ ÌS|~}uS�Gwy| ÌS� ÌfÒ
GK

�yz�}�×��
GL
����zL���UzvwyxCz?ÛC| �rz��Gwy| ÌS�;×�uS}y}�z�}[wyÌ�wyxCz?| ��ÍE���Gwy| ®Sz?Ñ | {
| w

X(K)
�

j�zUw
DivX

ÛµzÄwyxCzÄ�S�yÌS�C×�ÌfÒ�ÍE| ®�|~}�ÌS�N}ùÌfÒ
X
Ì\®SzL�

K
��ènxCzL�

DivX
|~}�u

GK
�{
ÌEÍE�CÑ zS�©uf��ÍJ�©}�| {
| Ñ~uf�yÑ ÓS�

Div Y
|~}Áu

GL
�î{
ÌEÍE�CÑ zS��ènxCz
ÒÃÌSÑ Ñ Ì � | �C�ï�UÌS�yÌSÑ Ñ~uf�yÓï|~}Èuf�| {
{
z�ÍE|~u\wyzÈ�UÌS��}�z'^a�CzL���Uz�ÌfÒ©wyxCzÁ×C�yzL®�| ÌS��}*ÌS�Cz�F

É �����bÊ�Ê-«���ËÌ²4��² n
ϕ
FPOdÉ\B�KNRGI�Z

(GK , GL)
WYX[¼�É\BET R[F~IL¼\X[¼\D¾ø�M�F~IGX

ϕdiv : DivX ↔
Div Y

ødDyRGILRUDGÀ�FPO�Åº½ÃMCR�ÉSRîÅfDyRNR ��îÒ�wyxCz��SzL����}JÌfÒ
X
uf��Í

L
|~}JéLzL�yÌnwyxC|~}�| {
×CÑ | z�}Jwyx�u\w

ϕ
| ��ÍE���Uz�}�u

(GK , GL)
�î{
ÌEÍE�CÑ z|~}�ÌS{
ÌS�y×CxC|~}�{ØÛµzUw � zLzL�ºwyxCzÁ�S�yÌS�C×�} PDivX = Div0X

uf��Í
PDiv Y = Div0 Y

ÌfÒ×C�y| ���U| ×�ufÑ/ÍE| ®�|~}�ÌS�N}�ìPwyxC|~}Á}�zLzL{[}�wyÌïxCÌSÑ~Í>ÒÃÌS�Ú�SzL�CzL�NufÑ©�SzL����}ÚuS} � zLÑ ÑPíG�ùt>ÌS�yzLÌ\®SzL���µ| ÒÒÃÌS�Áuf��Ó
D ∈ DivX � z � �y| wyz L(D)

ÒÃÌS��wyxCz
| {[uf�Sz�ÌfÒ�wyxCz
Ñ | �Cz�uf��ÒÃ�C���Gwy| ÌS��}�×�uS�Uz
L(D) := {f ∈ K(X) | (f)+D > 0} | � PDivX � ϕ wyxCzL�ºufÑ~}�ÌÈ| ��ÍE���Uz�}'uÁÛC| �rz��Gwy| ÌS�
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ÛµzUw � zLzL�2wyxCz?}�×�uS�Uz�} L(D)
uf��Í

L(ϕdiv(D))
� ?�zvzU£E×µz��Gw�wyx�u\w�wyxCzv}yuf{
z>xCÌSÑ~ÍC}ÒÃÌS�*uf��Ó����C| wyzU�YÍE| {
zL��}�| ÌS��ufÑ¾��uf��Í�}�Ì��S| ��×�uf��wy|~�U�CÑ~uf���fÒÃÌS�nuf��Ó Ï �YÍE| {
zL��}�| ÌS��ufÑµ}�×�uS�Uz�ÌfÒÒÃ�C���Gwy| ÌS��}L�©�îÒCwyxC|~}^|~}�wy�y�CzS�wyxCzL�ÈwyxCz"ufÛµÌ\®Sz'�UÌS���rz��Gwy�C�yz'ÒÃÌSÑ Ñ Ì � }�ÒÃ�yÌS{ z Á � ~ �SènxCzLÌS�yzL{Õ�� Üïì«ÍEzUwNuf| Ñ~} � | Ñ Ñ�Ûµz � ÌS�>=Sz�Í�ÌS�Ew"| � z { ¦D � G~ �? x�u\w � z��Luf�ÄufÑ �yz�uSÍEÓ
}yuÓ�ÒÃÌS�n}��C�yz�|~}'wyx�u\w*wyxCzÁ�ÚufÑ ÌS|~}'�S�yÌS�C×C=��CÌ � }/wyxCzÚ�SzL����},F

É �����bÊ�Ê-«���ËÌ²4��¤ n HdMCRÚÅaRUO�B�IÈ¼r¿
X
Z\OdÉ

Y
Z\DyRÈ½ÃMCRÁILZ\X[R �

¢*Dy¼�¼r¿ n �îÒ
S ⊆ X(K)

|~}Èu����C| wyzº}�zUwùÌfÒ"×µÌS| �awN}ÚwyxCzL�
ϕ
| ��ÍE���Uz�}Èuf��|~}�ÌS{
ÌS�y×CxC|~}�{ÛµzUw � zLzL� π1(X \ S)

uf��Í
π1(Y \ ϕ(S))

��Ûµz��Luf��}�z
π1(X \ S) ∼= GK(X)/〈IP | P ∈ X \ S〉,

� xCzL�yz IP �y�C��}�wyxC�yÌS�C�Sx?wyxCz�| �CzL��wy|~uï}��CÛC�S�yÌS�C×�}ÚÌfÒ"ufÑ Ñ'ÍEz��UÌS{
×µÌa}�| wy| ÌS� }��CÛC�S�yÌS�C×�}
DP

ÌfÒ
GK(X) � � ��� w�� P ∈ X \ S �w��Ìfwyz�wyx�u\w n := ]S = ]ϕ(S)

�
�îÒ
char K = 0

wyxCzL�
π1(X \ S)

|~}�u�ÒÃ�yzLzÁ×C�yÌ����C| wyzÁ�S�yÌS�C×ÄÌfÒ^�Nuf�.=
2gX + n− 1

�
��zL���Uz

gY = gX
ìÃ�yz��LufÑ Ñdwyx�u\w"wyxCzÁ�Nx�uf�NuS�GwyzL�y|~}rwy|~��|~}"ufÑ~}�Ì
zL���UÌEÍEz�Íº| �

prX/K
íG�

�îÒ
charK 6= 0

wyxCzL��wyxCzº{[u\£E| {[ufÑ'×C�yÌf�
l
^a�CÌfwy| zL�aw�ÌfÒ

π1(X \ S
}rwy| Ñ Ñ*|~}�uïÒÃ�yzLz×C�yÌf�

l
�S�yÌS�C×>ÌfÒ'�Nuf�.=

2gX + n − 1
� � xCzL�CzL®SzL� l |~}Úu�×C�y| {
z 6= charK

�:X�Ì��Juf�auf| ���
gY = gX

�

º[n µ ¨����¾l a�º �½l½ � ª«¡S E��ª«¦ ¥ �
¦b�"��¾l  � ¦�¡S  � ��¾l �¦����
?�z � ÌS�CÑ~ÍÈÑ | =Sz*wyÌÚ{
zL�awy| ÌS�ùw � Ì�ÒÃ�C��wyxCzL��uf×C×CÑ |~�Lu\wy| ÌS��}©ÌfÒCwyxCz"Ñ ÌE�LufÑawyxCzLÌS�yÓS�\ÌS�CznÌS�wyxCz
�yzLÑ~u\wy| ÌS�vÛµzUw � zLzL�vwyxCz�w � ÌºÒÃ�C��ÍCuf{
zL�awNufÑ/�UÌS���rz��Gwy�C�yz�}�ÌfÒ*uf��ufÛµzLÑ |~uf�?�SzLÌS{
zUwy�yÓS�uf��ÍºÌS�CzÁÌS�ºwyxCzÈ}�ÌSÑ ®\ufÛC| Ñ | wrÓ�ÌfÒ©×µÌSÑ Ó��CÌS{
|~ufÑJz'^a��u\wy| ÌS��}nÛ�Ó��NuSÍE|~�LufÑ~}L��îwï}�zLzL{[}º��u\wy�C�NufÑ�wyx�u\wºwyxCzvÒÃ�C��ÍCuf{
zL�awNufÑÚ�UÌS���rz��Gwy�C�yz?ÌfÒùuf��ufÛµzLÑ |~uf� �SzLÌS{
zUwy�yÓ}�xCÌS�CÑ~ÍÄ| {
×CÑ Ó�wyxCzÁÛC| �Nu\wy| ÌS��ufÑdÒÃ�C��ÍCuf{
zL�awNufÑ��UÌS���rz��Gwy�C�yzS�EÛµz��Luf��}�zÚwyxCzÈufÛ�}�ÌSÑ �EwyzÈ�Úu\�Ñ ÌS|~}*�S�yÌS�C×�ÌfÒ

K(X)
|~}'wyxCzÚ| ��®SzL�N}�z�Ñ | {
| w�ÌfÒ©ufÑ Ñ�uf�y| wyxC{
zUwy|~��ÒÃ�C��ÍCuf{
zL�awNufÑJ�S�yÌS�C×�}'ÌfÒ

X ′/K � xCzL� X ′ �y�C��}�wyxC�yÌS�C�Sx�ufÑ Ñ%�duf�y|~}�=�|�ÌS×µzL� }��CÛ�®\uf�y| zUwy| z�}�ÌfÒ X �J��Ì � zL®SzL���µ| �×C�y| ���U| ×CÑ zS�
GK(X)

{[uÓ[x�u®Sz�ÒÃÌS�y�SÌfw�wyzL��| wN}n�SzL�Cz�ufÑ ÌS�SÓS���îÒ
K
|~}"ufÑ {
Ìa}rw"uf�yÛC| wy�Nuf�yÓS�S| wx�uS}n�CÌfw'F

É �����bÊ�Ê-«���Ën¤+�
� n 9�RU½
K
ãNR>Z\O$Z\T X[¼IG½�Z\DLãUFP½¾DyZ\D��l�*RUT ÉÇbÈT RU½

X
ãNRvZ?IGX[¼�¼\½ÃMïødDy¼\W

ÈLRNKU½¾FPÀ\RºKUBEDGÀ\R�¼\À\RUD
K
Z\OdÉ>ZINIGBEX[R
½ÃMCZ\½"½ÃMCR"¿NBEOdÉSZ\X[RUO�½YZ\T'KN¼\O!ÈLRNKU½¾BEDyRkµ �

(X ′/K)MC¼\T ÉI©¿U¼\D"IL¼\X[RA6^Z\DGF~IyQ\F^¼yø�RUO�MZ�yø�RUDLãN¼\T F«K
X ′ ⊆ X � HdMCRUOÄ½ÃMCR�ãUFPDyZ\½¾F«¼\OdZ\T¿NBEOdÉSZ\X[RUO�W½YZ\T©KN¼\O!ÈLRNKU½¾BEDyRMÁ°µ �

(X/K)
MC¼\T ÉI �

¢*Dy¼�¼r¿ n ènxCzn×C�yÌ�ÌfÒ���}�z�}�wyxCz"}yuf{
z*uf�y�S�C{
zL�aw/uS}©| �ÈwyxCzn×C�yzL®�| ÌS��}©�UÌS�yÌSÑ Ñ~uf�yÓ�FdwyxCzA^a�CÌf�wy| zL�awN}JÌfÒ
GK(X) � xC|~�NxÈuf�yz/uf�y| wyxC{
zUwy|~�©ÒÃ�C��ÍCuf{
zL�awNufÑf�S�yÌS�C×�}Juf�yz/�S�yÌS�C×E�¾wyxCzLÌS�yzUwy|~�LufÑ Ñ ÓzL���UÌEÍEz�Íº| �

prX/K
�
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ènxCz�}�z��UÌS��Í[uf×C×CÑ |~�Lu\wy| ÌS�[�SÌ�z�}�Û�uS�W=ÈwyÌÈwyxCz��yÌ�ÌfwN}/ÌfÒ©�ÚufÑ ÌS|~}/wyxCzLÌS�yÓS�fwyxCz�^a�Cz�}rwy| ÌS�
� xC|~�NxÄ×µÌSÑ Ó��CÌS{
|~ufÑ~}*Ì\®SzL�*wyxCz ��zLÑ~Í Q

ÌfÒ©�Nu\wy| ÌS��ufÑd���C{ùÛµzL�N}"�Luf�ÄÛµzÈ}�ÌSÑ ®Sz�Í�Û�Ó��NuSÍE| ��LufÑ~}L���ÚufÑ ÌS|~}"�au®SzÁu[×C�yz��U|~}�zÈuf��} � zL�nÒÃÌS��×µÌSÑ Ó��CÌS{
|~ufÑ~}"| �>ÌS�CzÈ®\uf�y|~ufÛCÑ z�F�wyxCzÈ�S�yÌS�C×E�wyxCzLÌS�yzUwy|~�ï�U�y| wyzL�y| ÌS��|~}�wyx�u\w[wyxCz?�ÚufÑ ÌS|~}��S�yÌS�C×�ÌfÒ�wyxCzv}�×CÑ | w�wy| �C� ��zLÑ~Í2Ûµzv}�ÌSÑ ®\ufÛCÑ z| �vwyxCz��S�yÌS�C×E�¾wyxCzLÌS�yzUwy|~�Á}�zL��}�zS���îÒ'ÌS�Cz��UÌS��}�|~ÍEzL�N}�×µÌSÑ Ó��CÌS{
|~ufÑ~}�| �vw � Ì�®\uf�y|~ufÛCÑ z�}L�µ| w|~}�z�uS}�ÓºwyÌº�UÌS��}rwy�y���Gw�×µÌSÑ Ó��CÌS{
|~ufÑ�z'^a��u\wy| ÌS��} � | wyxCÌS�Ew��NuSÍE|~�LufÑ�}�ÌSÑ �Ewy| ÌS��}L����}�| �C�[wyxCzÌS�CzU�YÍE| {
zL��}�| ÌS��ufÑ"�LuS}�zS� ��Ì � zL®SzL���/wyxCz>}yuf{
z\^a�Cz�}rwy| ÌS��ÒÃÌS�?ZSãGIL¼\T BE½YRUT � FPDGDyRNÉ\B�KUF«ãUT R×µÌSÑ Ó��CÌS{
|~ufÑ~}ÁÌ\®SzL�
Q
|~}ù}rwy| Ñ Ñ'ÌS×µzL�MFù| wù|~}È�CÌfwJ=��CÌ � � � xCzUwyxCzL��uf��Ó��U�C�y®Sz[ÍEzK���Cz�ÍÌ\®SzL�

Q
x�uS}[u

Qsolv �î�Nu\wy| ÌS��ufÑn×µÌS| �awvìÃñ��yÌSÛCÑ zL{æË��C� Ë�Ü�ì«uaíÈÌfÒ°z µ ¾ ¶ }�~ íG�$ð��C�
Ñ ÌE�LufÑwyxCzLÌS�yÓ[| {
{
z�ÍE|~u\wyzLÑ Ó[�S| ®Sz�}/¹¶KùÑ~u
�ÚufÑ ÌS|~}�¹ u\wnÑ z�uS}rw"uù�S�yÌS�C×E�¾wyxCzLÌS�yzUwy|~���U�y| wyzL�y| ÌS�MF
É �����bÊ�Ê-«���Ën¤+�W¨ n �Ã¿

X
F~I�Z[IGX[¼�¼\½ÃM�ødDy¼�ÈLRNKU½¾FPÀ\R�KUBEDGÀ\R�¼\À\RUD

Q
½ÃMCRUO

X(Qsolv) 6= ∅F ¿ùZ\OdÉº¼\O�T �[F ¿
GQsolv(X)

KN¼\O�½YZ\FPOCIÈZùÅaRN¼\X[RU½¾DGF«KÈIGB�ãîÅfDy¼\B�ø �
��Ìfwyz[wyx�u\wùwyxC|~}ºF~Iùu>�S�yÌS�C×E�¾wyxCzLÌS�yzUwy|~�
�U�y| wyzL�y| ÌS��}�| ���Uz

prX/Qsolv

|~}ùzL���UÌEÍEz�Í | �
prX/Q

�
�  G�¯ a�(  ¥ ¡� ��
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